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SUMMARY 


This paper presents a number of adiabatic compressible flow 
patterns which include subsonic and supersonic régimes at the 
same time. Specifically, the objective of the investigation is to 
obtain good records of compressible flow when it is undergoing 
large deflections such as occur in turbine nozzles and buckets. 
The patterns are analyzed so that the engineer may have a better 
understanding of the peculiarities of compressible flow. The 
velocity gradient receives special attention because of its role as 
originator of both jet separation and shock waves. The patterns 
are shown in the actual physical plane and also in the hodograph 
plane where magnitude and direction of the velocity vector are 
the polar coordinates. The hodograph variables are used be- 
cause they allow the linearization and exact solution of the dif- 
ferential equations. The method of solution is not new. A 
large-scale execution of it, however, has not been previously 
undertaken. The patterns demonstrate effectively the relation 
between the hodograph and physical planes. 


SYMBOLS 


= sound velocity of fluid, ft. per. sec. 
sound velocity of fluid at rest, ft. per sec. 
c/c, dimensionless 
characteristic constant for fields, dimensionless 
fluid pressure, lbs. per sq.ft. 
pressure of fluid at rest, lbs. per sq.ft. 
P/ po, dimensionless 
= factor of flux function depending only on w,, sq.ft. per 
sec. 
factor of flux function depending only on 6, dimension- 
less 
= radius of curvature of streamline, ft. 
length of streamline path, ft. 
velocity components in x and y direction, ft, per sec. 
velocity vector, ft. per sec. 
magnitude of velocity, ft. per sec. 
w/cy = velocity expressed in terms of sound velocity of 
fluid at rest, dimensionless 
= physical space coordinates, ft. 
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= (y — 1)/2 
a-1=(y7-— 3)/2 
Cp/Cy adiabatic exponent of fluid, dimensionless 
= the Jacobian = (0¢/0w)(Oy/00) — (0/080) (Oy /du 
cu.ft. per sec. 
=a+1=(¥+1)/2 
angle (direction) of velocity vector, dimensionless 
viscosity of fluid, Ibs. sec. per sq.ft. 
mass density of fluid, lbs. sec.? per ft.4 
mass density of fluid at rest, lbs. sec.? per ft.* 
p/po, dimensionless 
velocity potential, sq.ft. per sec. 
flux function, sq.ft. per sec. 


INTRODUCTION 

— SINCE PRANDTL introduced the conception of 

the boundary layer, potential flow has held a posi- 
tion of great importance both in aeronautics and in 
turbine and compressor design. As is now well recog- 
nized, noticeable friction forces appear only as a con- 
sequence of extremely large velocity gradients. The 
object of good design is to relegate these forces into 
the boundary layer. Outside of the latter, potential 
theory will describe the flow phenomena to a high de- 
gree of approximation. 

For a long time, until airplanes moved at high 
speeds, the study of the incompressible field furnished 
an approximation satisfactory to the aeronautical engi- 
neer. This was fortunate, since the means for ob- 
taining mathematical solutions that describe these fields 
was known. Conformal transformation, properly ap- 
plied, will furnish the answer to any two-dimensional 
problem involving incompressible potential flow. The 
work of obtaining these solutions is often excessively 
great, but many flow fields have been calculated. They 
serve to guide the designer’s mind and hand where 
actual quantitative evaluation is impracticable. 

The turbine and compressor designer was in a less 
fortunate position than the aeronautical engineer. 
Many of his problems deal with compressible flow 
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phenomena. The problem of the calculation of two- 
dimensional compressible flow has not yet been solved 
satisfactorily. True, there are a number of partial 
solutions and some approximate methods of attacking 
the problem. But there is no workable method of 
obtaining the general solution. In recognition of this 


situation, it would appear that the actual physical , 


existence of a number of compressible flow fields should 
prove to be of value to the designer. They can serve 
in a simple way as a nucleus of correct solutions so that 
the behavior of compressible flow can be studied. As 
the art progresses, more complicated fields can be added 
until most flow details of interest are represented by a 
correct field. Proceeding in this manner, the designer 
may be able to acquire a ‘“‘compressible flow sense”’ 
that will help in design as much as if a general solution 
had wrested all the secrets of compressibility from the 
differential equation. 

This investigation is a study of a number of such 
partial solutions that can be readily obtained by means 
of the differential analyzer. As such, it does not 
claim any originality. All it purports to do is to take 
an already existing method of solution and begin to 
exploit it, if possible, to the limit of its usefulness. The 
results obtained show that even simple fields afford good 
opportunity to learn of, and to become accustomed to, 
the idiosyncrasies of this particular problem. 

The mathematical derivations leading up to the 
differential equation and to its solution have been 
kept quite extensive. They are mostly a repetition of 
what is already contained in the literature. An effort 
has been made to popularize the important equations 
by emphasizing the physical realities of which they are 
the expression. A compressible flow sense is sound only 
when the line of thought that leads from physical law 
to the flow field has become second nature. 


The mathematical material contained in_ sections 
marked B will be needed by the engineer who wants to 
employ the method actively. Engineers not so inclined 
may follow the trend of thought and understand the con- 
clusions by reading only the sections marked A. 


MATHEMATICAL RELATIONS 
A 


The derivation of the principal equations is carried 
through much along the line given by Ringleb? in 1940. 
The formulas are shown in parallel for both the com- 
pressible flow and incompressible flow. 

The space coordinates of the physical or actual 
flow plane are x and y. The velocity components are 
u and v in the direction of x and y, respectively. w and 
6 are the magnitude and direction of the velocity vector 
and are also the polar coordinates of the hodograph 
plane. It develops that the equations for compressible 
flow are nonlinear and involved when written in terms 
of the coordinates of the physical plane. But the 
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equations are simplified and become linear when 
written in terms of the hodograph variables. 

The basic equations ruling the behavior of the fluid 
are simple and generally known. They prescribe irro- 
tationality and conservation of matter, combined 
with the known interrelation between gas density and 
velocity. 

Only “‘irrotational”’ flow is considered herein. This 
constitutes an arbitrary limitation and, for this reason, 
its establishment must be justified. Physical law says 
that no “‘‘rotation’’ can be caused in a fluid by the 
action of mere pressure forces that are, by definition, 
always normal to the surface on which they are ex 
erted. To establish so-called “‘rotation,’’ tangential 
shear forces must be exerted such as can be furnished 
by the viscosity of the fluid. The viscosity of a gas is 
exceedingly small and can cause appreciable forces 
only in the presence of extremely large velocity gradi 
ents. The postulation of zero rotation is equivalent 
to a statement that it is the flow of a gas that is under 
consideration. As such, it is not a limitation but is 
quite universal with this one exception: The resulting 
solutions must be searched for near vertical velocity 
gradients and must be modified within these regions. 
All fields without such regions are physically correct 
flow fields where exchanges between velocity energy 
and pressure energy proceed without energy loss of any 
kind. These exchanges are by definition of the word 
“isentropic” and, in this investigation, are restricted 
to take place without heat interchanges—i.e., they are 
also adiabatic. 

In the language of mathematical equations, irrota- 
tionality is called for by the equation 


curl of velocity = curl w = (O0u/dy) — (dv/dx) = 0 (1) 


Eq. (1) is the necessary and sufficient condition for 
the velocity to be described as the gradient of a poten- 


tial function. 


u = 0¢/Od0x; v = 0¢/Oy (2) 

A potential field is one in which a number that has 
magnitude but not direction can be assigned to each 
point in the field so that, at any point, the change of 
this number in unit distance in a given direction is 
equal to the component of flow velocity in that direc- 
tion. This is the meaning of Eqs. (2) in which ¢ is the 
number or potential assigned to each point in the field. 
The purpose of the calculation is to find such number 
distributions or potential fields. 

The flow is considered to be in steady state—i.e., 
at every space point, the flow conditions do not vary 
with time. Transients thus are excluded. In this 
case, the physical law of conservation of matter states 
that mass is not generated, nor can it vanish anywhere 
in the fluid. Mathematically, it is described as 


divergence of mass flow = div. (prw) = 


(0/Ox) (piu) + (0/dy)(ow) = 9 (3) 
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pi is the ratio of density to the constant value of den- 
sity when the fluid is at rest. Eq. (3) clearly states 
that an increase in mass flow in one direction must be 
offset by a decrease in mass flow in the direction per- 
pendicular to it. It can be replaced by expressing the 
flow in terms of the so-called stream function y 


—pv = OY/Ox; pu = O/dy (4) 


Eqs. (4) show that changes in the magnitude y at any 
point in any direction are equal to the magnitude of 
the mass flow at the point in the manner of the potential 
described before. They are equivalent to Eq. (3) be- 
cause substitution of Eq. (4) in Eq. (8) leads to an 
identity. 


(OY /xdy) — (*Y/dy0x) = 0 (5) 


B 


Combining Eqs. (2) and (4) furnishes the relation 
between ¢ and y: 


0y/ Ox = (1/p1) (Oy /Oy) \ (6) 
Oy/dy = (1/p:)(Op/dx) f 
In the case of incompressible flow, pj) = 1 and the 
Cauchy Riemann equations result. 
ra) ree) ra) rey) 
“= - ss v= — YY _ % (7) 
Oy Ox Ox Oy 


EQUILIBRIUM OF FORCES 


Bernoulli’s equation for reversible adiabatic com- 
pressible flow can be written 


pi = {1 — [(y — 1)/2] (w/e?) (8) 
where /; is the ratio of pressure to the constant value 
of pressure when the fluid is at rest and where y is the 
adiabatic exponent, which is 1.4 for air and approxi- 
mately 1.3 for superheated steam. co denotes the sound 
velocity of the fluid at rest. The local sound velocity 
c at the flow velocity w is given by 

ce = p/p (9) 
The relation between density and pressure for adia- 
batic flow is 
pi = (~)” (10) 
The combination of Eqs. (8) and (10) gives the rela- 
tion between density and velocity. 


a = {1 — [(y — 1)/2](w/a)*}4"-) (1) 


Using Eq. (11) for p; and eliminating first y and then 
¢ from Eqs. (6) yields the relations between , x, y 
and y, x, y. 


u2\ d%o uv 9 ( ) d% 
1— —jJ—— 9 — —— + [1 —- —]— = 
( “) Ox? c? Oxdy c?/ oy? adie 


u*\ dy uv Ow ( “) oy 
|. oe Oe Pi 1 
( “a jaa * .; c?/ Oy? 7 





That these equations are not identical in form becomes 
apparent when u and v are expressed in terms of ¢ and 
y, respectively. 

The corresponding equations for incompressible flow 
are obtained from Eqs. (7) and result in Laplace's 
equation. 

d2y d% oy oy 


ox? + oy? stan. Ox? * dy? 


2 


=0 (14) 





Methods of solution of Laplace’s equation are well 
established. 

Eqs. (12) and (13) for compressible flow are not 
linear and are extremely complicated, especially in 
view of the fact that c is a function of w, 





[ ° /7>.. ar; mee 
w= Vur+v? = V (0¢/0x)? + (O¢/dy)? 
These complication disappear if g and y are written 
as functions of w and 0, the hodograph variables. 

TRANSFORMATION INTO HODOGRAPH PLANE 


The transformation into the hodograph plane can be 
made by writing 
u = weos@; v = w sin 6 (15) 
and substituting ‘these values into the following equa- 
tions for dg and dy 
dg = (0¢/0x)dx + (Q¢/dy)dy = udx + vdy / (16) 
dy = (Ow/dx)dx + (Oy/dy)dy = pi(—vdx + udv)f* ’ 


Substituting Eqs. (15) in Eqs. (16) and solving for dx 
and dy, 


dx = (cos 0/w)dg — (1/p)(sin 0/w)dy (17) 
dy = (sin 0/w)dy + (1/p:)(cos 0/w)dy (18) 


Since at every point on the plane there exists a definite 
velocity vector, x and y can be considered as functions 
of w and 6. This point-by-point relationship can be 
described as the transformation of the physical x, y 
plane into the hodograph w,@ plane. A streamline in 
the physical plane describes a continuous sequence of 
end points of velocity vectors (w,@) and thus will ap- 
pear as a curve in the hodograph plane. This curve is 
called the hodograph of the streamline (see Fig. 1). 


Y 

















Fic. 1. Geometrical relationship between physical streamline 
and its hodograph. 
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One thing is immediately clear in these considera- 
tions: While the physical streamlines, by their defini- 
tion, generally do not intersect, their hodograph pic- 
tures can do so since it is entirely possible that the same 
velocity vector w,# may occur at more locations than 
one, either on the same streamline or on others. Hence, 
there is the possibility that the hodograph plane may 
consist of several layers or leaves. This phenomenon 
will lead to complications in the solution of many prob- 
lems. 

With these reservations, we can consider g and y as 
functions of w and @. 

The following relations follow from Eqs. (17) and (18) 


Ox  cosé reye) 1 sin @ oy } 
ow wow pw ow 

Ox cos @ Oy 1 sin 6 Ow 
06 23=6pw «C8 pi w OO 





} (19) 
oy sind rey) 1 cos 6 Oy 
ow wow pn w dw 
oy sin@o0y _ 1 cosé ow 
00 0Olww (8 op, ww O8 


In order to eliminate x and y from Eqs. (19) it is 

necessary to make use of the following conditions: 
Ox 0°x 07y 07y 

—— = —— 4 — J =s - J - (20) 

Owodd dbdw wos dbdw 


Differentiating Eqs. (19) and substituting in Eqs. (20) 


leads to 
. ( ce ) 1 oy 
woop c?/ w 00 (21) 


0/08 = (1/pi)w(Op/ow) 


Eqs. (21) now take the place of Eqs. (12) and (13) 
and are equivalent to the Cauchy Riemann equations 
appearing in the case of incompressible flow. 

By differentiating these equations against @ and w, 
respectively, and by eliminating ¢, the final equation 
for y is obtained: 


oy ( as ( =p 

pe ela ) 1 pee soir 1 page a ese 

m Ow? ies alt c? Jow + c?/ 06? 

c can be written in terms of w and, when this is done, 
Eq. (22) becomes 


ais ee ( =) 
w (1 o**) + wil Bo oli 


(1 4 we 
“an 62 
a=(y-—1)/2; B=a-+1l; e=a+l1. 


For this particular investigation, the velocity was 
expressed in per cent of sound velocity- at rest. 





=0 (22) 


WwW, = w/Co 
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Eqs. (21) appear then in the form 





reYe) 1 — ew,’ Oy 

ae... eS ee eee Oe ae ee 

Ow; wi(1 QW”) 00 (21a) 
faye) Wi oy 





a0 (1 — aw,?)/O-% ow 


A 


The final relationship between y and the velocity 
variables w, and @ results as 





w2(1 — ecw,%) a + wi(1 — Bw’) = + 
o*y 

(1 — w 2 -= 24 

( EW) ) d62 0 ( ) 


— 


When Eq. (24) is solved, the y value is known for 
Then, by the use of Eqs. 
As ex- 


every w, 4 combination. 
(21a), the ¢ distribution is also determined. 
plained before, every point in the w,, 6 (hodograph) 
plane can be identified with one or more definite points 
in the actual x, y space; thus, a streamline (¥ = con- 
stant) can be transferred from the hodograph into the 
physical plane. In consequence, the flow paths, wall 
contours, velocities, and pressures are known at every 
point, and the problem is solved. 

Eq. (24) is a linear partial differential equation, which, 
as such, possesses distinct advantages over the same 
equation when written in terms of the variables x and 
y of the physical plane. It is not difficult to see the 
physical cause of these advantages. Density and 
velocity are interconnected by the adiabatic relation- 
ship between pressure and density. This relationship, 
however, deals only with the magnitude of the velocity 
vector and is independent of the direction. The hodo- 
graph plane separates, so to speak, magnitude from 
direction and thus permits the density-velocity rela- 
tion to enter in the simplest manner. 

One consequence of the linearity of the equation is 
the possibility of superposing solutions. This means 
that two or more ¢ or y distributions can be combined 
by arithmetically adding the values existing at the same 
vector w, 9. 

The flow patterns treated by Ringleb are product 
solutions of Eq. (24). They have the form 

¥ = [P(w)][Q(4)] (25) 
where P is a function of w,; alone and Q is a function of 
6 alone. This restricts the solutions that satisfy the 
equation to specified types. On the other hand, it 
greatly simplifies the calculation. 


B 


When Eq. (25) is substituted in Eq. (24), the inde- 
pendent variables w, and 6 can be separated. 








Fe oa YW Ww 
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ise ayer) ean 
(5) * (5 \(=2) = 0 (26) 


This equality can exist only when the w, and @ rela- 
tionships result in identical constants with opposite 
signs. Hence, the first two terms can be equated to n? 
and the last term to —n* separately. 


e+e) - 
dw,? * wi(1 — aw”) j\du, 

n? (1 ae =] a ‘a 
(=)é — aw’) rs ee 
d*Q/dé? = —n*Q (28) 


Eq. (28) can be immediately integrated. Neglecting 
for the time being the integration constants, its solution 
is 








Q = sin n@ (29) 


The solution of all compressible flow fields that are 
within the given assumptions is thus reduced to the 
solution of the ordinary differential Eq. (27). Mathe- 
matically, the solution of a general problem is a series 
of solutions of the form of Eq. (25). The important 
original assumption is that for every member of this 
series y is the product of functions of w, and 6 as given 
by Eq. (25). Along a streamline 


vy = PO = constant (30) 


As mentioned before, Y = PQ represents a severe 
restriction to the usefulness of this solution. This 
handicap can be overcome when it is possible to calcu- 
late a large number of these solutions. Then it is 
possible to study the peculiarities of compressible flow 
under conditions sufficiently similar to those of the 
particular problem that must be solved. The single, 
but forbiddingly difficult, general solution of a problem 
is thus replaced by the study of a number of partial 
solutions bearing the important characteristics of the 
problem. The quantity production of solutions calls 
for the use of calculating machinery. In this case, 
the differential analyzer was employed to good ad- 
vantage. 


SOLUTION IN THE PHYSICAL PLANE 


The solution of Eq. (27) together with Eq. (29) 
will mathematically dispose of the problem. Eventu- 
ally, however, the engineer will need the actual 
physical streamline field. 

The differential analyzer will furnish P = f(w). 
Together with Q = sin n@, this permits the calculation 
of the streamlines 


Y¥=PQ= constant 


as this equation establishes the interrelation that 


w, = f(0, constant) 
The derivative of Eq. (30) with respect to @ is 
oy /08 = P(dQ/dé) = nP cos né 


Thus, from Eq. (21a), except for constants 
nP(1 — ew,”) cos né 

oe @ Pee Oe 31 

g ray ead aw)” (y¥-) 1 ( ) 


This establishes the potential function along a stream- 
line. 

The actual path of the streamlines can now be found. 
This is done by means of Eqs. (17) and (18), consider- 
ing that along a streamline dy = 0 


cos 6 * ¥cos 6 
dx = — dg; x = f — dy (32) 
w os 


w 


0 ee 
a sin ivy -f sin te (33) 
# 


) 92) 
u ° Ww 











This is the classic way to calculate streamlines from 
the hodograph. 

This calculation involves considerable work and may 
be performed best by the differential analyzer. 


MEANING OF CONSTANTS 
The most general solution of Eq. (25) takes the form 
y= [C\P(w1, C2) ] [C3 sin (n6 — C;)] 


C, establishes the orientation of the zero axis for @. 
C, is a scale factor for P; Cy is a scale factor for Q. 
Hence, C; and C3; can be combined into one common . 
scale factor. This scale factor will permit a solution 
curve to pass through a given point. (C, is then the 
constant that determines in what direction the curve 
passes through this point—in other words, it is given by 
dP/dw, at this point. 


A 


It is of interest to speculate, by means of purely 
physical considerations, about the number of different 
flow fields that must be expected as solutions. 

Assume a given contour that must form one given 
streamline of the compressible field. The next stream- 
line to this contour, separated from it by a given amount 
of flow, will have a variable distance from it depending 
on both the velocity and the density. 

If the density can be considered to be constant (in- 
compressible case), then the distance of the streamlines 
is, of course, inversely proportional to the velocity. 
If the flow between the two streamline boundaries is 
increased, the value of y increases as do all velocities, 
but the shape of the streamline remains the same. 

If, on the other hand, the density is a function of the 
velocity as given by Eq. (11), then the distance be- 
tween streamlines ceases to be inversely proportional 
to velocity. Every change in flow between two neigh- 
boring streamline points will not only change the value 
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of y but will change the shape of the whole streamline. 
This statement is equivalent to the result of similarity 
considerations of compressible flow. Two flow pat- 
terns can be similar only when Mach number and y 
values are identical, in addition to the Reynolds 
number. The latter is irrelevant in frictionless con- 
siderations. From this we must conclude that in the 
case of compressible flow there exists an infinite number 
of different streamline families that fit a given contour, 
if they can be made to fit it at all. 


B 


This must mean mathematically that either 
parameter of the two-parameter family of solution curves 
has a distinct effect. Mathématically speaking, a 
second order differential equation describes the radius 
of curvature and the coordinates of the center of curva- 
ture of the curve as functions of the coordinates and 
of the inclination of the curve. Hence, the constant 
C, represents the inclination of the solution curve at a 
given point. 

The disposition of the constants made in this calcu- 
lation was as follows: 

C,C;, describing a scale factor, was left open with the 
knowledge that the scale of the solution curves obtained 
could still be changed at will. 

C; was made use of by setting the zero axis for @ on 
the paper in a suitable direction. 

C, was introduced by determining the value of P’/P 
at an arbitrarily chosen velocity 


P’ = (dP/dw,) 


CHOICE OF SOLUTIONS 


A decision must still be made about the value of the 
constant m. This constant determines the overall 
flow contours of the solution. Compressible flow pat- 
terns can be considered as obtained by continuous extra- 
polation of incompressible patterns. Hence, the ef- 
fect of the choice of m can be studied by means of the 
simpler equations of the latter. When the simplifica- 
tions that apply to the incompressible case are made, 
the solutions of Eq. (26) are those represented by the 
complex (Schwartz-Christoffel) flow potential. 


ot ip = Co/@-Osg = x + ty 

A 

Depending on the choice of the arbitrary constant n, 
the flow fields obtained from this calculation represent 
incompressible flow within wedge-shaped spaces, past 
and around wedge-shaped obstacles. Values of +1 > 
> 0 result in multipoles of which the dipole (n = +1/2) 
is a special case. A pole in this case represents all flow 
originating from the origin and eventually returning 
to it. The velocity at infinity is zero for m < +1 and 
infinite for m > +1. The origin, which is either the 
corner of the wedge or the pole, represents zero velocity 
when the velocity at infinity is infinite and vice versa. 
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Speculating on the effect of compressibility, it can 
immediately be stated that infinite velocities cannot 
occur. The density becomes zero when the pressure 
reaches zero; this occurs at a definitely finite maximum 
velocity. 


(W1) mare = V2/(y - 1) for y = constant (34) 


This can only mean that whenever the velocity called 
for by the equivalent incompressible solution is infinite 
the compressible problem either cannot have a solution 
at this point at all or that the resulting streamlines will 
not form a sharp corner. Whenever the velocity be- 
comes zero (flow inside the wedge space), a compressible 
solution is possible. 

The object of the investigation was to obtain good 
records of compressible flow when it is undergoing 
large deflections such as occur in turbine nozzles and 
buckets. Table 1 shows in outline form the flow pat- 
terns that were studied. In general, y = 1.4 was used 
as the exponent, principally to have the results in a 
condition where they can be checked with compressed 
air. In some cases y = 1.3 was used in addition to y = 
1.4 to have results applicable to superheated steam and 
high-temperature air. 





TABLE 1 
v n Description Remarks 
1.4 —1/2 Beene ri) ( nwoll, thease 
1.4 +1/2 Dipole Partly a repetition 
of Ringleb’s flow 
picture in his 
paper 
14 +2 90° turn around Investigation of ef- 
(n? = 4) (—2) and within fect of constants 
(+2) corner 
13 +2 90° turn around Study of effect of y 
(n? = 4) (—2) and within value 


(+2) corner 
120° turn around 

(—1.5) and with- 

in (+1.5) corner 


Study of effect of 
magnitude of ve- 
locity 


+1. 
(n? 


1.4 


I o 


2.25) 





For each of the cases in Table 1 a number of stream- 
line patterns are now available both in the hodograph 
and in the physical plane. 


RESULTS 


The results of the investigation consist of the follow- 
ing material: 

(1) Physical streamline patterns for all the cases 
mentioned in Table 1, each for a number of maximum 
velocities. 

(2) Hodograph 
cases. 

(3) Velocity variation along the streamlines. 

(4) In one case, an extensive family of P solutions 
for a study of the effect of velocity on the fields. 

The physical streamline patterns contain, in addition 
to the equipotential lines, the constant velocity lines 


streamline patterns for these 
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(isotachs), which are also constant pressure lines (iso- 
bars). 

Some hodograph patterns contain the lines of 
constant x and y of the physical field to illustrate the 
distortion this field undergoes when it is mapped in 
the hodograph plane. 

These fields are by no means easily understood. In 
view of this, it was decided to build some three-di- 
mensional models for educational purposes. The physi- 
cal representation of the third variable, which can be 
chosen to be the potential, the flux function, or the 
magnitude of velocity, helps to impress upon the mind 
the interlocking relationships that exist between path, 
velocity (or pressure), and potential. Furthermore, 
they emphasize the important fact that the simple space 
relationship expressed as “‘path’’ directly furnishes the 
important hodograph angle coordinate @. It appears 
that the angle changes or streamline deflections as ex- 
pressed in the curvature of the streamline are an ex- 
ceedingly important variable in the case of flows that 
pass close to sound velocity. 


GENERAL DISCUSSION 


There are some phenomena peculiar to compressible 
flow that are better discussed in general before the 
details of each pattern are studied. 

The differential equations governing the flow fields 
have been derived from the two simple _ condi- 
tions. 

(a) No rotation—i.e., 


curl w = 0 (1) 


(b) Conservation of matter—i.e., 


div. (p:w) = 0 (3) 


where p; is a function of |w, alone (isentropic, adiabatic 
relationship). 

Two neighboring streamlines will approach each other 
up to sound velocity and will diverge as this velocity is 
exceeded. This condition is specified by Eq. (3) be- 
cause the mass velocity p;w has a maximum at sound 
velocity when p; is given by the adiabatic relationship. 
Because of this property, compressible and incompres- 
sible flow patterns are different and there can be com- 
pressible flow boundaries for which it is impossible to 
satisfy the condition of irrotational flow as given by 
Eq. (1). 

Consider a small part of curvilinear flow (see Fig. 2). 
Eq. (1) calls for an increase of velocity toward the center 
of curvature. This increase of velocity causes closer 
spacing of streamlines in the direction of the center of 
curvature as long as the flow is subsonic. But above 
sound velocity the decrease in mass velocity with an 
increase of velocity causes wider spacing of streamlines 
toward the center of curvature. This is different from 
incompressible flow where the streamline spacing always 
decreases toward the center of curvature. That is, 





Fic. 2. Transition from subsonic to supersonic flow 


compressibility causes the streamlines to be crowded 
away from the center of curvature as compared with 
incompressible flow. Consequently, the streamline 
curvature for supersonic flow may be a maximum within 
the field, while the equivalent incompressible flow 
specifies continuous increase of curvature toward the 
center of curvature. 

Some qualitative study of the effect of this phenome- 
non shows that above sound velocity it is likely to 
work at cross purposes with the postulation for zero 
rotation. The latter specifies a decrease of velocity 
with distance from the turning center to the effect 
that at some distance there will be sound velocity and, 
at greater distances, subsonic velocities. Within the 
inner supersonic zone, the streamlines diverge from the 
innermost boundary, tending to decrease the curvature. 
In the outer zone, the streamlines converge, stretching 
themselves, so to speak, to increase their curvature 
while circumnavigating the supersonic zone. It is to 
be expected that in the case of a given contour (or 
streamline) there can be velocities where it is impossible 
to satisfy both equations. In such cases, streamlines 
postulating ever more: vigorous velocity changes run 
into a dead end beyond which potential flow cannot 
proceed. The mathematical solution yields a geometric 
reversal point or ‘‘cusp’”’ of the streamline as soon as an 
infinite velocity change is reached. This specifies two 
flow patterns existing in the same space, a physical 
impossibility. Actually, by some means or other, the 
flow must acquire rotation, which in the presence of 
viscosity the flow of a real fluid can readily do. Since 
the flow is supersonic, a compression shock will be 
started. 

There are, therefore, two conditions that can make 
it impossible for potential compressible flow to fit itself 
to given contours. 
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Fic. 3. Compressible fields for a 120° turn (60° wedge) at six different velocity levels. 


(a) The appearance of maximum velocity con- 
stitutes a limit the flow cannot transgress. There is a 
minimum radius path for a compressible vortex in a 
given scale field once the velocity is given at a specified 
location. At this radius the maximum velocity pre- 
vails and the density is zero. The fluid cannot describe 
a smaller circle. 

(b) Within certain zones of the field, zero rotation 
as originally specified, is incompatible with the law of 
conservation of matter. 

Either of these conditions imposes definite restrictions 
on design. The second is especially important. The 
engineer, accustomed to calculating incompressible 
fields, is used to the fact that a field can be calculated 
for any given contour. The only limitations he respects 
are those introduced by viscosity. He, therefore, checks 
for adverse pressure gradients and wall curvature. As 
will be seen in the following discussion of the flow fields 
that were obtained in this investigation, the second 
limitation can appear with falling or rising pressure 
gradients. The first one limits the maximum curva- 


ture. 


CATALOG OF COMPRESSIBLE FIELDS 


The following information was considered as perti- 
nent in the cataloging of results: 


(1) The physical field. 

(2) The hodograph field. 

(3) The P function versus velocity. 

(4) The velocity variation versus streamline path. 


First SOLUTION OF 120° TuRN oR 60° WEDGE 


Fig. 3 shows six physical fields’ obtained for the 
following conditions: P = 0 at w, = 0, 0.6, 0.9, 1.47, 
1.8, and >1.8. The designation of a field by the 
velocity at which the P value becomes zero is equivalent 
to,a choice of the direction P’ (P curve with w, axis) 
at which the P curve passes a given point P,; in other 
words, it determines the integration constant C2. As 
the results show, this parameter designates the maxi- 
mum velocity of the flow around the wedge as well as 
the minimum velocity of the flow within the wedge. 
Obviously, this holds good only as long as an intersec- 
tion of the P curve with the w, axis actually exists. 

Thus, the fields are arranged in order of increasing 
velocity of the outside flow. The effect of the various 
velocity levels shows very clearly. A comparison with 
the corresponding incompressible field can be obtained 
by means of Fig. 4. 

The inside solutions for which the P = 0 point 
represents the minimum velocity are shown only in 
three cases. P = 0 at w, = 0 has, as is obvious, only 
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Fic. 4. Incompressible fields for a 120° turn (60° wedge). 














dc 
tk 


It 


scl 


th 

















ADIABATIC COMPRESSIBLE 












“—® 0----4------—"" * 


Fic. 5. Compressible 120° turn (w; = 0.9 at P = 0). 


an inside solution. It is significant because in this 
case a compressible solution exists for a sharp corner. 

For more detailed discussion, two of the fields are 
shown to larger scale. Fig. 5 shows the case P = 0 at 
w, = 0.9. Local sound velocity exists at 


w = V2/(y + 1) = 0.913 


thus, the maximum velocity of the outside flow is just 
short of sound velocity. 


(35) 


B 


The hodograph field is, in its appearance, similar to 
the incompressible flow case of a tripole. However, it 
does not extend to infinity but is limited by a circle with 
the radius 


ila V2/(¥ = 1) = Wimax. 


It is subdivided by another circle with the radius w, = 
0.9. 

The streamlines within the 0.9 circle are those de- 
scribing the flow around the wedge. Those between 
the 0.9 and the w, max. circle are those of the flow 
within the wedge. 

Fig. 6 shows the P versus w; curves for the six fields. 

The equation for the streamlines in the hodograph 
plane is 


FLOW PATTERNS 291 

y = [P(w,)](sin 2?) = constant 
The values for Y = 0 are obtained in one instance by a 
constant P = 0, which in this case is at w, = 0.9. 


At this velocity the flow can change its direction— 
i.e., the hodograph of the streamline isa circle. At ”@ = 
0 and 6 = Kr, the y value likewise is zero, irrespective 
of the magnitude of the velocity. At these constant 
directions the velocity can change. These are the axis 
directions of the tripole. In the physical plane the 0- 
streamline consists of the two sides of the 60° wedge 
which, however, do not meet at the origin. As soon as 
0.9, the streamline turns at constant velocity 
The posi- 


vw = 
until it meets the other side of the wedge. 
tive y values are outside the wedge, while the negative 
values resulting from negative P values are inside. 
Far outside this wedge the velocities are low; the flow, 
therefore, has the customary incompressible character- 
istics. They approach each other continuously until 
they meet the bisectrix of the wedge. The compressible 
streamlines close to the wedge demonstrate the effect 
of decreasing density. As sound velocity is approached 
the streamlines cease converging. Since, in this par- 
ticular case, sound velocity is not quite reached out- 
side the wedge, the streamlines do not diverge. The 
effect of compressibility on streamline curvature is 
easily observed. 

The flow inside the wedge shows a much different 
behavior. For such a flow the minimum velocity will 
occur at the line of symmetry, and the velocity’ will 
increase in a direction away from the vertex. This 
leads to the condition where potential flow as such 
cannot further exist. The solution results in stream- 
lines with “‘cusps’’; the field is covered with two solu- 
tions, which appear simultaneously in the same space. 
It is important to note that the velocity direction of 
the streamlines reverses as the cusp is passed. This is 
indicated by the fact that the potential has either a 
maximum or minimum. It also must be pointed out 
that the hodograph streamlines of these discontinuous 
curves are perfectly continuous curves. The reversal is 
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Fic. 6. P vs. w; functions for six compressible 120° turns. 
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caused by the maximum or minimum of the potential 
contour. This is equivalent to saying that the phe- 
nomenon occurs when the streamlines and equipotential 
lines in the hodograph plane have a common tangent. 

Thus, it can be said that the linearization of the dif- 
ferential equation by means of the mapping into the 
hodograph plane results in the removal of singular 
conditions. The locus of all the reversal points (or 
cusps) in the physical plane is a curve that may be 
considered to be, with not too much mathematical 
precision, a kind of source or sink line. From this line 
will issue, or into it will disappear, two distinct types of 
flow. For practical application, parts of either of the 
two flows can be realized if the approach or leaving 
boundary conditions can be realized by other means 
than the singularities themselves. 


A. 

Fig. 7 shows the velocities along the streamlines of 
the outside solution. As sound velocity is approached, 
the velocity curves become steeper, rising much faster 
than the incompressible solution would show. 
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Fic. 7. Velocity distribution along streamlines for compressible 


120° turn (wu, = 0.9 at P = 0). 


Fig. 8 shows the fields for a 120° turn with P = 0 at 
w, = 1.8. They bear a great similarity to those of the 
former case except for the fact that now, along the zero 
streamline, sound velocity is reached and exceeded. 
Within the supersonic zone the streamlines diverge 
with increasing velocity. Furthermore, now there are 
singular lines (cusps) in the field outside the wedge. 
Each streamline that passes one cusp also, shortly 
thereafter, meets a second cusp, after which the flow 
proceeds around the zero streamline in the usual manner. 
The zero streamline itself first overshoots, along the 
straight line path, the place where the constant ve- 
locity turn branches off. Then it back-tracks to the 
proper place from where it- begins to turn. Thus, there 
is a small triangular figure with its base on the doubly 
traveled straight line and the sides formed by the 
singular lines extending into the field. Within this 
triangle there are now three leaves of flow fields. 
While in the physical plane the streamline reverses 
geometrically at each cusp, the direction of flow is the 
same on both sides of the cusp. The fluid appears to 
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Fic. 9. Representation of streamfunction y distribution 


over hodograph (w;, @) plane. Compressible 120° turn (wi = 
1.8 at P = 0). Base is hodograph plane; elevation is stream- 


function. 
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flow into the cusp line from both parts of the field. 
A comparison of the hodograph field with that of the 
preceding case shows that the cusps are caused by 
streamlines and equipotential lines having common 
tangents in the vicinity of the two corners adjacent to 
the zero streamline. This condition is absent in the 
former case except on the negative side of the zero 
streamline where cusps occur in every case and for 
every streamline. 

A three-dimensional model is available demonstrating 
the contour of this streamfunction in the hodograph 
plane. It, like Fig. 7, includes only the positive y 
values representing the flow around the wedge. (Fig. 9 
is a photograph of this model.) The velocity plot 
(Fig. 10) shows again that the cusp occurs where the 
velocity gradient is infinite. Of the two flows directed 
away from the cusps, one branch is in direction of de- 
creasing velocity, while the velocity of the other in- 
creases. The contours of the velocity distribution can 
be studied on the model, a picture of which is shown in 
Fig. 11. 

SECOND SOLUTION OF 360° TURN 


" This case, even when treated as incompressible, has a 
field partly covering itself—i.e., part of it consists of 
two distinct leaves occupying the same x-y space but 
situated on different potential surfaces. In its entirety 
this field is a physical impossibility, but parts of it can 
be utilized to good advantage for composing solutions. 
The incompressible fields for the negative and positive 
n are shown in Figs. 12 and 13. 

The compressible case for the negative m is shown on 


Fig. 14. The physical streamline field consists of two 
leaves. One-half of each is shown separately on the 
figure. The streamlines from 0 to about +0.96 have 


cusps and, hence, two branches. The streamlines above 
0.96 continue around the full turn in spite of the high 
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Velocity distribution along streamlines for compressible 
120° turn (w: = 1.8 at P = 0). 


Fic. 10. 
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velocities they pass. The maximum velocity that is 
reached without cusps is higher than 1.6. The lines of 
constant velocity indicate that except for the stream- 
lines with cusps, the velocity gradient is steepest around 
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Fic. 11. Representation of velocity w, distribution over 
physical (x, y) plane. Compressible 120° turn (w, = 1.8 at 
P =0). Base is physical plane; elevation is velocity 
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Incompressible field for a 360° turn (dipole, n = 
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Fic. 14, Compressible 360° turn (n = —!/2). 


the 0.9 (sound velocity) line. Fig. 15 shows the ve- 
locity variation, 

The hodograph plane clearly shows the geography 
of the potential surface. Wherever the streamline 
traverses the spiral valley of the potential a cusp musts 
occur. This is indicated by a tangent common to 
streamline and equipotential line. Above y = 9.6 
the streamline continues down and, hence, can turn the 
corner without cusp. 

Figs. 16 and 17 show photographs of the contour of 
this potential both in the hodograph and in the physical 
plane. The latter permits a clear visualization of the 
two flows emanating from, or ending in, the cusps. The 
two Riemann leaves are now taken apart, each of them 
representing a distinct potential surface. Only the 
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Velocity distribution along streamlines for compressible 
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360° turn (n = —1/2). 


THE AERONAUTICAL 





1944 


SCIENCES—OCTOBER, 







=CONSTANT 
(LEVEL CONTOUR LINES) 


U= CONSTANT 
; 


Wizl6 
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Compressible 360° turn 
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Fic. 16. 
tion over hodograph (w;, @) plane. 
(n = —1/2). Base is hodograph plane; 
function. 


cusp line is common to both. The two fields covering 
the x-y plane are but the projection of the two surfaces. 

Fig. 18 represents another type of 360° turn obtained 
with a positive m. This is the case of the compressible 
dipole already familiar from Ringleb’s article. All 
streamlines have cusps and extend beyond the cusps 
to infinity, there to reach the maximum velocity. 
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Fic. 17. Representation of potential function ¢ distribution 
over physical (x, y) plane. Compressible 360° turn (n = 


—'/:). Base is physical plane; elevation is potential function. 
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Fic. 18. Compressible 360° turn (dipole, » = +'/2) in 
physical (x, y) plane. 
P-CuURVE INVESTIGATION 
B 


One special investigation was directed toward the 
study of the effect of the constants on the P solution 
without regard to the final fields. It was seen before 
that for a given m each P curve represents a flow field 
uniquely determined by a velocity vector at a chosen 
location. 

Once the P function is known the flow field can be 
relatively easily obtained. Fig. 19 is a sample of such a 
family of P curves for n? = 4. A number of the curves 
intersect the w,; axis; in other words, P can become 
zero. This establishes a ¥Y = O streamline by other 
means than by sin 6 = 0. 

For P’/P values smaller than about 6.3 at wm, = 
0.3, there is no intersection of the curves of P = f(w,) 
and the line P = 0. The streamlines in the hodograph 
plane have reversal points in 6. One solution for such a 
case has been obtained. It contains numerous cusps. 
It does not present anything new and, hence, is in- 
cluded only in Fig. 3. As w; increases, all P curves 
appear to converge into one point. It is assumed that 


this point is P = 0 at w,,... = V2/ (y — 1). 

This family shown here for one constant value of »* 
demonstrates what a tremendous variety of different 
fields are possible once the flow is compressible. Many 
of the physical fields it represents appear to be abso- 
lutely useless by themselves. It is, however, quite 
possible that superpositions of their hodograph fields 
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Fic. 19. P vs. w: function for 90° turns (nm? = 4). 
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FLOW PATTERNS 
onto others will furnish useful results. The investiga- 
tion of these solutions is still going on at present. 


SUPERPOSITION 
A 


The fields, being linear in the hodograph plane, can 
be superposed in this plane. Two different fields repre- 
sented by two different number distributions over the 
w,-6 field can be combined to form a new and different 
solution. This is done simply by adding the two y or 
¢ values existing at every point. The distribution re- 
sulting from this process when translated into the 
physical x-y plane furnishes a new physical field. This 
procedure permits the designer to add wanted features 
to, or subtract unwanted phenomena from, any particu- 
lar field. An additional degree of freedom is pro- 
vided by the fact that either of the two distributions 
can be multiplied by an arbitrary constant before the 
addition is made. The contributory effect of the field 
or fields to be added can thus be “‘shaded”’ until the 
proper performance is obtained. Care must be taken 
that only values existing at the same velocity vector are 
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Fic. 20. 
ordinates, plotted in the hodograph (w;, @) plane. 
360° turn (n = —1?/2). 


added. An alternative way of superposition is given 
by Ringleb. If x, y; are the coordinates for one hodo- 
graph solution and x2, y2 are those of another, a new 
solution is 


x= Cix1 + Coxe; 7 = Cin + Coy2 


This can be done easily once the x, y system is 
plotted in the hodograph plane. This procedure affords 
a close supervision of the changes in the physical x-y 
contours that are introduced by the superposition. 
On the other hand, it necessitates the plotting of the 
x-y contour map in the hodograph plane. A sample of 
such a plot is shown on Fig. 20 for the 360° turn. 
Work on this phase of the investigation is still in prog- 
ress. 


EFFECT OF y VALUE 


Not much need be said about this effect. It was 
small in all cases where y = 1.3 was used in addition 


to y = 1.4. The deviation of the 1.3 streamline from 
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the 1.4 streamline was gradual. It must be concluded 
that the principal difference between the two is in the 
relative magnitude of both the sound velocity and of the 


maxjmum velocity. 


HIGHEST REALIZABLE VELOCITY 


If a stream that is initially subsonic is to be de- 
flected, the maximum velocity that is physically pos- 
sible is of interest. It was found that the lower the 
value of chosen, the higher the velocity obtained with- 
out cusps. In actual design this poses the problem of 
modifying the hodograph field in such a manner that 
unsatisfactory subsonic approach flow to the turn is 
changed to follow desired contours. 


EFFECT OF VISCOSITY ON FIELDS 


As in the incompressible case, a potential field will 
only represent a good approximation to actual flow 
conditions when the viscosity forces brought into play 
by the velocity distribution are small enough not to 
cause a major change in the boundaries. In other words 
‘jet separation’”’ or the separation of the boundary 
layer from the wall must not occur at any field bound- 
ary. The present solutions obtained for potential 
isentropic flow disregard the effect of viscosity. They 
must, however, be consulted when the importance of 
viscosity is investigated. The pressure distribution 
created by the inertia forces of the potential field im- 
presses itself onto regions where viscosity forces come 
into play. These regions are recognized to a high 
approximation by the high velocity gradients appearing 
in the potential field. The steep velocity gradients 
appearing along compressible streamlines must, there- 
fore, always be viewed with concern when the pressure 
gradient is adverse to the flow direction. 

There is, however, in compressible flow a second 
viscosity term that is entirely absent in the incompres- 
sible case. 

The classic Navier-Stokes equation describing vis- 
cous compressible flow contains two viscosity terms 


p(dw/dt) = —grad. p + wV2w + (u/3) grad. div.w (35) 


where » = viscosity of flowing medium. One of them, 

the next to the last in the equation, is the viscosity ef- 

fect already familiar from the incompressible case. 
The last term is zero when 


div. w = 0 (36) 
Eq. (36) is a basic equation for incompressible flow. 
At constant density, conservation of matter is identical 
with conservation of volume flow. No volume flow 
can be created nor can disappear in this case. However, 
when the flow is compressible, it is the actual mass flow 
that is conserved, and volume flow due to the density 
changes does appear or disappear. Then the divergence 
of velocity is no longer zero. 


1? 


div. w ¥ 0 (37) 


These volume changes lead to crosswise velocity 
differences that are resisted by the viscosity in the fluid. 


‘These forces may, in a popular vein, be described as the 


“growing and shrinking pains”’ of the fluid. This com- 
pressible flow shear is proportional to the local varia- 
tion of the changes in volume flow. This is the mean- 
ing of the last term in Eq. (35). Only extremely large 
values of grad. div. w need be considered, since, as 
mentioned in the introduction, yu is small. 

To study the importance of this viscosity term, div. 
w is being calculated from some of the fields and plotted 
in the physical plane. 

Fig. '21 shows a map of such a div. w contour from 
which the gradient can be obtained. It applies to the 
field of the 360° turn. The calculation has not been 
made to a high degree of accuracy as yet. Hence, it 
has descriptive rather than quantitative value. 

It depicts how the divergence rises from low values 
in the compressible zone to infinity along the cusp 
lines. It must be inferred that forbiddingly high values 
have already appeared before the streamlines actually 
reach the cusps. By this token, streamlines passing 
through the vicinity of the cusps without actually 
reaching them, must trespass into a zone of high viscos- 
ity forces. Within this zone, a streamline field as 
given by this adiabatic solution cannot exist, because 
viscosity effects will prevent reversible flow. The map, 
however, indicates that this danger zone must be thin. 

It is important to note in this connection that along 
with the cusp lines these viscosity forces are not con- 
nected with a solid wall as are those of boundary layers. 
They can exist within the field. Also, their importance 
is not limited to adverse pressure gradients. They can 
create disturbances at acceleration as well as at de- 
celeration. 

It would appear, however, from what has become 
known so far, that the elimination of cusp lines from 
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Fic. 21. Distribution of div. w, over physical (x, y) plane 
Compressible 360° turn (n = — 1/,), 
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the flow will also practically eliminate these forces. 
And the cusp lines must be eliminated from any design 
before a field can be considered as a solution. 


USEFULNESS OF SOLUTIONS IN THE HODOGRAPH PLANE 


It is unfortunate that direct solutions can only be 
obtained in the hodograph plane. On the other hand, 
the situation can be viewed from the optimistic point of 
view by stating that it is fortunate that the problem 
can be solved by the means of this transformation. 
Following the latter line of thought, the conclusion is 
obvious that the engineer will have to learn to feel at 
home in the hodograph plane. If this is tried, it will be 
found that this plane has a number of desirable proper- 
ties. 

(a) Solutions can be superimposed. A solution 
once obtained can be changed into other solutions by 
proper manipulation until desired characteristics are 
obtained. 

(b) The hodograph variables, magnitude of veloc- 
ity, and its direction are the same as those to which the 
aeronautical engineer is already accustomed from the 
use of fields derived from the ‘‘complex velocity.” 
They are also the variables that the turbine engineer 
uses in his velocity diagrams. 

(c) It must be realized that the technical application 
that calls for a solution in all cases demands the dis- 
placement of masses of fluid—i.e., it calls for changes 
in velocity angle and magnitude. The form of the 
physical object that achieves this desired end should 
be secondary in importance and should only be a result 
of considerations carried through before in the hodo- 
graph plane. 

(d) Those properties of the flow field that decide 
the physical validity of a solution can all be studied 
directly in the hodograph plane. The following are 
some properties that can be studied in the hodograph 
plane: (1) the pressure gradients, especially the ad- 
verse pressure gradients determined by the velocity 
changes along streamlines; (2) the curvature of the 
physical streamlines; and (3) the length of the physical 
streamline path. 

These three quantities are needed if the boundary 
layer along a given streamline must be calculated. 
The streamline in this case represents the contour of the 
deflecting wall. 

The boundary-layer calculation will decide whether 
the boundary layer will separate or not. It is, for this 
reason, a criterion for the validity of the solution, since 
separation would completely alter the flow pattern. 

Another important quantity is the function that 
indicates the appearance of the cusps. It is the Jacob- 
ian alluded to by von Karm4n.* To a large extent it 
measures large values of acceleration or deceleration 
in the field. It can be calculated within the hodograph 
field and, as such, furnishes the second criterion of the 
physical validity of a solution. 
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With good accuracy the appearance of cusps can be 
detected by visual observation of the combined stream- 
line and potential hodograph field. As mentioned be- 
fore, the cusps occur wherever streamlines and equi- 
potential lines have a common tangent in the hodo- 
graph plane. 

The third criterion consists of the viscosity term de- 
scribed in the preceding section. It is important only 
in the immediate vicinity of the cusps and, hence, is 
already detected by the Jacobian. 

It is therefore possible to design any useful flow 
contour or passage by merely handling functions of the 
velocity vector—i.e., its magnitude and angle. The 
actual physical shape of the object does not enter the 
consideration at all. It merely appears at the end as the 
final result. 


B 


Mathematically these validity criteria appear sur- 
prisingly simple. 
The acceleration in direction of the flow is 


(dw/dt) = (ds/dt)(dg/ds)(dw/dy) = w*(0w/d¢) 


where the derivative is made with y constant. 

The radius of curvature of a physical streamline is 
given by the following equation where the derivatives 
are for constant y: 


r = ds/d@ = (1/w)(dg/d0) = (1/cow:)(dy/dé) (39) 
The lengths of the physical streamline paths are 


¢ 1 ¢? 
f dy/w = Ve f dp/wy 
oe ¢0 


Each of these magnitudes can be taken directly from 
the hodograph field. 
The acceleration can also be written as*® 


dw/dt = —(w?/A)(dy/28) 


(38) 


(40) 


s= 


(41) 
where A is the Jacobian given by 
A = (de/dw)(2Y/26) — (2y/28)(Dp/dw) (42) 
From Eq. (41) it can be seen that the acceleration is 
infinite when the Jacobian is zero. That is, 


dw/dt = © 


when either 
oy /00d = ~ orA = 0 
The Jacobian calculated for the product solution y = 
P sin (n@) is 
l — (w ‘c,)? 


—— (nP cos n6)? — 


Copiy 


(42a) 


Wi 





(P’ sin n6)? 
Cop1 


a term that can be calculated from the hodograph field 
and the known P function. 
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Likewise, the acceleration becomes 


Co*w 12 p\nP cos n@ 


( —— (41a) 
(1 — w,7/c;")(nP cos n0)? + (wP’ sin né)? (41a) 





Except for @ this is a combination of three functions of 
w;, which can be plotted as soon as m and P = f(w) 
are known. 

CONCLUSIONS 
A 

By means of the differential analyzer, a number of 
fields of adiabatic compressible flow have been obtained. 
Some of the results are presented for analytical study. 
At the present stage of the investigation, the following 
properties of compressible flow fields appear worth 
mentioning. 

(a) For a given boundary contour, there exists an 
infinite number of different fields. Their shape is 
determined by the magnitude of the maximum velo- 
city of the field. 

(b) The appearance of maximum velocity (density 
zero) limits the maximum curvature that can be used. 

(c) When sound velocity is exceeded the useful 
range of realizable fields is further limited by the ap- 
pearance of infinite velocity gradients (cusps). 

(d) Changes in y value from 1.4 to 1.3 result only 
in minor changes in the properties of the fields. 

(e) The additional viscosity terra appearing in the 
general Navier-Stokes equation for compressible fluid 
flow becomes large only in the vicinity of the cusp 
lines. 
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(f) A great number of different flow fields can be 
obtained and studied by superposing the elementary 
fields in the hodograph plane. 

(g) The smaller the constant m? of the calculation, 
the higher a physically possible supersonic velocity 
that can be obtained at the convex side of a flow con- 
tour. 

(h) The design calculation for compressible flow 
contours and passages can be carried through entirely 
in the hodograph plane. 
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Efficiency of Lateral Stiffeners in Panels 


ADAM ZAHORSKI* 
Lockheed Aircraft Corporation 


SUMMARY 


This article discusses the ‘‘grid’’ analysis of flat panels re- 
inforced by longitudinal and lateral stiffeners and subjected to 
the longitudinal compressive forces. Diagrams for the design 
of lateral stiffeners in various combinations are included. 


NOTATION 


Y = W°Bl'/4Ds*, flexural stiffness index 

@ = C,/Ds?, torsional stiffness index 

C,; = GIp, torsional rigidity of the lateral stiffener 

| = length of the panel 

s = width of the panel 

Do = EI, flexural rigidity of the longitudinal stiffener 

D = ElIr/s, flexural rigidity of the longitudinal stiffener per 
unit width of the panel 


B = EI, flexural rigidity of the lateral stiffener 

I _= moment of inertia of one stiffener 

c = P/P. or p/pe, fixity coefficient 

P = critical compressive load per stiffener 

p = Pr/s, critical compressive load per unit width of panel 


P, = w?D/Il*, Euler’s load 
k? = P/Door p/D 


Q = force per stiffener between lateral and longitudinal 
stiffeners 

q = force between lateral and longitudinal stiffeners per unit 
length of lateral stiffener 

5 = deflection of the lateral stiffener 

59 = maximum deflection of the lateral stiffener 

8 = angle of the slope of the longitudinal stiffener 

\J = bending moment 

r = number of longitudinal stiffeners 


Ky and Kg = correction factors for a finite number of longi- 
tudinal stiffeners 


x = correction factor for partial restraint of lateral stiffener 
8 = coefficient of end restraint 
INTRODUCTION 


A* AIRPLANE WING, from the structural point of 
view, is essentially a long box-beam in which the 
upper surface carries large compressive stresses. This 
surface could easily become elastically unstable save 
for the ribs in the wing which support it at intervals, 
and thus increase the strength of the wing as the whole. 
This function of the ribs is generally not well under- 
stood. In order to give a designer a practical method 
of estimating the size and spacing of the ribs in a given 
wing, this paper presents under stringent assumptions 
the analysis of lateral stiffeners in the panels. Any rib 
or chordwise beam is considered here as the lateral 
stiffener. Only flat rectangular panels subjected to 
longitudinal compressive loads uniformly distributed 
along the width are considered. 
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There are two principal methods of analysis of re- 
inforced panels. One is so-called “‘thin plate’’ analysis, 
in which it is assumed that the material of longitudinal 
stiffeners together with skin is uniformly and con- 
tinuously distributed across the width of panel, thus 
permitting the use of certain differential equations 
derived for continuous plates. In panels, as distinct 
from plates, only a part of the load is carried by the 
skin. The skin also may buckle at small loads and by 
far the largest portion of the total load is carried by 
the longitudinal stiffener, thus the plate analysis of 
the panel may lead to an erroneous conclusion. 

At the other extremity a “grid’’ analysis is one in 
which the panel is assumed to consist of series of longi- 
tudinal and lateral stiffeners rigidly connected at 
intersections, but altogether neglecting the skin and 
its plate effects. Obviously, for panels without lateral 
stiffeners, the extremes of ‘‘plate’’ and “‘grid’”’ analyses 
may be quite far apart because the “‘grid’”’ analysis 
does not allow for an interaction between the longi- 
tudinal stiffeners. However, as the number of lateral 
stiffeners increases, a smaller gap between ‘‘plate”’ 
and ‘“‘grid’’ analyses can be expected, and therefore 
a more accurate solution of the real problem is obtained. 

The buckling of ‘‘thin plates’ with reinforcing ribs 
has been discussed by many authors.'»*)*)4 Here the 
“grid” analysis of panels is developed in detail, first for 
the case of one lateral stiffener, then for two lateral 
stiffeners, and finally a general case is briefly discussed. 


ONE LATERAL STIFFENER 


SIMPLY SUPPORTED PANEL 


A panel as shown in Fig. 1, consisting of one lateral 
and r longitudinal stiffeners, is subjected to the action 
of compressive forces. If a small displacement is given 
to any longitudinal stiffener normal to the panel, all 
stiffeners will deflect and the section through any other 
longitudinal stiffener will be as shown in Fig. la. 
Forces must result at each junction between lateral 
and longitudinal stiffeners. The free body diagram 
of the lateral stiffener with the forces (Q’s) acting on 
it and the corresponding reactions to longitudinal 
stiffeners are also shown in Fig. lb. The values of 
Q’s in magnitude and variation along the span are 
unknown. The free body diagram of any longitudinal 
stiffener is shown in Fig. 2. 

Let Dy be the flexural rigidity of the longitudinal 
stiffener; P, the compressive force, and Q, the reaction 
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from the lateral stiffener. Then, with the system of 
coordinates as shown, the differential equation of the 


deflection curve is 
(d*y/dx*) + k*y — k*2(Q/2P) = 0 (1) 
where P/Dy = k?. 


The solution of the equation gives the deflection 
6 under the lateral stiffener in the form 


y} 2 kl 
6 = g ( 1— A tan *) (2) 


The form of this equation is similar to beam-column 
formula except for the negative value of Q, and it is 
valid only in range t < k < 2x. It can be proved*in 
general that all beam-column formulas and the modified 
law of superposition can be applied to the analysis of 
the lateral stiffener, provided the value of Q is taken 
with the negative sign. ’ 
With the notation 


P, = w°D,/I? =P/P, kl=c (3) 


Eq. (2) can be written in the form 


prey) 


push cl 


t 
2 





Pp. p 
° Se ee a 
2" | 2 


Fic. 2 
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a _QB 
1 - —= ; tan 5 — o;* 6 4r*Do 


On the left-hand side of the above equation we have 
a transcendental expression involving only the fixity 
coefficient c. 

The use of “‘fixity coefficient’”’ in this discussion is 
much broader than the use of a similar phrase in con- 
nection with the columns. Here the fixity coefficient 
depends on the end restraint of the panel, on the side 
restraints of the lateral stiffener and on the number 
of those stiffeners. The coefficient c is defined as the 
ratio of the panel critical load (P) to Euler’s load 
(P.) on the same length as that of the panel without 
stiffeners. Thus, the limiting value of c may be much 
greater than 4 which is the limit for the columns. 

The value of this coefficient c depends on the un- 
known ratio of Q/é. This ratio can be determined, in 
general, from the conditions of equilibrium between 
lateral and longitudinal stiffeners. Several conditions 
will be analyzed. 


(4) 


One Longitudinal Stiffener 


The case of one longitudinal stiffener represents a 
beam with hinged ends and elastic (spring) support at 
the middle for which the solution is well known,! and 
is included only to illustrate here the method of solution 
of more complicated cases. 

The free body diagram for the lateral stiffener is 
shown in Fig. 3, where Q is the reaction from one 
centrally located longitudinal stiffener, and therefore 


Q/5 = 48B/s8 
where B is the flexural rigidity of the lateral stiffener. 
Substituting the above into Eq. 4 


c 
—_—— — I12BP : 


2 c 2 ee = (5) 
ae 
TV C 2Vc 

for any given panel, fixity coefficient c; thus the critical 
load can be determined. 
Two Longitudinal Stiffeners 

The free body diagram of the lateral stiffener will be 
as shown in Fig. 4. We have in this case 


Q/6 = (162/5)(B/s*) 
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and substituting the above into Eq. (4) 


c 





_ 162 2B i&#’ 


5 4x°Dp s3 





2 ‘ T (6) 
——= ta — 
rVc 20/c 
For any required fixity coefficient c, the necessary 


value of flexural rigidity B of the stiffener can be easily 
obtained. 


‘“‘Many’’ Longitudinal Stiffeners 


The use of the word “many’’ will imply here that 
there is fairly continuous shear diagram due to the 
reactions from longitudinal stiffeners on the lateral 
stiffener, so that the concentrated loads on the stiffener 
can be approximated by some unknown distributed 
load. It is then necessary to make slight modifications 
in Eq. (4). Differential Eq. (1) will continue to be 
valid if one writes g instead of Q, where g is the reaction 
from the longitudinal stiffeners per unit length of lateral 
stiffener and D for Dy where D is the flexural rigidity 
of the longitudinal stiffeners per unit width of panel. 
With these changes the solution of Eq. (1) becomes 





The diagram of the lateral stiffener is in Fig. 5. The 
expression for the qg/é ratio cannot be directly deter- 
mined in this case, as previously, because the distribu- 
tion of the load g(z) along the stiffener is not known. 
However, by assuming a reasonable form of the de- 
flection curve, this ratio can be obtained from the 
relation 


B(d‘8/dz) = g (8) 


It can be shown’ that the sine curve is the deflection 
curve of the lateral stiffeners for the case of an infinite 
number of longitudinal stiffeners, and using the same 


6*8(z)) -qeqiz) _ 





curve for a finite number of stiffeners, the magnitude 
of error in any case can be determined in the final 
result (see Table 1). 

Thus, taking the deflection of the lateral stiffener 
in the form 


5 = 69 sin (m2z/s) * (9) 
and substituting it into Eq. (8) 
g/5 = (x*/s*)B (10) 


This is the required relation by means of which the 
unknown factor g/é in Ey. (7) can be eliminated. Thus, 


il ae ae i 
ilies (1 -- aes tan - t ) (11) 
r/c 
where 
y = (*/4)(15/s*)(B/D) (12) 


The curve OAC in Fig. 6 is the plot of Eq. (11). For 
any given panel with a lateral stiffener, 7.e., given y, 
the value of c and, hence, the critical buckling load, can 
be directly obtained from the chart. Or for the given 
critical load, that is, c, the solution for y, and thus the 
required value of flexural rigidity (B) of the lateral 
stiffener, can easily be obtained. 





| ASYMPTOTE in 
































8 ¢*6.18———— — — — 
| wn ae Oe 
—_ : n 4“: u . n 
6 nn T T T T T T } 
° _ ‘ ‘ ' 1 0 ' ' 
Jat 1 i I l 1 i 1 | 
' ' 





easiin OF | 








4 7) ; 7 r 
FF ood Ply yy 4 -F 
116 gt 


1?) 2 4 6 8 10 «12 14 6 8 20 22 ¥ 























Fic. 6. 


It canbeseenfrom Eq (11) that for (x /2)+/c = 4.493 
or c = 8.18, the denominator on the right side becomes 
zero, and therefore, ¥ — © For values of c > 8.18, 
y becomes negative and has no‘ physical meaning. 
There is another limitation on the value of c. So far 
the mode of buckling as shown in Fig. 7a has been 
considered, but the second mode, Fig. 7b, is also pos- 
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sible. Since in this mode there is no lateral displace- 
ment of the stiffener as shown in Fig. 1, the differential 
Eq. (1) and all*subsequent equations will not apply, 
and it can be proved that generally a stiffener placed 
at a nodal point has no effect on the critical load, 
provjded the stiffener does not have torsional rigidity. 
For the second mode when the stiffener has no torsional 
rigidity, the coefficient c must be equal to 4, which 
corresponds toy = 4. Thus, if Y = 4, the second mode 
(Fig. 7b) occurs, and any further increase in the value 
of w will not increase c. Therefore, the broken line 
OAB (Fig. 6) should be used in the design of stiffeners. 
It is of interest to note that atc = 4 


y = 4 = (n*/4)(l*/s*)(B/D) 


or 


B = 16s*D/nr*l? = 16s*D?P/r*l?4r?D 


B = (4/x*)(s4/l)P 


which is the same as Eq. (36), given by E. E. Lund- 
quist? in the analysis of a built-up panel as a plate with 
bending rigidities different in longitudinal and lateral 
directions. 


FIXED ENDS PANEL 


A differential equation similar to Eq. (1) can be 
easily derived for the case of a panel with fixed ends, 
and its solution with an additional boundary condition 
of no rotation at the supports will be similar to Eq. 
(4) or (7). However, the same result may be obtained 
in a different way, since a modified form of the method 
of superposition holds for beam-column formulas. 
The deflection of a fixed end beam, under the load Q, 
can be obtained by subtracting the deflection due to 
moments applied at the ends of the beam of such 
magnitude that it just prevents the rotation of the 
supports, from the deflection of a simple beam. The 
result in either case will be an equation similar to Eq. 
(11) in which factor 2 will be replaced by factor 4; 
Eq. (10) will not change, and thus 

c 


y= ( 4 r “) 
1 — ——; tan - (13 
ay m7 ve (13) 


This equation is plotted in Fig. 8. Thus, for any 
desired value of the fixity coefficient c, the correspond- 
ing value of y can be secured, and the required value of 
flexural rigidity (B) of the lateral stiffener can be 
obtained easily. Eq. (13), similar to Eq. (12), has 
two limiting values: one asymptote at c = 32.7 which 
has no practical significance, and the other, the second 
mode of buckling, at c = 8.18. This mode is shown in 
Fig. 9a. 


TORSIONAL RIGIDITY OF THE LATERAL STIFFENER 


If the stiffener has no torsional rigidity, then the 
relation between c and, y is represented by curves 
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OAB, Figs. 6 and 8, and any increase in value of y 
above 4 or 5.26 does not increase the value of c above 
4 or 8.18, respectively. However, it is possible to 
increase the value of c above 4 for simply supported 
ends and above 8.18 for fixed ends by providing a degree 
of torsional rigidity of the stiffener in addition to its 
flexural rigidity. If the stiffener has torsional rigidity 
C,, then its rotation @ will be accompanied by a corre- 
sponding restraining moment M/ as shown in Fig. 9b, 
and will cause an increase in value of the fixity coeffi- 
cient c. This increase is possible until the stiffener 
will not rotate, that is, when the torsional rigidity is 




















infinite. This case is illustrated in Fig. 9c. 
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In order to find the value of c for any value of 
torsional rigidity of the stiffener, we can use the 
principle of superposition, obtaining necessary values 
from beam-column formulas. The results of such 
calculations are shown in Figs. 6 and 8, where curves 
are plotted for various values of the dimensionless 
parameter of torsional rigidity defined by 


@ = C,/Ds? 


The diagram in Fig. 6 is for a panel with supported 
ends, and that in Fig. 8 is for one with fixed ends. In 
both figures curve OAC represents the condition for 
symmetrical buckling of the panel. On the portion 
OA of curve OAC no torsional rigidity is necessary, 
and the value of ¢ has no influence on the value of c, 
but on the portion AC, there is a definite interaction 
between flexural and torsional rigidities (y and 4), 
even though the stiffener is not twisted as it would be 
in antisymmetrical buckling. Since the stiffener is at 
the nodal point in antisymmetrical buckling, the value 
of c is not influenced by the value of y and, therefore, 
for lines ¢ = constant, c = constant. It is of interest 
to note that for fixed ends in the limiting case of 
@ — © either form of buckling, symmetrical or anti- 
symmetrical, may occur as shown in Fig. 9c. 


(14) 


ENDS OF PANEL PARTIALLY RESTRAINED 


So far we have analyzed panels in which the ends 
were either free to rotate or perfectly fixed. The effect 
of partial restraint of the ends of the panel is shown 
in Fig. 10. It is assumed that the torsional rigidity 
of the stiffener is zero (¢ = 0). Then the curve ¢’ = 0 
corresponds to the case of simply supported ends; it 
is the same as curve OAB in Fig. 6. The curve ¢’ = 
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© corresponds to the case of fixed ends and is the same 
as OAB in Fig. 8. The additional curves, ¢’ = 0.343 
and ¢’ = 1.23, are shown. The values of ¢’’s were 
chosen in such a way that they pass through points 
c= 2andc = 3fory = 0. 


CORRECTION FACTORS 


In the analysis of panels with ‘“‘many’’ longitudinal 
stiffeners, it was assumed that the deflection of the 
lateral stiffener is given by a sine curve. The same 
assumption is also introduced for torsional deflection. 
The sine curve’ is the deflection curve for the case of 
simple supported lateral stiffeners with an infinite 
number of longitudinal stiffeners. However, it is 
possible to establish the correction factors on the values 
of functions y and ¢ for any degree of end restraint of 
lateral stiffeners and for a finite number of longitudinal 
stiffeners. The proof of this is not within the 
scope of this paper, but it can be found in reference 5 
from which the correction factors given below were 
obtained. 


Correction for Partial Restraint of Lateral Stiffeners 


The rigidity of the lateral stiffeners may be increased 
by a restraint at the supports, so that rotation of the 
ends is resisted by a moment. In effect this may be 
considered as an apparent increase in the value of 
flexural rigidity B, i.e., in the value of y. Let 6 be the 
coefficient of end restraint numerically equal to the 
bending moment per unit angle of rotation of support, 
x be the correction factor due to restraint 8 on both 
ends of the stiffener; then the corrected value of y is 
given by the equation: 


Veorrected = xv 


The corrected value of y is used to enter diagrams, 
Figs. 6, 8 and 10. The relation between x and para- 
meter 6s/B is shown in Fig. 11. Note that the value of 
c can be directly determined if 8 and B are given. 
However, B can be determined only by successive ap- 
proximation if 8 and c are given. For simply sup- 
ported ends (8 =.0) x = 1 and for fixed ends (8 = ~), 


x = 5.12. 
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Correction for Finite Number of Longitudinal Stiffeners 


The correction factors for finite number (7) of 
longitudinal stiffeners can be obtained from Table 1, 
where K, and Ky, are correction factors defined by 











TABLE 1 , 
Sey bincdee ey | aes“? ae 
Ky 0.493 0.662 0.750 0.80 r/(r + 1) 
K@ 0.405 0.608 0.711 0.78 r/(r+ 1) 
¢, = Ky¢ 


In all diagrams the values of ¥, and ¢, must be used 
instead of y and @ as given by Eqs. (12) and (14) if 
the effect of a finite number of longitudinal stiffeners 
is to be considered. 


TWO LATERAL STIFFENERS 


SIMPLY SUPPORTED PANEL 


The analysis of a panel, reinforced at third points 
by two identical lateral stiffeners, does not differ funda- 
mentally from that of one lateral stiffener. However, 
as the number of stiffeners increases, the work also 
becomes much more complicated and cumbersome, and 
it is essential to the solution of the problem that the 
mechanism of the interaction between the panel and 
the stiffeners is clearly understood at all times. There- 
fore, it is in order to discuss several special cases before 
the final results are presented. 

First, consider the case when the two lateral stiffeners 
cannot resist torsion, that is, when the torsional param- 
eter d = 0 (see Eq. (14)). In Fig. 12 are shown three 
possible forms of buckling. 

The first form (Fig. 12a), a symmetrical case, can 
be analyzed easily by the method of superposition. 
The results of such an analysis will be the curve A, BiE 
shown in Fig. 13. The second form (Fig. 12b), an 
antisymmetrical case, can be handled in a similar way, 
and the curve F,B;C,G; (Fig. 13) will result. The 
third form (Fig. 12c) is also symmetrical; it gives the 
curve EC,D, which is the straight line c = 9. Note 
that in this case no vertical reaction is necessary at the 
stiffener to satisfy the condition of equilibrium. Since 
only the smallest values of c are of practicable signi- 
ficance, then the broken curve A,;B,C,D,; (Fig. 13) 
should be used for design purposes. 

Next, consider the case when the lateral stiffeners 
can resist torsion, i.e., when @ = aonstant illustrated 
in Fig. 14. 

This case is similar to that in Fig. 12 and may be 
analyzed by the method of superposition, where in 
addition to the lateral load Q at each stiffener there is 
also a moment M/ which is proportional to the slope of 
the elastic curve. However, there is another important 
difference, namely, that the same analytical expression 
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is sufficient to cover both cases (Figs. 14a and 14c) 
where as it is impossible to predict the existence of 
case 12c from the mathematical expressions of case 
12a. Physically this means that the buckling form of 
Fig. 12c occurs with no lateral load on the stiffener, 
and thus has no relation to case 12a; whereas in the 
case of Fig. 14c, because of an unbalanced moment 
in the span between the simple support and the first 
stiffener, there must be a reaction R which in turn 
must be balanced by a force Q at the stiffener. There- 
fore, for the panels reinforced by two torsionally rigid 
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lateral stiffeners, it is impossible to have the third mode 
of buckling as shown in Fig. 12c. The result of the 
analysis of the symmetrical case (Fig. 14a) is curve 
A2B2EC2D, (Fig. 13) and for the antisymmetrical case 
(Fig. 14b) curve F,BeCsG2. Again, since one of the 
smallest values of c is of practical interest, the design 
curve is the broken line A,BsC2De. 

The limiting case when ¢ — © will give two curves, 
one A;EC; for the symmetrical case and the other 
F;EG; for the antisymmetrical case. Both of these 
curves will meet at c = 18.41 and y— o~. 

By examining the diagrams in Fig. 13 it appears that 
all curves for symmetrical buckling intersect at the 
point E whose coordinates are c = 9 and y = 6.75. 
Apparently the state of the panel in this condition 
is independent of the torsional parameter. This can 
happen only if there is no twist of the stiffener, which 
means that the line of action of the resultant force 
must be on the stiffener and support as shown in 
Fig. 15. 

In Fig. 16 there are curves similar to those in Fig. 6 
computed for several values of ¢. These are recom- 
mended to be used as design curves for a simply sup- 
ported panel with two lateral stiffeners at the third 
points. 


ENDS OF PANEL RESTRAINED 


Similar curves for a panel with fixed ends are shown 
in Fig. 17. 





—— — 











Fic. 16. 





Fic. 17. 


In some cases the ends of the panel might be such 
that they are neither simply supported nor fixed, but 
are partially restrained. If we denote by 9’ this 
partial restraint in such a way that for simply supported 
ends ¢’ = 0 and for fixed ends ¢’ = ©, then it is pos- 
sible to get y vis. c diagrams for various values of 
end fixities ¢’; provided that in each diagram ¢, the 
torsional parameter of the stiffeners, is kept constant. 
In Fig. 18 there is such a diagram for ¢ = 0 (no torsional 
rigidity of the stiffeners). Curve ¢’ = 0 is obtained 
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from Fig.,16, and the curve ¢’ = © is from Fig. 17. 
Two intermediate values of ¢’ = 0.343 and 1.23 are 
chosen in such a way that for Y = 0 curves pass through 
c= 2andc = 3. 


MANY LATERAL STIFFENERS 


SOLUTION OF EQUATIONS 


The solution of equations for the general case of three 
or more lateral stiffeners becomes quite complicated. 
However, for three and four stiffeners in the special 
case when the torsional restraint of stiffeners is ne- 
glected (6 = 0), the solution has been determined. 

The curves are plotted on Fig. 19. New coordinates 
are defined as follows 


c . 


Q = —— Wy =- : (16 
‘(n+ 1)? ‘(n+ 133 
where ” is the number of lateral stiffeners (inter- 


mediate supports) and \ is the distance between sup- 
ports. The solid lines are for panels simply supported 
at the ends (¢’ = 0) and the broken lines are for panels 
fixed at the ends (¢’ = ~). The curves m = 1 and 
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n = 2 are from Figs. 10 and 18, respectively. Each 
set of curves is displaced by one square in order to 
improve the clearness of the diagram. It can be seen 
from the figure that the effect of fixity at the ends di- 
minishes rapidly as the number of intermediate supports 
is increased. The curve m = o is the envelope of all 
the curves drawn through the same origin. 

The correction factors for partial restraint of lateral 
stiffeners (Fig. 11) and for finite number of longitudinal 
(Table 1) also applied for this 


stiffeners may be 


case. 
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Prediction of Longitudinal Dynamic Stability 


H. P. LIEPMAN* 


University of Cincinnati 


ABSTRACT 


The conventional equations of motion for disturbances from 
steady level flight are set up and solved in simplified form. The 
solution of these equations leads to a characteristic stability quar- 
tic whose coefficients determine the stability or instability of the 
motion. The coefficients of the stability quartic are functions of 
two stability parameters and the absolute angle of attack. The 
stability parameters can be expressed in terms of basic design and 
aerodynamic data, taken from an accurate and detailed static 
stability calculation. Graphs are constructed to facilitate the 
determination of the stability parameters in terms of wing and 
tail areas, tail length, mean wing chord, gross weight, moment 
coefficient slope, tail lift coefficient slope, flight speed, and lift 
coefficient. A stability criterion is developed, independent of the 
flight conditiog, containing geometric design data only and the 
slopes of the aerodynamic coefficients. This stability criterion is 
reduced to a single graph, which can also be used to predict 
stability at any altitude. The period of oscillation is also given 
in terms of the stability parameters and the angle of attack. The 
equations and graphs clearly indicate what design changes will 
make a dynamically unstable airplane stable. Because of the 
ease and rapidity of the method, it can be included in the routine 
static stability calculation, thus giving complete information 
about the stability of an airplane. 


INTRODUCTION 


Le NEED FOR MAKING the prediction of dynamic 
stability a routine calculation at an early design 
stage has become obvious in recent years. It is also a 
well-known fact that a detailed dynamic stability calcu- 
lation requires many man-hours of work. This has usu- 
ally kept designers and manufacturers of light airplanes 
from carrying out such calculations. The dynamic sta- 
bility of an airplane is thus left entirely to the happy 
coincidence of experience and rule-of-thumb methods. 
In view of the future demands for safe and easily con- 
trollable airplanes it will be necessary to include the 
prediction of dynamic stability in the standard perform- 
ance calculation of an airplane. 


A great amount of valuable theoretical and practical 
work has been done on the subject in the past. A major- 
ity of the papers, however, have dwelt primarily on the 
mathematics of the subject, with no attempt to present 
an immediate solution for the engineer. The present 
paper reduces the conventional stability criteria to a 
form containing basic aerodynamic and design data 
only. 


Sufficient data are available today to predict the 
effects of running propellers on aerodynamic coef- 
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ficients. It is therefore no longer necessary to restrict 
the simplified discussion of dynamic stability to the 
power-off condition. Obviously, these power-on effects 
must also be included in the discussion of static stabil- 
ity. 

The derivation of the equations of motion of an air- 
plane can be found in any of the many books and arti- 
cles on the subject. No attempt is made to repeat the 
derivation in detail except to point out the basic as- 
sumptions upon which these equations are based. The 
most general motion of an airplane in space will require 
six differential equations of motion. These six simul- 
taneous equations can be reduced to two independent 
sets of three equations each when, and only when, 
small disturbances from the equilibrium position are 
considered. Only then is tt possible to solve the sym- 
metric or longitudinal group and the antisymmetric 
or lateral group separately. Another assumption is, 
that all air forces and moments vary linearly with the 
angle of attack. Otherwise the equations of motion 
would be nonlinear and difficult to solve explicitly. 


NOTATION 


In addition to standard N.A.C.A. symbols and symbols defined 
in the text, the following notation is used: 


dtm/da = slope of total moment coefficient per rad., includ- 
ing effects of wing, tail, fuselage, and propellers. 

(dc, /da), = slope of tail lift coefficient per rad. If not avail- 
able from tests, (dcz/da), = 5.7/[1 + (5.7/- 
rA.R.;)] 

St = area of horizontal tail in sq-ft. 

c = mean aerodynamic chord in ft. 

l = tail length in ft., distance from center of gravity 
of the airplane to center of pressure of tail 

I = nmi? = moment of inertia about the lateral axis through 
the center of gravity 

n = mass distribution factor® 

ao = absolute angle of attack in rad. between mean 


aerodynamic chord and zero lift chord 


THE EQUATIONS OF MOTION AND THEIR SOLUTION 


An airplane in steady level flight with an air speed 
Uo in feet per second will be in equilibrium of forces in 
lift and drag direction, and its resultant moment about 
the center of gravity will be zero (Fig. la). If thrust 
and total drag are assumed to act through the center of 
gravity, the only moments encountered will be those of 
the wing, the tail, and the fuselage. The determina- 
tion of these moments is part of the static stability cal- 
culation and should include the influence of running 
propellers. All steady flight quantities will be denoted 
with a subscript zero. ‘ 
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Fic. 1. The airplane in steady and disturbed level flight. 


When the airplane is disturbed from its equilibrium 
position, changes in forces, moments, and the flight 
path will take place. The changes in the attitude of 
the airplane can best be described in terms of three 
variables, u, ¢, and 6, where u is the change in the air 
speed Us, ¢ is the change in the inclination of the flight 
path, and @ is the change in the inclination of the air- 
plane (Fig. 1b). In addition to these variables it will 
be convenient to use the change in the angle of attack 
of the airplane, a = 6 — g, as an auxiliary variable. 
Since the discussion is limited to small disturbances 
from the equilibrium position, an angle itself may be 
used instead of its sine, the cosine of an angle will be 
unity, and small terms of higher order will be ne- 
_ glected. 

The disturbance will change forces and moments 
through increments 6L, 6D, 6T, and 6M, respectively. 
These increments can be expressed in terms of the con- 
ventional stability derivatives. It can reasonably be 
assumed that the components, tangent to the flight 
path, of 67 and 6D cancel each other and that their 
components in lift direction are negligibly small com- 
pared to the other forces. 

With these assumptions and with the velocity com- 
ponent w = aU, normal to the flight path, the stand- 
ard equations of motion for the symmetric group! re- 


duce to 


mi = —mge (1) 
—mUw@ = mg — Lo — uZ, + aloZ,y (2) 
16 = aUyM, + 6M, (3) 


The four stability derivatives in these equations are 
found in conventional manner? 


Z, = —apSUy 
Li (dez/da)pSUo/2 = — ¢rpSUp/2ao 
(dc,,/da)pSUoe/2 

M, = —(de,/da) pS,Upl?/2 


The derivative M, is quite often modified to take into 
account the effectiveness of the tail surface, as well as a 
certain amount of wing damping. It is standard prac- 
tice to multiply M, by a tail efficiency factor n, and a 
wing damping factor K. With the recommended aver- 
age values for n, and K, their product is close to unity. 
Hence, the omission of these correction factors in the 
expression for M, is justified: in view of the simplifica- 
tions alregdy made. 


e&N 
es 
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Substitution of the stability derivatives into the equa- 
tions of motion (Eqs. (1), (2), and (3)), remembering 
that mg = Lo = czpSU;?/2, results in the following 
equations 


“= —Zp (4) 
@Uo/g = (2u/Uo) + (a/a) (5) 
I6 = —k,a — (k6/Uo) (6) 
where 
k, = (—dc,,/da)pSUy2c/2 (7) 
and 
k, = (de, /da) pS,Up*l?/2 (8) 


+ 
are factors indicating the static stability and the tail 
damping of the airplane, respectively. Since (dc,,/da) 
must be negative to insure static stability, both &,, 
and k,, as defined in Eqs. (7) and (8), will be positive 
quantities. 

To simplify the solution of the equations of motion, 
the variable u can be eliminated from Eqs. (4) and (5), 
and a dimensionless time parameter 7 introduced,* 4 
defined by 


r = tg/Us (9) 


Furthermore, two stability parameters may be de- 
fined as 
o = k,,Uo*/Ig?* (10) 
6=k/Ig (11) 
where o measures the:static stability and 6 the tail 
damping of the airplane. Both stability parameters 
are dimensionless and positive by definition of ,, and 
k, (Eqs. (7) and (8)). 

After substitution of Eqs. (9), (10), and (11) into 
the equations of motion (Eqs. (4), (5), and (6)), the final 
result will be 

(d?—/dr*) + 29 — (da/adr) = 0 (12) 
(d70/dr?) + (6d0/dr) + ca = 0 (13) 

The solution of these two simultaneous, linear differ- 

ential equations will be of the form 


a= a,e” ( 
g = ase” (14) 
a = (a, —a)e” { 


Since the determinant of the coefficients of a; and de 
must be zero, the following characteristic stability 
quartic in X results: 


ME [5 + (1/au)]M* + [2 + 0 + (8/au)]d* + 260 + 
2e=0 (15) 


The four roots of \ of this stability quartic determine 
the type of motion the airplane will assume after a dis- 
turbance. These roots will be functions of the stability 
parameters 6 and o and the absolute angle of attack 
a of steady flight. It will therefore be of value to ex- 
press 6 and o in terms of basic design data. 
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Fic. 2. Static stability parameter. 


THE STABILITY PARAMETERS 
Substituting Eqs. (7) and (8) into Eqs. (10) and (11) 
and letting J = n/?W/g and W = czpSU;?/2 leads to 
a (—dc,,/¢,da) (cUo?/gl*)(1/n) 

6 = (dcez/da)(1/cz)(S,/S)(1/n) 


(16) 
(17) 


In this form the influence of basic aerodynamic and de- 
sign data on the stability parameters is easily recog- 
nized. Assuming an average value of the mass distri- 
bution factor 7 = 0.10 (reference 5), Figs. 2 and 3 were 
constructed to facilitate the rapid determination of ¢ 
and 6. To use these graphs, a point A on the straight 
lines, corresponding to the values of ¢, and dc,,/da or 
(dce,/da),, is found first. Then a vertical line through 
this point and the value of cU ?/g/? or S,/S will deter- 
mine point B, the value of o or 6, respectively. 

If a particular airplane has a mass distribution factor 
» considerably different from 0.10, Figs. 2 and 3 can 
still be used to find the stability parameters. Simply 
multiply o and 6, obtained from the graphs, by 0.10/n’, 
where 7’ is the actual mass distribution factor of the 
airplane under consideration. 


STABILITY CRITERIA 


To insure dynamic stability of an airplane, the values 
of \ in Eqs. (14) must either be all negative, resulting 
in an aperiodic subsidence of the motion, or complex 
with negative real parts, causing damped oscillations 
about the equilibrium position. The values of d de- 
pend entirely on the stability quartic (Eq. 15), which 
is of the form 


AM + Bt + OH? + DA + £E=0 (18) 
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Fic. 3. Tail damping stability parameter. 

The coefficients of \ can be expressed in terms of the — 
stability parameters and the absolute angle of attack 
as follows (Eqs. (15) and (18)): 


A=1 B=6 + (1/a) 


( 
C=2+0+ (8/m) D=2 E=2f (19) 


To make the roots of the stability quartic come out 
complex with negative real parts, all coefficients of the 
stability quartic must be positive, as well as Routh’s 
stability discriminant® 


R = B(CD — EB) — D*>0 (20) 


From the definitions of o, 6, and ap all coefficients 
(Eqs. (19)) are always positive, and the only remaining 
criterion to be satisfied is Eq. (20), which, in terms of 
o, 6, and a reduces to 


5{5 + [2a0/(6a + 1)]}} —o>0 (21) 


Numerical evaluation of this criterion in the normal 
range of the absolute angle of attack shows that the 
second term in the bracket is negligibly small compared 
to 6 and can be dropped. The stability criterion then 
reduces to the simple inequality 


&>o (22) 


The equality 6° = o defines a parabolic boundary 
between the dynamically stable and unstable regions 
(Fig. 4). The approximation involved amounts to a 
slight reduction of the stable region and will thus give 
conservative results. 

Although 6 and o can be found quickly from Figs. 2 
and 3, they vary with the lift coefficient and the level 
flight speed and are therefore different for every flight 
condition. Fortunately, the stability parameters can 
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Fic. 4. Dynamic stability regions. 


be expressed in terms of basic design data and sub- 
stituted into the stability criterion (Eq. (22)). This 
criterion will then be independent of the flight condi- 
tion. It is therefore possible to determine, from basic 
design data only, whether an airplane is dynamically 
stable or not. Obviously, the amount of dynamic 
stability, such as the period of oscillation, cannot be de- 
termined so easily. 
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Fic. 5. Stability criterion for level flight. 
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Substitution of Eqs. (16) and (17) into Eq. (22) leads, 
after simplification, to 


(de,/da) 2(Sd/Sc)*gp/2n > (—dce,/da)W/Sc (23) 


With standard sea-level values for g and p, and 7» 
= 0.10, as before, the above inequality reads 


0.383 (dc,/da) 72(SJ/Sc)? > (—dc,/da)W/Sce (24) 


The left- and right-hand sides of Eq. (24) can be 
thought of as reduced stability parameters 6,? and ¢,, 
respectively. Fig. 5 gives the reduced stability param- 
eters as functions of the aerodynamic data as abscissa 
and the design data as parameters. Dynamic stability 
of an airplane is then predicted from Fig. 5 if point 7, 
corresponding to (dcz/da), and (SJ/Sc) on the solid 
curves, is above point S, corresponding to (dc,,/da) 
and (W/Sc) on the broken lines. Since the numerical 
values of the reduced stability parameters are of no 
importance, no ordinate values are indicated in Fig. 5. 

If an airplane has a mass distribution factor n’, dif- 
ferent from the average value 0.10, Fig. 5 will still be 
valid if the abscissa for the o,-lines (broken lines) is 
taken as 10n’(dc,,/da) instead of the actual moment 
coefficient slope. 

The dynamic stability at any altitude can also be pre- 
dicted from the same graph if the value of (dc,,/da) po/p 
is used as abscissa for the straight o,-lines instead of 
(dc,,/da) alone (point S’ in Fig. 5). The mass dénsity 
ratio po/p of air is greater than unity at altitudes, and 
the question of dynamic stability. is therefore more 
critical at higher altitudes. In case the value of 
(dc,,/da)po/p should be off scale in Fig. 5, a modified 
value of Wp)/Scp may be used with the actual moment 
coefficient slope as abscissa to determine dynamic sta- 
bility at any altitude. 


CHARACTER OF STABILITY 


Once an airplane is found to be dynamically stable, 


it is of further interest to know the type of damped os- 


cillation which will follow a disturbance. This knowl 
edge is necessary to determine the ease of maneuvering 
and controlling the airplane and the degree of comfort 
to the passengers. The factors describing a damped os- 
cillation are the period P and the time T to damp to 
one-half of the amplitude. 

Since the equation for the time to damp to one-hali 
amplitude responds critically to the coefficients of th« 
stability quartic, the simplifications introduced, al 
though small in their overall effect, will so distort the 
value of the damping time 7 that not even an approxi 
mation can be given. However, the period of oscilla 
tion P can be found with sufficient accuracy, since the 
natural or undamped period is practically equal to the 
damped period as long as the damping is light. A reas- 
onable value of the period can be found in terms of 
the stability parameters. 

The stability, quartic of a dynamically stable airplan¢ 
will have two pairs of conjugate complex roots if 





da 
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damped oscillations exist. These pairs of roots can be 
found through approximate factorization of the sta- 
bility quartic into two quadratics.* 5 There exist two 
types of oscillations corresponding to each pair of roots. 
The first type is a short, heavily damped oscillation, 
noticeable as a bump and of little practical interest. 
The second type is a long, lightly damped oscillation 
that determines the character of dynamic stability. 
The period of this long oscillation can be expressed in 
terms of the coefficients of the stability quartic as fol- 
lows:° 

(25) 


Pg/Uy) = 2nV C/E 


The term g/U, on the left-hand side must be intro- 
duced to convert from the dimensionless time param- 
eter 7 to actual time ¢ in seconds (Eq. (15)). 

Substitution of the coefficients of the stability quar- 
tic in terms of 6, o, and a (Eqs. (19)) into Eq. (25) 
leads to 
(26) 


Pg/Uy) = 4.45V1 + 6'/o 


where 
c/s 


= 2+ (6, ‘ao) 


period quickly, Fig. 6 has been 


(27) 


To determine the 
constructed, giving 6’ in terms of 6 and ap on its left 
side and the dimensionless period Pg/U > as function 
of 5’ and o on its right side. 

Since the period changes with each flight condition, 
it is recommended that P be calculated and plotted 
against flight speed or lift coefficient for the entire 
flight range, from stalling speed to maximum speed. 
If and when pilots can decide what kind of period of 
oscillation they want for each flight condition, the de- 
signer will be able to adjust the design parameters to 
the requirements. 

The two most critical flight conditions are the stalling 
speed and the cruising speed. At the stall the dynamic 
stability is quite critical because of the high lift coef- 
ficient, and safety requires sufficient stability since the 
effectiveness of the controls at low speeds is quite often 
a minimum. At cruising speed the dynamic stability 
should satisfy passenger comfort requirements and ease 
of control of the airplane. It is hoped that the many 
flight-test results will be coordinated to give more de- 
tailed and explicit recommendations as to period and 
damping to the airplane designer. 


EXAMPLE 


To illustrate the method and the use of the graphs, 
a small and a large aircraft have been chosen as ex- 
amples. The pertinent design data and the results are 
collected in Table 1. The values for the small airplane 
(airplane I) are also indicated on Figs. 2, 3, 5, and 6. 
This airplane shows sufficient dynamic stability below 
10,000 ft. but becomes unstable at and above that alti- 
tude. If this instability is considered undesirable, the 
equations indicate what kind of changes should be 
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TABLE 1 
Dynamic Stability Prediction 


Airplane I Airplane II 


W (lbs.) 1,200 18,000 
S (sq.ft.) 140 939 
c (ft.) 4 11. 86 
l (ft.) 13.1 36.6 
S,/S 0.155 0.165 
dém/da —0.628 —0.658 
(dc,/da),; 4.1 4.0 

Flight Altitude Sea Level 10,000 Ft. 5,000 Ft. 
cr 0.6 0.6 0.3 
Us (ft. per sec.) 111 129 250 
Stability criterion 

Fig. 5 Stable Unstable Stable 
6, Fig. 3 10.6 10.6 23 
o, Fig. 2 93 125.5 375 
8’, Fig. 6 81 81 354 

21 22.9 


P, Fig. 6 (sec.) 48.2 
made. In this particular example an increase of 3 per 
cent in the value of (SJ/Sc) would bring the airplane 
into the stable range at 10,000 ft. 

The results for airplane II compare favorably with 
other calculations‘ and flight-test results. For the flight 
condition investigated, a period of 50 sec. was found 
during flight test as compared to the predicted period 


of 48.2 sec. 


CONCLUSION 


The prediction of longitudinal dynamic stability from 
the graphs or the corresponding equations is accomp- 
lished easily and quickly. It can be made a part of the 
standard static stability calculation, since no new aero- 
dynamic and design data are required. If the predic- 
tion indicates dynamic instability, the necessary 
changes can be easily determined from an inspection of 
the stability parameters. The most likely design 
changes are to increase either the ratios of tail area to 
wing area and tail length to wing chord or both. A less 
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effective and more difficult way would be to decrease 
the value of the moment coefficient slope. Finally, 
but hardly practical, a decrease in the moment of inertia 
through redistribution of weight items will have some 
beneficial effect on the stability. 

Great care should be exercised in using the proper 
value of the slope of the moment coefficient. Hence, 
an accurate and detailed static stability calculation$ is 
a prerequisite for the prediction of dynamic stability. 
The static stability discussion, from which the value of 
dc,,/da is to be taken, should include wing, tail, and 
fuselage moments about the normal and extreme posi- 
tions of the center of gravity. 

The important but more complex problem of lateral 
dynamic stability has recently been exhaustively 
treated by Price.’ Twenty-four stability charts are de- 
veloped to determine regions of lateral stability, as 
well as the damping and the period. 


1944 
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Letter to the Editor 


Dear Sir: 

Mr. Zahorski has made an attempt to simplify panel design 
in his recent paper, ‘‘Effects of Material Distribution on Strength 
of Panels’ [JouRNAL OF THE AERONAUTICAL SCIENCES, p. 247, 
July, 1944]. Unfortunately, the author has limited his discussion 
to flat panels under compressive load only. It is obvious that 
stiffener material will be more efficient in carrying compressive 
load than skin material. However, this is in general not true 
when shear load is present. 

The curves given for panels No. 12 and No. 14 (Fig. 4 of the 
author’s paper) do not seem to be correct. According to the 
expressions given in Table 1, the values of f(8) at 8 = 0 should 
apparently be 24/x* and 6/2? for panels No. 12 and No. 14, 
respectively. 

It is probably more practical to express the stiffness ratio (R,) 
in terms of the unsupported width of the skin (6,) and the skin 
thickness (¢,). These two quantities can never be zero in prac- 
tical panel constructions. 

When the strength-weight ratios of two types of construction 
are compared, it is necessary to confine the discussion to con- 
structions having the same unit weight (same cross-sectional area 
if the materials are the same). If the stiffeners are the same in 
the two cases, the total weight of the skin materials should also 
be the same. In other words, the stiffness ratios should be com- 
pared for constant ¢, and not for coystant 8 as defined in the 
author’s paper. Considering the above argument, the author’s 
conclusion that ‘‘As far as the stiffness ratio is concerned, single 
skin construction shows a definite advantage over double skin 
construction” is highly questionable. A comparison is given 
below for panels No. 3 and No. 4 on the above basis. 

For the same stiffener size, it follows that 


los = log = bo 
bos = bos = bo 
bes = Des - bs 
ta = 2tes 


Denote the ratio of the total skin thickness to the stiffener 
thickness by y. It can readily be shown that 


Y = ba/to = 2tea/to 


For panel No. 3 





R, = 1+ 2 v27 (/bo\? 
(V2 + 7) \bo 
For panel No. 4 


p, = 24 V0 + 37? (bo\* 
2( V2 + )! bo 


It is obvious that Panel No. 4 always has a higher ‘‘stiffness 
ratio.’”” Similar comparison can be obtained for Panels Nos. 11, 
12, 13, and 14. 

In discussing the skin efficiency, the load-carrying ability of 
the skin in the buckled state is not considered. Furthermore, 
the conditions prescribed in Eq. (14) are not always necessary 
and sufficient. 

In the final discussion on ‘‘optimum stress,”’ there has been no 
attempt made to differentiate the various symbols for the skin 
thickness (t) and ¢,) and the skin width (6) and },). This is per 
missible only when their relations have been prescribed. 

Conrap C. WAN 
Structure Development Engineer 
Chance Vought Aircraft 
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Causes of Nighttime Thunderstorms over the 
Middle West 


D. M. CROWLEY* 
Transcontinental e& Western Air, Inc. 


SUMMARY 


Nighttime thunderstorms frequently occur during the summer 
months over the Middle West. This paper describes this type 
of thunderstorm, which is initiated and maintained by instability 
‘producing conditions other than cold fronts, warm fronts, or 
thermal instability. 

Local superadiabatic instability initiates nighttime thunder- 
storms, and this instability is produced by any one of the follow- 
ing conditions: (1) advection of warm air at intermediate and 
high levels; (2) advection of cooler air at intermediate and high 
levels; ‘and (3) advection of warmer air at intermediate levels 
and cooler air at higher levels. 

Several typical occasions when these conditions prevailed and 
produced thunderstorms are described and analyzed. 


CLASSIFICATION OF NIGHTTIME THUNDERSTORMS 


_ TYPE OF THUNDERSTORM usually occurs when 
the sea-level pressure decreases from the eastern 
or southeastern United States to the western plains 
or western Rocky Mountain region. 

The classification of thunderstorms as high- or low- 
level types is made on the basis of the height of the 
condensation level. Primarily, the classification is 
determined by the intensity of the turbulence at low 
levels. The basis of this classification of thunder- 
storms will be discussed later. 

With limited upper air data, considerable experience 
is required to forecast the intensity, time, and locality 
of development of nighttime thunderstorms, since three 
definite instability producing conditions are recognized, 
any one of which will cause the development of this 
type of thunderstorm. 

These three instability-producing conditions are: 
(1) advection of warm air at intermediate and high 
levels; (2) advection of cooler air at intermediate and 
high levels; and (3) advection of warmer air at inter- 
mediate levels and cooler air at higher levels. 

Figs. 1, 2, and 3 illustrate the initial and final tem- 
perature lapse rates and vertical wind structure com- 
mon to the respective types. 

During the night the stability and density of the air 
increase throughout the surface friction layer, per- 
mitting the energy of the existing pressure gradient 
to be released above the gradient level. As a result, 
there is a marked nocturnal decrease in winds below 
and increase above the gradient level (Fig. 1). 


Presented at the Meteorology Session, Twelfth Annual Meet- 
ing, I.A.S., New York, January 25-27, 1944. 
* Meteorologist. 
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Characteristic changes in lapse rate and wind structure 
with Type 1 instability. 
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with Type 2 instability. 
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Characteristic changes in lapse rate and wind structure 


Fic. 3. 
with Type 3 instability. 


TYPE 1 INSTABILITY 


Fig. 4 is an illustration of Type 1 instability—.e., 
advection of warm air at intermediate and high levels. 
These soundings were made at Olathe, Kan., and il- 
lustrate a 24-hour change between 7 AMC,’ August 
14, and 7 AMC, August 15, 1943. Scattered thunder- 
storms developed about sunrise on August 15 through 
central and eastern Kansas and dissipated by noon. 





t AMC and PMC refer to a.m. C.W.T. and p.m. C.W.T 
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Fic. 4. An example of decreasing stability produced by the 
advection of warm air. 





Fic. 5. Ten-thousand-ft. pressure-temperature chart illustrating 
a typical case of warm air advection. 
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Fic. 6. <A typical 20,000-ft. constant-level pressure-temperature 
pattern identified with high-level cooling. 


The information from the 10,000- and 20,000-ft. 
pressure and potential temperature charts for 11 PMC, 
August 14 (Figs. 5 and 6), was available for this fore- 
cast. These charts show a flow of warmer air from 
the southwest at the respective levels. -Similar charts 
for 11 AMC, August 15 (Figs. 7 and 8), complete this 
series. 








NAL OF THE AERONAUTICAL SCIENCES—OCTOBER, 1944 


2 ee 


——_—_—_.—— 


kis ata = 8/25/43 10m 








Fic. 7. Ten-thousand-ft. constant-level pressure-temperature 
chart at 11 a.m., August 15, 1948. 














Fic. 8. Twenty-thousand-ft. constant-level pressure-tempera- 
ture chart at 11 a.m., August 15, 1943. 


To create sufficient instability for thunderstorms, 
the advection of warm air must be greater below than 
above 10,000 ft. This condition normally exists when 
the winds are southerly and veering, and the pressure 
gradient is increasing. The advection of warm air 
immediately above the gradient level increases through- 
out the night and is maximum near sunrise. For this 
reason, this type thunderstorm develops most fre- 
quently toward sunrise when the low-level warm air 
impulse is greatest. If conditions are ideal, this type 
may develop by midnight. 

The warm air type of thunderstorm generally de- 
velops over a wide region but is usually widely scat- 
tered and of the high-level classification. The intensity 
of the individual storm varies but is most frequently 
light to moderate. 


Type 2 INSTABILITY 


The thunderstorms initiated by the advection of 
cooler air at intermediate and high levels (Type 2) can 
be classified as high- or low-level type and often develop 
during the day as well as at night. Most frequently, 
this type develops late in the afternoon and continues 
throughout the night. 
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A typical example of change in lapse rate produced by 
the advection of cooler air, Type 2 instability. 


Fic. 9. 


Fig. 9 illustrates the air mass curve before and after 
such a thunderstorm had passed Omaha, Neb., during 
the early morning of June 16, 1943. Figs. 10 and 11 
are the 10,000-ft. pressure and potential temperature 
charts for the respective times. 

Mild high-level thunderstorms were developing 
throughout central and southern Minnesota, western 
Iowa, eastern Nebraska, and northern Kansas by 11 
PMC, and by 4 AMC the intensity had increased to 
moderate to locally severe low-level thunderstorms. The 
thunderstorms occurred intermittently over one locality 
for a period of about 6 to 8 hours. 

From the 10,000-ft. chart (Fig. 10), it can be seen 
that cooling (increasing instability) was occurring 
throughout the entire area, that thunderstorms were 
developing, and that, as the shallow pressure trough 
moved eastward, the instability producing condition 
would continue. From this information, thunder- 
storms should be forecast to develop through southern 
and eastern Kansas, western and central Oklahoma, 
and Missouri the following morning. 

The instability producing condition is often referred 
to as an upper cold front. This example is an ideal con- 
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Fic. 11. Ten-thousand-ft. constant-level pressure-tempera- 
ture chart for 11 a.m., June 16, 1943. At this time thunder- 
storms were active over Kansas, Missouri, and Oklahoma. 


dition and easy to detect on the upper-air charts. More 
frequently, the temperature and pressure waves are 
shallow and difficult to detect when limited upper-air 
data are available. Often the wind aloft is the only in- 
formation the forecaster has available to forecast the 
development of this type of thunderstorm. The usual 
change in vertical wind structure as an upper-air pres- 
sure trough passes a station is illustrated in Fig. 2. 
About 6 hours before the pressure trough passes the 
station, the winds at 10,000 ft. shift from the southwest 
to the west or from the southwest to the west- 
southwest. 

It should be made clear that Fig. 9 represents the air 
mass curve before and after the thunderstorm had 
passed that locality. The cooling at high levels came 
first, creating the intense instability. The low-level 
cooling was caused by the downward transport of cold 
temperatures and the evaporational cooling of the rain. 


PREFRONTAL SQUALLS 


Type 2 instability—that is, advection of cooler air 
at high and intermediate levels—is the major cause of 
widespread thunderstorm activity in advance of a cold 
front and the development of the prefrontal squall line 








Fic. 10. Ten-thousand-ft. constant-level pressure-tempera- 
ture chart for 11 p.m., June 15, 1943, showing characteristic 
pattern associated with Type 2 instability. 








COLD FRONT ——— 
SQUALL LINE 


Fic. 12. Chart of the progressive positions of a cold front and 
associated prefrontal squall line occurring on September 5-6, 
1943. 
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common to the Middle West. A typical example is 
described below. 

During the morning of September 5, 1943, a moder- 
ate NPc’ cold front was moving southeastward over the 
northwestern plains states at approximately 24 m.p.h. 
About 4 PMC, a moderate squall line developed 100 
miles in advance of the cold front, moving southeast- 
ward at an average rate of 40 m.p.h. Toward sunset, 
the thunderstorms along the squall line had become 
severe and those between it and the cold front were 
light to moderate. The squall line and the cold front 
passed Omaha at 5:30 PMC and 9:30 PMC, respec- 
tively, Kansas City at 9:30 PMC and 4 AMC, and 
St. Louis at 3:00 AMC and 12 Noon. The progress 
of these systems is illustrated in Fig. 12. The thunder- 
storms were most active from 6:00 PMC to 3:00 AMC, 
and passed intermittently over a station between the 
passage of the squall line and the cold front. 

The upper-air data for 11 AMC, September 5, pro- 
vide ample information for the preparation of the 
forecast of these events. The upper air soundings for 
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Fic. 13. An example of lapse rate change associated with Type 2 
instability and typical of prefrontal squalls. 
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Fic. 14. An additional example of Type 2 instability ob- 
served on the same date as that illustrated in Fig. 13. Associated 
with the same frontal activity but farther north. 
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Fic. 15. Ten-thousand-ft. constant-level pressure-tempera- 
ture chart immediately preceding a period of prefrontal squall 
activity over the Middle West. 
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Fic. 16. Ten-thousand-ft. constant-level pressure-tempera- 
ture chart during a period of prefrontal squall activity over the 


Middle West. 


Omaha, Neb., and St. Paul, Minn., at 11 AMC and 11 
PMC are illustrated in Figs. 13 and 14, respectively. 
The associated 10,000-ft. charts are reproduced as 
Figs. 15 and 16. 

The 11:00 AMC 10,000-ft. chart reveals that the 
warm wave had reached its crest through central 
Kansas and Iowa and was well in advance of the pres- 
sure trough. The orientation of the isobars is “‘west- 
east” through the western plains states. The resulting 
strong solenoidal field provides the necessary energy 
for rapid movement of the cool air aloft at a velocity 
in excess of the indicated gradient wind. From this 
it is obvious that the stability of the air will decrease 
rapidly as the ‘‘cooling aloft’’ spreads eastward. The 
maximum surface temperature that occurred at each 
station is plotted on Figs. 13 and 14 to illustrate the 
stability of the air before the advection of cool air at the 
intermediate and high levels. 

After examining the 11 PMC 10,000-ft. chart, Fig. 16, 
it is not difficult to understand why the squall line was 
so intense. The extent and rapidity of movement 
of the cool air to the east, producing local superadiabatic 
instability, is readily apparent from this chart. 
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Fic. 17. An example of lapse rate change associated with Type 3 


instability. 


TYPE 3 INSTABILITY 


The most natural instability producing conditions 
exist when there is an advection of warmer air at inter- 
mediate levels and cooler air at higher levels. This is 
Type 3 instability and is illustrated in Figs. 4 and 
17. 

Toward midnight on August 14, 1943, scattered 
thunderstorms began to develop through northern 
Iowa and southern Minnesota, by 5 AMC through 
most of Iowa and Minnesota, and by 8 AMC 


through western [Illinois and northern Missouri. 
These thunderstorms dissipated 4 hours after sun- 
rise. 


Fig. 17 illustrates the changes as they occurred in the 
lapse rate at St. Paul between the evening of August 13 
to the evening of August 14. Figs. 5, 6, 7, and 8 are 
the 10,000- and 20,000-ft. constant-level charts for the 
evening of August 14 and morning of August 15. No 
sounding was made at St. Paul on the morning of 
August 15, 1943. 

Fig. 5 shows a definite advection of warm air at 
10,000 ft. from the southwest through southern Min- 
nesota, Iowa, Missouri,’ and Illinois. Fig. 6 shows 
definite advection of cooler air at 20,000 ft. through 
Minnesota and western Iowa and this condition moving 
rapidly eastward. 

After making the above analysis, it is obvious that 
high-level thunderstorms should be forecast to develop 
through northern Missouri and western Illinois by 
morning. 

It is interesting to examine the 10,000- and 20,000- 
ft. charts for 11 AMC, August 15, 1943, Figs. 7 and 8, 
respectively. The temperature wave had reached its 
crest at 10,000 ft. through Missouri and western II- 
linois (warm air impulse in low levels was a maximum), 
and the temperature trough at 20,000 ft. was nearly 
minimum over the Mississippi Valley region. This 
created a maximum instability impulse toward late 
morning throughout this region. 
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FLIGHT PROCEDURES 


Reference was previously made to the high- or low- 
level classification of thunderstorms. The average 
commercial pilot determines this classification from the 
magnitude of the low-level turbulence, as well as by 
the height of the condensation level. Low-level tur- 
bulence is turbulence beneath the condensation level 
of the thunderstorm and in the immediate vicinity of 
the storm. It is commonly accepted that turbulence 
can be moderate to severe within the main cloud 
of a mild thunderstorm; therefore, this classifica- 
tion does not deal with turbulence within the cloud 
itself. 

A knowledge of the intensity of the nighttime 
thunderstorm (according to this classification) is ob- 
viously desired by the pilot. With the present limited 
upper-air data it is not always possible to forecast ac- 
curately the magnitude of the low-level turbulence, 
since it depends upon the following variables: 


(1) The intensity of the instability aloft and the 
rate of development. 

(2) The individual moisture impulse, -or the height 
of the free air convection level. (The lower the level, 
the greater the low-level turbulence.) 

(3) The magnitude of the low-level wind squalls 
induced by the strong vertical currents of the thunder- 
storm. 

(4) The degree of stability in the low levels. 

Generally, nighttime thunderstorms over the central 
plains states are classified as the light to moderate high- 
level type. The proper technique to use in flying this 
type of thunderstorm is outlined below: 

(1) Fly around the thunderstorm at an altitude 
below the condensation level. 

(2) Fly under the thunderstorm midway between 
the condensation level and the ground, which is often 
within the relatively stable air below. 

(3) Fly over the thunderstorm (not possible with 
present commercial equipment). 

(4) Fly near the condensation level if it is ab- 
solutely necessary to fly in the cloud to clear high 
terrain. 


In GENERAL 


After determining the approximate degree of in- 
stability to develop over a given airway, the condensa- 
tion level can be determined from the nearest upper-air 
sounding by using the highest mixing ratio in the lower 
levels or the moisture content forecast for that region 
at the time under consideration. 

The initial instability producing impulse necessary 
to set off the thunderstorm is caused by local irregu- 
larities in wind or local superadiabatic , instability 
brought about by the advection process. 

Weak fronts and irregular terrain will hasten the de- 
velopment at an earlier hour of this type of thunder- 
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storm, but neither of these conditions is necessary to set 
off the thunderstorms. Most frequently, this impulse 
is caused by local superadiabatic instability as ex- 
plained above. 

Since the nighttime thunderstorm is not ‘‘fed’”’ by a 
constant instability producing source (such as surface 
heating, fronts, etc.), its period of activity is quite 
variable. It can develop into maturity and dissipate 
within a short period of time. This is particularly true 
of the mild high-level thunderstorm but is not char- 
acteristic of the moderate to severe type. 

Too often the intensity of nighttime thunderstorms 
is erroneously measured by the amount of visible 
lightning. There is considerable visible lightning in 
the mild high-level thunderstorm, since the condensa- 
tion level is high (60 to 120 m.s.l.) and the base and top 
of the thunderstorm are not ordinarily obscured by low 
or intermediate cloud decks. 

Often pilots report paralleling a front into their des- 
tination, and this “front” is actually the protruding 
edge of a region of nighttime thunderstorms. It is re- 
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peated here that the type of nighttime thunderstorms 
treated in this discussion is the nonfrontal type and 
one that develops or spreads over a wide region and is 
relatively scattered. Occasionally, a marked squall 
line develops when the thunderstorms are moderate to 
severe. When this occurs, most of the potential energy 
of the troposphere is concentrated into this individual 
squall line. If there is enough “‘overturning,”’ the thun- 
derstorms to the rear of the squall line are scattered 
and mild. If not, the thunderstorms to the rear may be 
well developed and concentrated. 

In the final analysis, each condition must be evalu- 
ated separately. Seldom are there two conditions 
exactly alike. Weather elements are variable elements. 
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Letter to the Editor 


Dear Sir: 


Mr. H. N. Hill called my attention to the similarity between 


the procedure suggested in my paper ‘‘A Note on Inelastic Buck- 
ling,’’ JOURNAL OF THE AERONAUTICAL SCIENCES, Vol. 11, No. 2, 
p. 163, April, 1944, and that employed in the Structural Aluminum 
Handbook published in 1940 by the Aluminum Company of 
America. On pp. 41, et seq., of the handbook, formulas are 
given for the calculation of an ‘‘equivalent slenderness ratio”’ of a 
compressed plate, shell, etc. The critical stress is then calculated 
by substituting the effective slenderness ratio in the pertinent 
column formula. 
N. J. Horr 
Associate Professor of Aeronautical Engineering 
Polytechnic Institute of Brooklyn 
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An Iterative Method for Determining 
Dynamic Deflections and Frequencies 


N. A. BOUKIDIS* anp R. J. RUGGIERO* 
Lockheed Aircraft Corporation 


ABSTRACT 


A solution to the problem of finding the natural modes and 
frequencies of vibration of a linear elastic system is given. Par- 
ticular emphasis is placed on the determination of the higher 
modes of oscillation—i.e., modes other than the fundamental. 
It is found that the quantities needed to obtain the higher modes 
are available after the fundamental frequency and mode of vibra- 
tion have been determined. This results in a saving of consider- 
able labor. 

The theory is developed in some detail after which it is applied 
to the calculation of the bending oscillations of the wing of a 
twin-engined monoplane. The necessary steps in such a pro- 
cedure are summarized in a form adapted to numerical computa- 
tion. This makes the process largely independent of reference 
to the theory previously developed. 


INTRODUCTION 


OQ OF THE MOST IMPORTANT PROBLEMS of vibration 
engineering is that of determining the natural 
modes and frequencies of oscillation of an elastic sys- 
tem. A method will be presented which applies to vi- 
bratory systems in general and which is especially useful 
in determining the “‘higher’”’ modes of vibration. The 
procedure has been used by the authors in the determi- 
nation of several of the bending and torsional modes 
of an airplane wing. 

In this paper the underlying theory of the method 
will be sketched and its actual application will be illus- 
trated with reference to the bending oscillations of an 
airplane wing. 

The authors wish to point out that to the best of their 
knowledge the essential features of the theory as here 
presented are due to Biezeno and Grammel.’ The ac- 
tual method of application, however, is based on a pro- 
cedure originally due to Stodola.2 The authors also 
wish to take this opportunity to thank Mr. Karl Un- 
holtz, Lockheed Research Engineer, for his nu- 
merous contributions to the solution of the problems 
that arose in applying the theory to airplane vibra- 
tions. 


GENERAL THEORY 


It is recalled that a natural mode of oscillation of a 
linear system is one in which all elements of the vi- 
brating system execute simple harmonic motion at a 
single frequency. Thus the system may be regarded 
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as oscillating in a single degree of freedom. Expressed 
mathematically, with reference to Fig. 1, this be- 
comes 


,(x, 2) = gy (%) sin wt (1) 
m(x) = mass per unit length (Fig. 1) 
¢x(x) = deflection amplitude of the elastic curve 
for the kth natural mode (Fig. 1) 
We = angular frequency of the kth mode 
®,(x, t) = deflection as a function of position and 


time 
From Eq. (1) the acceleration of the system is 


0*®,(x, t) si 


of? 


— 0.2 p,(X) sin wl (2) 


The elastic force acting on the system is equal to 


O°, (x, ft) _ 
or? 


m(x) — wy? (x) gz (x) Sin wet (3) 

and therefore the inertial reaction of the system 

is 

O*8, (x, t) _ 
or? 


—m(x) w,?m (x) py (X) Sin wyl (4) 





The maximum inertial reaction is then w,2¢,(x)m(x). 

This maximum force occurs at the time of maximum 
deflection. Thus, at each point of the system the de- 
flection amplitude and the maximum inertia force are 
related by Hooke’s Law. Conversely, therefore, it 
may be stated that if the system should be statically 
loaded with the force «,°¢,(*)m(x) the resulting deflec- 
tion would be ¢,(x). It now follows from the superpo- 
sition of forces and deflections for systems obeying 
Hooke’s Law that the load ¢,(x)m(x) would produce a 
static deflection equal to ¢(x)/w,”. This last conclu- 
sion is important and plays a leading role in the theory 














to follow. é 
eo 
BOO 
mx) 
Fic. 1. 
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Consider now the elastic system of Fig. 1, loaded 
with the force 


pi(x) = m(x)WVo(x) (5) 


The function W(x) represents an arbitrary, ‘‘pos- 
sible,” deflection of the system. The word possible is 
used simply to emphasize the fact that W(x) must 
satisfy all boundary conditions to which the system 
may be subject. It is known that any deflection of an 
elastic system can be expressed as a superposition of the 
natural elastic curves of the system.* These natural 
elastic curves are the deflection amplitude functions; 
thus, 


Wo(x) = aigi(x) + dego(x) +... + awi(x) +. Xd. (6) 


The coefficients a; indicate the relative importance 
of the various modes involved in the construction of 
W(x). The right member of Eq. (6) has been taken as 
an infinite series, since the system is continuous and 
therefore has an infinite number of degrees of freedom. 
Using Eq. (6), pi(x), given by Eq. (5), may be ex- 
pressed as 
pi(x) = aym(x)ei(x) +... taygm(x)e(x) +... (7) 


The deflection amplitude Y,,(«) corresponding to this 
load is again obtained by superposition. 


Since the load «w,?m(x)¢,(x) produces the deflection 
ox.(x), the load a,m(x)¢,(x) will give a deflection equal 
to a,.¢;(x)/a,?. Hence, 


Wii(x) = ayoi(x)/wi? +... + awi(x)/w? +... (8) 


The function Vj;(x) will be called the first calculated 
approximation to the shape of ¢:(x). The reason for 
this terminology will appear subsequently. Loading 
the system with 


po(x) = m(x)V¥;i(x) (9) 
(the 2nd calculated approximation) 


Wyo(x) = aygi(x)/(ay?)? + . . . + aii(x)/(wi?)? + 


(10) 
is obtained. Continuing in this fashion, it follows 
easily, by mathematical induction, that the load 

Pn + 1(%) = m(x)Vin(x) (11) 


will give rise to the deflection amplitude 


Vain + v(2) = arer(a)/(n?)* +8. 
+ ayi(x)/(w?)" +1 +... (12) 


Of course, 


Wi,(X) — 1¢1(x) / (a?)” + emice + aw (x)/(w,*)" te io 
(13) 





The ratio of ¥,(x) to Vi; + »(x) will now be determined. From Eqs. (12) and (13) 
Vin(*) aig (x) /(w?)” + ov aiyi(x)/(w,7)" afr S's (14) 





Vien + n(@) ~ axele)/(a?)" +" +... + awpi@)/(ae)* * +... 


Manipulating Eq. (14) algebraically, 


2\n 
l ~ ave) +...t+ ai4{X) (“) +.. | 














W,.(3 i 
go >| ae _ < (15) 
+ (x w 
un + 0(X) ~ ~| digi(x) +... + ayy(x) — Oe 
2 (w7)" +} w,? 
and, finally, 
A2g2(x) fon? \" Ayp4(x) (wr? \" 
ea Cs a Set ie 
—_ Vin(®) _ lai? aigi(x) \we aigi(x) We (16) 
Vin + 1) (%) : do¢e(x) (2) 4 ayy;(x) (=y 
_ 4 ear eee ee gee: py - 6, 6-16 
a19¢1(x) @W2* a191(x) w;” 
Assuming that , lim W,,(x)/WVia + »(*%) = or? (20) 
w;” < GW + - ( 17) , ° ‘nr 
It is to be noted that the right member of Eq. (20) 
for all values of 7 and that is independent of x, whereas the left member is a func- 
atu an (18) tion of x. Hence, the constancy of Wi,n(x)/Viwn + (Xx) 
, for values of x between 0 and / is a measure of the con- 
for 1 ~ j the inequality vergence of the ratios to w;*. A quantitative idea of 
nttad 2% (19) the accuracy with which V%},(x)/Win + »(x) = wi? is 


for 7 > 1 follows. 
Hence, taking limits in Eq. (16), w:? is obtained—i.e., 


furnished by the fact that, for any value of m, «;” lies 
between the largest and smallest values of the function 


Win(x)/Vicn + 1)(x)- -1.€., 





for 


Ec 
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Wi,(x Vi, ’ 
EF ne) | <ot </> ¥in(*) | (21) 
Vicn + 1» (x) min, WVicn + » (x) maz 


This last result is originally due to Schwarz.* 

For convenience, the procedure outlined above and 
the results obtained thus far will now be summar- 
ized: 

(1) An arbitrary deflection function W(x) satis- 
fying the boundary conditions of the system is assumed. 
This step will be discussed in detail in the illustrative 
application to be given later. 

(2) The system is statically loaded in effect with 
pi(x) = m(x)Wo(x), obtaining a deflection Yy(x). This 
process is successively applied; thus po(x) = m(x)Wu(x) 
gives W(x), »Pn+1(x) = m(x)Viz(x) gives 
Vicn + (x). 

(3) As each ¥,,(x) is obtained, the ratio Wig, — »(x)+ 
WVi,(x) is formed, and its numerical values for several 
values of x between 0 and / are found. The maximum 
and minimum values of this function are also deter- 
mined. 


(4) In this way two sequences of functions are con- 
structed; viz., 
(x), Wu(x), ..., Vin(x), Vien »(x), 
and 
Wo(x) WVii(x) v l(n —1)(X) Wi,(x) 
Vu(x)’ Wi2(x)’ ares Vin(x) ’ 


Vin + 9 (x)’ 

(5) The process is terminated when a ratio V,,(%) + 
Vitn + »(x) is obtained so that the difference between 
its minimum and maximum values is within the limits 
of accuracy desired. This ratio is then taken as w,? 
and W,,(x) is taken as ¢;(x). This last conclusion fol- 
lows from the fact that the load m(x)W,,(x) gives the 
deflection V1(,+1)(x) which, however, is equal to V,,,(*) + 
w,*. Hence, by virtue of the discussion following Eq. 
(4), it may be stated that V;,,(«) may be taken as ¢(x). 
It is, of course, understood that only the shape of ¢:(x) 
can bé determined in this way; the absolute magni- 
tudes of the deflections in any natural mode depend on 
the initial disturbance of the system and are immaterial 
for the purpose at hand. 


DETERMINATION OF HIGHER MODES 


To determine the higher frequencies and modes of vibration, an accurate value of w,’ is required. The reason 
for this will appear subsequently. Such a value may be obtained from the quantities already determined by the 


relation 


JS,m (X)Win(X) Vien +)” (x) dx 





w,? = lim 


(22) 


= Sy'm(x) Vin + 2(x) dx 


The verification of Eq. (22) follows: substituting for V,,(x«) and Vi,, + »(*) from Eqs. (12) and (13) and setting 


Si m(x)¥in(x) Vien + »(x) dx 


= I(n,n + 1) (23) 


Se m(x)Vicn + 1)” 2(2¢) dx 


the equation 


Lmis)| Loeeda)/(w2)* || Sasehe/ws) ars | dx 


I(n,n + 1) = ——__$"1 


“A= : (24) 





Siim(z)| Daveie)/(w2)" ? || Savevenr/ (w,?)” + | dx 


i=l 


j=l 


is obtained. Since the order in which the operations indicated in the right member of Eq. (24) are performed is of 


no consequence, this equation may be written as 


Hf me 





a ay9i(x)9;(: x) ws] 


oa)" (ws2)" +2 








» 
I(nsn+ 1) = = =; , (25) 
a 59 ;( x); (x) 
au 2 , M@ Ts —— dx 
os E Se +1 (w; 2)n +1 
However, since the natural modes of an elastic system are orthogonal,° 
S| m(x)ei(x)e)(x) dx = 0 (26) 
fori ~ j. Defining 
Sr m(x)ei7(x) dx = Ky (27) 


Eq. (25) becomes 


ie ot Se 


oan Ki 





le ao 
\s + ay LG +1/,. 2) (28) 
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Extracting w;” and dividing through by xa”, Eq. (28) becomes 


ro ENAY NEY. 
Q/ \ki/ \@e2 ay K1/ \w;? 
(29) 


I(n,n + 1) = w,? ————— —— 
1+ (“)(@\(e)" +2 we (“VEY xi se 
a Ki7 \we* ay Ki] \w;? 


Since, as previously stated, w;?/w,;? < 1 and w,? ¥ 0 for all 7, 
Eq. (22) follows—i.e., 











lim IJ(n,n +1) = w,? (30) 


—> co 


For the purpose of comparison with Eq. (29), Eq. (16) will be rewritten after replacing » by 2m + 1; thus, 


Aoge(x) (=) +1 a3¢3(2) (=) + wt 











Vicon + 1 (x) aigi(x) \we? a1¢1(x) \ws* / 
Fien+ o®) _ os is (31) 
Wien + 2)(x) 1+ d2g2(x) (2) *s s¢3(X) (=) + "/ 

ai¢i(x) \we? Q1¢1(%) \ws? 


A glance at the right members of Eqs. (29) and (31) shows that if Vi,(x) and Wi, + 1)(x) are determined and 
then used to compute J(m, m + 1) an approximation to w,? will be obtained which is as good as would be obtained 
by continuing the original process to Vigan + 1(*) and Wien , (x) and then taking w:? = Wi, + 1)(x)/Viron + 2) (x), 
at least insofar as the validity of the approximations is dependent upon the ratios (w?/w,”)*" + 1 and (w:2/w;?) + 2. 

Assuming now that w,? has been obtained with the accuracy required, a sequence of functions 


W29(x), Wo1(x), eee % WVon(x), alate (32) 
approaching in the limit the shape ¢2(x), and a sequence of ratios 
(We0(x)/Wai(x)), (Yor (x)/Vo2(x)), aes [Ween i 1) (*)/Wen(x) ], vee (33) 


whose limit is w2?, will be constructed. Proceeding by analogy, it would seem reasonable to begin with an ar- 
bitrarily chosen curve V2(x) satisfying the boundary conditions of the system. The system would then be stat- 
ically loaded with m(x)W20(x) and a new deflection curve calculated. However, Y2(x) would be expressible in the 


form 


Woo(x%) = digi(x) + bege(x) +... + dwi(fx) +... (34) 


and therefore the process would be identical to that used in finding ¢;(x) and w,*. The process would converge to 


go(x) and w,? if, and only if, g(x) were absent from the right member of Eq. (34)—i.e., if bh} = 0. This same con- 
clusion can also be obtained through physical reasoning; thus, if ¢:(x) is present in W20(x), it will be in the loading 
m(x)WV20(x) and will therefore be excited when the load is applied. Hence, if b; ¥ 0, the process necessarily con- 


verges to the mode of lowest frequency, ¢i(x). There remains then the possibility of choosing W(x) so that b; = 
0. Clearly, the probability that this would happen at random is zero. However, if a:¢:(x) were known, the 


fundamental mode would be simply eliminated by taking 
WVoo(x) = Vo(x) — aigi(x) = dege(x) + asys(x) +... (35) 
Of course aigi(x) is not known precisely. However, the functions V(x) are approximations to a:¢;(x)/(w,?)*- 
Thus, a:¢1(x) is eliminated by taking 
WVoo(x) = Wo(x) a 1°41 (x) (36) 


Substituting into the right member of Eq. (36) from Eqs. (6) and (8), it is found that 
Wao(x) = Do) aiei(x)[1 — (w1*/w,*)] (37) 
i=2 


Loading the system with m(x)W20(x) gives a deflection V2(x) consisting of the superposition of the deflections due 
to the loads m(x)Wo(x) and —w,;?m(x)Vu(x) 


Hence, 
W(x) = W(x) ~ @1°Wj0(x) (38) 


Continuing in this fashion the equations, 
Von —1)(%) = Vign—(%) — or Win (x) (39) 
Wo, (x) = W,,,(x) -_ 0? Vien + 1)(x) (40) 











\yv 
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are obtained. Thus 
Wain — 1)(*)/WVen(x) = |Win — (%) — @1rVin(x)]/[Yin(e) — or Vin + »()] (41) 
Substituting for Vii, 1 (x), Vin(x) and Viin + » (x), this last equation becomes 
{x [aioe(x)/(w,?)"— *] i} = 2D aved(s)/(i 
Vain ts p(X) _ Mol i=1 / 42) 
Ven (x) 2\n 2 /(w 2\"2 +1 { 
15 lava) (oe) I = it} D lavws(s)/(w)* + If 


i=l i=1 











Manipulating the right member of Eq. (42), the ratio becomes 


> low p;(x)/(w,?)" —2][1 — (w1?/w,?)] 








wae : = ios. = (43) 
2n\X 
u [awi(x)/(w? )” ie 44 (w:?/ / a4" )] 
Further algebraic transformations yield the equations 
1 n—1 @e n—1 ® 2 
tan ote) (a3) [emer - 53) + Eee (5) “G- 3)] 
2(n — 1)( a 2 a a i=3 Wj (44) 











and 
1+ 5 tee) 1 — (w1?/ oi) (ar) ris 
Van— (x), + Zane) con? /eont) Jeo) (45) 


3) 
Fault) (AY carats (1 - a) 4 + Dawei) (J (0 -**)| 
= 


ae. ee is 
Won(x i 1; (x 1— 2? n 
2n(x) 1+ ae opis - (wi?/e, a!) (2) 
i= 3 A2¢2(x) ~~ (cor? / wo") S\w;" 
Since as before w?/w,;? < 1 fori > 2 and w, ¥ 0 for all z, it follows that 


lim [Won — 1) (x) /WVen(x) ] = Ww” (46) 


a> oO 





As before, the degree of accuracy to which Woe, — 1)(x)/We,(x) represents w:? can be estimated by examining the 
constancy of the ratio for different values of x between 0 and /. Moreover, again 


[Worn — 9 (x)/Van(x) ] min, < 2? < [Wacn—1)(x)/Von() ] maz, (47) 


An examination of Eq. (41) will show why it is that an accurate value of w, is needed before ¢2(x) and w,” can be 
found. Thus, if Vi,(*)/Viun+ »(x) is taken as w,? and substituted into Eq. (41), theratio becomes infinite. Since 
Wicn—1)(*)/Win(x) and Wi,(x)/Vim + »(*) are, for moderate values of nm, good approximations to a”, Voc, — 1(x) 
and W2,(x) given by Eqs. (39) and (40) are the differences of quantities that are almost equal. Therefore, to obtain 
Von — y(x%) and We,(x), the w,? in these equations must be, relative to the ratios Vic, — 1(x)/WVin(x) and Vi»(x) + 
Vin +(x), an accurately determined number. It is to be expected, therefore, that the determination of ¢3(x) 
and w;* will involve the knowledge of w.” to a greater degree of accuracy than is given by the simple ratio Vo;,— (x) + 
V2,(x). A proof similar to that given by Eqs. (22) through (30) indicates that such a value is given by the rela- 
tion 

= lim [fi m(x) Won — (x) Van(x) dx] /[ Sp’ m (x) Von?(x) dx] (48) 

The procedure used to determine ¢)(x), wi”, ¢2(x) and we” may be extended by analogy to the determination of 

the third and higher modes of vibration. 


GENERAL COMMENTS ON METHODS OF APPLICATION standpoint it is most desirable that Yo(x) resemble as 
closely as possible what is believed to be the probable 

A word of explanation is perhaps in order concerning shape of the fundamental mode. This, of course, will 
the construction of the functions V(x), Vu(x), ..., shorten the work required to obtain a satisfactory de- 
WVin(x),.... It is recalled that W(x) is an arbitrarily gree of convergence of the sequence Wo(x), Vu(x),..., 
assumed curve that need only satisfy the boundary ,(x),.... In practice, of course, a means must be 
conditions of the system. However, from a practical found of constructing the ¥y,(x«). Since Vy,(x) is the 
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deflection corresponding to the static load m(x) X 
Wig —1»(x), it can be determined by the methods of 
elasticity. The most general method is based on the 
concept of the influence function. However, in the 
case of beam deflections simpler methods are avail- 
able.’ 

Concerning numerical computation it may be stated 
that the number of significant digits to be retained in 
any problem depends on the number of modes required 
and on the relative values of w 7, w2?,...,w),... 
Since nothing in general is known concerning the w,? 
save that w,? < w; + ,° for all 7, the safest procedure is 
to retain as many significant digits as the calculating 
machine to be used will handle. The authors have used 
this rule in all numerical work that they have under- 


taken. 


PRACTICAL APPLICATION 


Consider the pure bending oscillations of the wings 
of a twin-engined monoplane. By pure bending is 
meant a vertical motion of the wings in which each 
chordwise element remains parallel to its equilibrium 
position. In general, such oscillations are not natural 
modes of the wing structure and, hence, can be obtained 
only by applying restraints to the system. The modes 
of vibration to be calculated therefore are natural 
modes for the restrained system. Such modes are also 
called ‘‘primitive’” modes of vibration with respect to 
the unrestrained system. 

An idealized model of the restrained system to be 
considered is a beam without mass, of constant modulus 
of elasticity and irregular cross section, supporting 
concentrated masses as shown in Fig. 2. It will be 
noted that the notation is not that of the general theory; 
it has been changed to agree with accepted aircraft 
nomenclature. Moreover, the system shown has 
only a finite number of degrees of freedom, cor- 
responding in number to the set of concentrated 


masses. 


+ Fuserace 
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The symbols used are defined as follows: 


W(Y;) ~ weight of airfoil section at station 
Y, in lbs. per in. 

h(Y;) ~ deflection at station Y;, positive up- 
ward, measured in in. 

E ~ modulus of elasticity of material as- 


sumed equal in tension and com- 
pression, Ibs. per sq.in. 
average cross-sectional area mo- 
ment of inertia between sta- 
tions 
Y,+1 and Y, taken about the neutral axis of the 
section, in.4 


1(¥Vi4 » Vi) ~ 


It is to be noted that the stations are numbered from 
the wing tip inboard. Moreover, since the natural 
modes of the restrained system represented can be 
divided into two general classes—those symmetric 
about the center line of the fuselage and those anti- 
symmetric about that line—it is sufficient to consider 
only the wing semispan as indicated by Fig. 2. The 
determination of the symmetric modes only will be 
outlined at this time. 

From beam theory it is known that the bending 
moment M(Y), the shear S(Y), the load P(Y), and the 
deflection h(Y) at the cross section of a beam are re- 
lated by the equations 


P(Y) = dS/d¥ | 
S(Y) = dM/dY 


(49) 
dh/dY? = M/EI S 


In integral form these equations become 
, 
S(Y) = Z P(Y) dY + S(l); M(Y) = 
- 
4 S(Y) dY + M(l) 


dh\ _ dh| ¢ M., 
(4) - 4) + 0 zt” 


. | 
h(Y) = h(0) +f, “dV 


} 


(50) 


In Eqs. (50), 0 and / are the centerlines of the fuse- 


lage and the wing tip, respectively. 
In line with the general theory, assume a curve ho( Y) 


satisfying the boundary conditions of the system. 
These conditions are 


Sil) = 0; M() =0 (51) 


The first of these relations implies dM/dY\y., = 0. 
Using the last of Eqs. (49), Eqs. (51) may be rewritten 
to read 


d*h/dY*| v1 > 0; d*h/dYV*|y_y = 0 (52) 


A suitable io(Y) may now be constructed by using 
Eqs. (52) to determine the relative values of the a, in 
the power series below: 


ho( VY) = do + a2Y? + ag V4 + ag Y® +... (53) 
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The odd powers have been omitted in Eq. (53), since 












symmetry requires 4o(—Y) = Ao(Y). The deflection 
at Y = 0 is determined from the fact that the system is h 
in dynamic equilibrium*—.e., , 7) 
% Fuserace 
Dw [W(¥1)/g leo Yi) AY = 0 (54) 
system 
£5 rf 
In practice, the mathematical construction of ho( Y) {he(v) sa “Sy | 
as described might not be desirable. An alternative | 
procedure would be to draw a reasonably shaped curve il | 
as shown in Fig. 3 by the dotted line. To satisfy Eq. oo] Y 
(54) and thereby determine /(0), each point of the panes A 
dotted curve must be displaced parallel to itself as 
indicated in Fig. 3. Fic. 3. 
N 
The determination of (0) follows from Eq. (54); thus >> W(Y:)ho(Y;) AY = 0. It follows that 
i=l 
N 
d~ {WV DAV) AY — W(Y)ho(0) AY + W( Y,)ho(0) AY} = 0 
i=1 
thus ho(0) is obtained from the relation. 
P N ‘ N 
ho(0) =} — > WY) [Aol Y2) — incon ay} || W( yay | (55) 
i=1 , i=1 


Having (0), to( Y) is now found at the desired stations by adding /(0) to the drawn curve, which is [o( Y) — 
ho(0)]. The system is now loaded with 


Pu(Ve!) = [W(¥.)/g]ho( Yi) AY (56) 


Since S(l) = 0, the shear is found by summing the load from right to left; thus 
k 


So( i. Vi+1) = bi [W( Y,)/g|ho( Y;) AY (57) 


‘= 


It is to be noted that the shear is constant between the masses—hence, the notation So( Y;, ¥x+1). Eq. (57) can 


be written as the recurrence relation, 


So( Vex Ye+1) = So(Ya-1, ¥x) + (W(¥e)/glho( Vx) AY (58) 
In particular for the final interval 
So( Yn, 0) = So(Yy—-1, Yv) + [W(¥w)/g]ho( Yn) AY (59) 
The moments at the masses themselves are 
k-1 
MA(Y¥x) = a So( Ys, Yr41) AY (60) 
In recurrence form Eq. (60) becomes 
Mo Yx) = MY; - 1) + So( Yi-1, Y;) AY (61) 
At the centerline of the airplane 
M,(0) = Mo( Yy) + So( Yy, 0)'/2AY (62) 


since the last interval is only 1/2AY in length. 
To determine the first calculated approximation hy(Y) it is necessary to first determine dhy/dY. From Eqs. (50) 


| Ye 
dhu/dY|v, = dhu/d¥|o + f° (M/E) a¥ (63) 
Since the deflection curve is to be symmetric about the line Y = 0, diy/dY lo must be zero. Thus, 


dhu/dY\vy = f, ‘v2 (M/ED) d¥ (64) 
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However, M is a linear function of Y in the interval 0 to AY/2; thus, 
M(Y) = { [1(Yy) _ M(0)]/(AY/2)} Y+ M(0); OS YS Vy (65) 


Moreover £ is constant and J over this interval is equal to a constant given as I (0, Yy). Substituting these quan- 
tities into Eq. (64) and integrating, it is found that 


dhu/dY|y, = {[M(Yy) + M (0)]/2EI(0, Yy)}(AY/2) (66) 
In general 
. mat 
dhy/d¥ |r, = dh/d¥ vex + f, (M/EDaY 67) 


The integration extends from Y +1, considered as the origin, to Y;, whichis AY distant fromit. In this interval 


the moment is expressible as 








M(Y) = {(M(¥,) — M(Vit1)//AY} Y+ MY); +1 Ss YS VY (68) 
(See Fig. 2.) For this interval J=J(Y,+4:, Y;). Substituting into Eq. (67), the following general formula is ob- 
tained: 
dhy/dY|_ = dhu/dV ers + {(M(¥x) + M(Yi+1)]/2ET(Vi+1, Yi) } AY (69) 
From Eqs. (50) it is known that 
bu(¥) = bu(0) + p ” (dhy/d¥) d¥ (70) 
Since hy,(0) is not known, [/u(Y) — hy(0)].is first determined. Thus, 
we f, "? (dhu/dY) d¥ (71) 
Substituting for diy/dY this equation becomes 
hu(Yy) — hu(0) = ; ie if" ae | MeO Y+ (0) | av} dY (72) 
Performing the double integration gives 
hu(Yy) — hu(0) = (AY/2)*{[M(Yy) + 2M(0)]/6EI(0, Yy)} (73) 
In the general case 
(uu(¥x) — hu(0)] = Ua(Yets) — tu(0)] + [~ (din/dV) a¥ (74) 
The interval of integration AY extends from Y;,4;to Y;. In this interval, 
dhy/dY = dhy/dY| re . [M/EI(Vu+1, Yx)JdV (75) 
Substituting into Eq. (74) and performing the operations indicated, there results the equation 
(hin( V2) — hus(0)] = [inn(Yees) — hu(0)] + a AY + | oe ee | (AY)? — (76) 


In particular for hy(Yy) — 4u(0), the relation is 
[tu(Yx) — Aun(0)] = {[M(¥x) + 2M(0)]/6EI(0, Yy)} (AY/2)? ( 


This follows from the condition of dynamic equilibrium 


77) 


All that now remains is the determination of h,;(0). 
originally stated in Eq. (54). 


N 
be W(Yihu( Y,) AY = 0 (78) 
i=1 


A procedure identical to that used in obtaining /9(0) from Eq. (55) yields the relation 


hy(0) = {- > W(Yi) [An( Yi) — incoyiar}/[ mr)ay | (79) 


i=1 
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Adding hy(0) to [hu(¥x) — 4u(0)] as given by Eqs. (76) and (77) yields the values of 4y,(Y;,). The ratios Ao( Y;)+ 
hu(Y,) are now determined fori = 1, 2, 3,...N. 
If this ratio is fairly constant, w:”, the first approximation to the square of the fundamental frequency, is found 
by taking 
N N 
on? = | > W( Y dha Yiu Y) AY | / | > W(Ydhu*( y)ay| (80) 
This equation is, of course, equivalent to the integral relation given in Eq. (22) of the general theory. The proc- 
ess described for obtaining /(Y;,) is now repeated using 4y(Y;) for ho( Y;) throughout. In this manner a second 
calculated approximation to the fundamental symmetric mode of the system is obtained; let it be called Ay( Y;). 
Using hu(Y;) and hy»(Y;), a second approximation, 2”, would be found as indicated by Eq. (80). When by this 
iterative process w;” has been determined to the required accuracy, the sequence of approximations to the second 


mode can be constructed—.e., 


ha(Y:) = ho Yi) — w*hn(Y;) 
heal Ys) = mal Y;) —_ wn"besl ¥) (81) 
hen( Y;) = Iig@—-w( Ys) —_- 17h» ( Y;) 


The last of these functions would then be taken as the second mode. Also «:* would be taken to be the ratio 
hoyn-1)(¥1)/han( Yi). Before proceeding to the next mode, the accuracy to which w.* is known would be increased 
by taking 

N N 
we? = | YS WY Dhe~—y(Y heon( yyay|/ | > W(Y dheon*(Y,) ay | (82) 
i=1 i=1 

After the desired modes and frequencies have been found it is advantageous to standardize the resulting de- 
flection curves by assigning, in each mode, a unit deflection to the wing tip. The deflections at all other stations 
are then changed in proportion. 

The work outlined in the preceding pages may be conveniently tabulated on the basis of the formulas given by 
Eqs. (55) through (82). Most of these formulas can be more easily handled by transposing all constant terms to 
the left members of the equations. The resulting formulas in their order of application are listed in the summary. 


SUMMARY 


(1) Assume a curve of reasonable shape; call it and then determine 


ho( Y;) = hy(0). " . 
(2) Determine gPu(¥)/AY = W(Y){ho(¥) — 82 Mu; _ 82 din 4 
(AY)? dY x, (AY)?d¥ |yz+1 





























ho(0)}. 
N [g/(AY)*]Mo( Vx) + [g/(AY)?]Mo( Yr +1) 
(3) Obtain /o(0) -{-¥ W(Y,) [Aol ¥:) —ho(0)] t+ 21(Vn+1, Vx) 
N . 
| > W r) | (8) Finally form 
i=1 
E 
(4) Add ho(0) to {ho( ¥:) — Ao(0)} to obtain ho( Y,)° rie [hu(Yw) — An(0))] = 
(5) At each station find in succession (g/AY) X Fem ¥ oo M, 
r , 7 é y = 0 1 
So( Yas Vari) = (¢/AY)So(Vi-1, Yu) + W(Vx)ho( Yr). Ak “5 Z : e 4 (0. Y, 
(6) Next determine successively the quantities (AY) (AY)? J 61(0, Yy) 
(g/(AY)?]Mo( Yi) =  [g/(AY)?]Mo(Yi-1) + and also 
(g/AY)So(Y,-1, Y,), noting in particular that [g + 
(AY)*]Mo(0) = [g/(AY)*]Mo(Yw) + '/2(g/AY)SoX gk ; 
(Yy, 0). (ayy tn ¥a) — hn(0)} = 
(7) Having tabulated the quantities J(Y;+:, Yi) gE ZE dhul 
the t step is to find ——[hy(Y, —] —| 
€ next step 1s to Hin Cave e+1) t11(0)] + (AV)*d¥ lve+1 
co eat SptdFeon)) 1 
(AY) dYlry (AY)? (AY)? J62(Yu+1, Yi) 


yee + [g/(AY)*]Mo(0)) 
2 21(0, Yu) f (9) Then- 
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gk 


7 anit 


Bae 
> WY) 
i=1 
(10) From steps (8) and (9) find [eE/(AY)*] x 
hyy( Y;). 


N 
— » [gE/(AY)4] [hu(Y) — 4n(0)]W(Y1) 
ore.. i are | a ee 


(11) Determine g#/(AY)* and so obtain from step 


(10), hu( Yx). 
(12) Form the test ratio ho( Y;)/hu(Y,). 
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Letter to the Editor 


Dear Sir: 
The paper by Klemin and Walling on the ‘‘Aerodynamic 
Performance of the Towed Glider’? (JoURNAL OF THE AERO- 
NAUTICAL SCIENCES, Vol. 10, No. 6, pp. 185-196, June, 1943) 
has suggested to me a method of applying the common approxi- 
mate methods of analysis to this problem. 
The total drag of the tug and gliders may be written 
D; = Da + nD, 
and the total power required 
Py, = DV = (Da + 2D.) V 
= p( V3, 2) ( CoaSa + nCp,Sq) 
Replacing the polar curve of each unit by a parabola of the 
form Cp = (f/S) + (Cxr?2S/meb?), 
pV3 Cre*Se? 
Py = — fa +—— 


2 Teal a? 


+ nf, + — 


2 
megb,? 


nCig*Sg *) 


Eliminating Cz and regrouping terms, 


P pVrue + af) 4 2 (= e) 

= -—— (Je nfo) + a si 
ee i eee” ae 

Following Mr. Klemin’s lead, we may determine a fictitious 
total sinking speed by dividing by the weight of the tug: 
V. Po pV3 (fa + mfo) 2 ( Wa nW, ns) 
= 7 8 Wa woV \eabe? We egbg? 

We now may define performance. parameters for the whole 
train analogous to those commonly used in analyzing the per- 
formance of an airplane alone, 


t Wa/(fa + my 
lst = (Wa €aba”) — (nW, W,)( W, €g),?) 
= 1, + (nWo/We)lse 


and the fictitious total sinking speed becomes 


Vise = (0/2)(V3/lpr) + (2/mp) (lst/V) 


which is the equation upon which the common chart methods of 
performance calculation are based. The power loading is not 
changed, 

lee = lta = (Wa/b-hp. X n) 


since there is no power available other than that of the tug. 

Using these total parameters, we may proceed to analyze the 
performance of the train by means of charts such as those pre 
sented by W. Bailey Oswald (N.A.C.A. T.R. 408) or Millikan 
(Aeredynamics of the Airplane). It should be noted, however, 
that we are in effect determining the performance of the tug 
subject to the drag of the gliders but not to their weight. This 
has no effect on such items as maximum speed, but the rate of 
climb will be too high and must be corrected by the factor 
Wa/W:. 

This correction may be avoided if we divide the total powe: 
required equation by the total weight instead of the weight of 
the tug. The total parameters then become, 

lp, = Wi/(fa + mfp) 
lee = (Wa/Widlsa + (1We/We)leg 
la = W./b&p. XK n = (W:/Wa)lea 
ROBERT S. EIKENBERRY 
Department of Aeronautical Engineering 
University of Notre Dame 
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The L.P.C.” Method of Performance 


Computation 


JOSEPH V. FOAt AND BERNARD M. LEADON{ 
Curtiss-Wright Corporation 


SUMMARY 

Existing methods devised to simplify the tedious classic pro- 
cedure of performance computation depend either upon gener- 
alized parameters or upon approximate curves valid only in a 
restricted range, with the result that calculations usually are not 
accurate even in the low-speed range and for high speeds are 
hardly applicable. Inasmuch as the force coefficients (C; and 
Cp) become functions of the speed at high speeds, while the ob- 
ject of the performance computation is to determine the speed 
through a knowledge of these coefficients, the solution of this 
interlocking problem becomes extremely cumbersome by the 
usual analytic means. 

This paper describes a new method of solution which makes 
direct use of the actual airplane polars without approximations. 
The procedure is based on an extension of the Eiffel-Rith coor- 
dinate system, and all scales can be incorporated ina simple trans- 
parent chart, thereby eliminating the necessity for specially pre- 
pared graph paper. 

Compressibility effects are taken into account through the use 
of constant altitude variable Mach Number polars which are 
derived from constant Mach Number polars of the true airplane. 


INTRODUCTION 


Fura DEAL OF STUDY has been devoted to the 
improvement of techniques for airplane perform- 
ance computation, but still more attention must be 
given to this investigation as the range of speeds con- 
tinues to increase. So many versions and extensions of 
the classic performance method have been proposed 
that readers are a bit wary of any new paper on the 
subject. However, the importance of precise and 
rapidly computed performance data justifies the effort 
expended; for, if more preliminary design studies can 
be made in a given time without sacrifice of accuracy, 
the chances are that the final result will be a better air- 
plane. 

Many writers have felt that the attribute of rapidity 
in performance calculations is more worthy than that 
of exactness. The methods now being used accomplish 
their purpose quite successfully for current airplane 
designs and speeds, but there is every reason to antici- 
pate their failure when applied to high-speed aircraft 
of advanced design and with new propulsion systems. 
; THE CLAssiIc SOLUTION 
The so-called classic solution consists of a point by 
point comparison of powers available and required ob- 

Received January 6, 1944. 

*L.P.C. = Logarithmic Performance Computer. 


} Senior Design Engineer, Research Laboratory. 
- | Senior Aerodynamicist, Research Laboratory. 


tained by direct computation from the engine and air- 
plane data. The limit of accuracy depends only upon 
that of the data employed and upon the care of the 
user, but the computation time required is almost pro- 
hibitive for preliminary work. So the resourceful engi- 
neer has introduced a series of approximations enabling 
him to attain certain neat results from three basic 
equations. Thus, the lift equation for steady, level 
flight, 


W/S = C,(oV2/391) (1) 
the power required equation, 
nb.hp./S = Cp(¢V*/391)-(1/375) (2 
and the approximating parabolic polar, 
Cp = Cp, + RC? (3) 


made possible an entirely analytic solution. Many in- 
genious devices have been conceived to help speed up 
this process, but, when time permits and greater accu- 
racy is sought, we still find the engineer checking points 
by the old classic method. 


COMPRESSIBILITY EFFECTS 


As airplane velocities increase, the effects of air’s 
compressibility loom large. Compressibility effects 
become appreciable at Mach Numbers above about 
0.4—that is, at speeds that are already well exceeded 
by many present-day airplanes. Consideration of these 
effects is of paramount importance in performance com- 
putation, because the magnitude of:the lift and drag 
coefficients and the nature of their relation with each 
other are radically influenced. Eq. (3), which is some- 
times acceptable as a simple expression for the polar 
curve at low Mach Numbers, is certainly not valid in 
the high-speed range. In the future it might become 
possible to extend the validity of this analytic relation 
to the high-speed range by introducing M (Mach Num- 
ber) into it as an additional parameter. But this is 
not possible at present, since the data available on com- 
pressibility effects are still so meager that any attempt 
to ‘freeze’ them into an empirical formulation of this 
sort would be entirely unjustifiable. Indeed, so much 
uncertainty still exists in this branch of applied aero- 
dynamics that the correct interpretation of the results 
of flight tests and high-speed wind-tunnel experiments 
of a given airplane is an accomplishment in 
itself. 





ANALYZING EXPERIMENTAL RESULTS 





When this analysis is made, it is found that constant- 
Mach-Number polar curves of an airplane for various 
Mach Numbers often differ from each other much 
more than the polar curves of entirely different airplanes 
at the same Mach Number. It is then obvious that all 
short-cut methods that are based on approximations 
of the nature of Eq. (3) would result in gross errors in 
the high-speed range. Nor can it be said that the use 
of different equations for the different constant-Mach- 
Number polars would extend the validity of these 
methods, because at high Mach Numbers not only does 
the speed depend on the polar curve but the polar curve 
itself depends on the speed, so that the computation of 
performance becomes an interlocking problem. 

The classic method can be modified to take care of 
this through the use of a different polar curve for each 
speed in the computation of the power required. 
However, the simple relation that exists in the low-speed 
range between the curves of power required at different 
altitudes (i.e., that the “indicated power required”’ 
curve is constant) ceases to be valid at high speeds, as 
the Mach Number changes with altitude at any given 
speed. The curves of power required for different alti- 
tudes must be computed one by one, each point of them 
being related to a different polar curve. Thus, the clas- 
sic method, always cumbersome, becomes even more 
formidable and inelegant when carried into the domain 
of compressibility. 

In the early development of performance analyses a 
method was proposed in France by Eiffel and Rith 
which utilized the two analytic expressions given in 
Eqs. (1) and (2) in combination with the true Cp vs. 
C, polar as found by experiment or synthesis. Thus, 
they restricted the approximations to those mild ones 
that the two equations demand and avoided the often 
gross inaccuracy of the analytic polar. Their 
method, which depends upon logarithmic coordinates, 
attained the classic method’s accuracy and was found 
to exceed its speed immensely. Logarithmic charts 
became well known and were widely used, especially 
in Europe. ‘In many countries they are used almost 
exclusively even today. 

An extension of the Eiffel-Rith system provides for 
extremely rapid and accurate computations in all speed 
ranges, solving the problem as easily and logically in 
the high as in the low velocity region. First, let us 
consider briefly the Eiffel-Rith coordinate  sys- 


tem. 
THE EIFFEL-RITH COORDINATE SYSTEM 
In logarithmic form Eqs. (1) and (2) may be written: 
log C, = log (W/S) — log « — 2 log V + log const. (4) 


log Cp = log (nb.hp./S) — log « — 3 log V + log const. 
(5) 
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Fic. 1. E/iffel-Rith vectors. 


If Eqs. (4) and (5) are considered as vectorial sums 
made, respectively, along the vertical and horizontal 
axes of a Cartesian coordinate system, then 








log C, + log Cp = log (W/S) + log (nb.hp./S) - 


\/2 log ¢ — »/13 log V + logconst. (6) 


This vectorial equation is represented in Fig. 1 where 
point P; is a point on the polar curve. This construc- 
tion, in which the order of addition is of no consequence, 
provides a simple means of finding one or more of the 
parameters when the others are given. It is seen that 
the scales for density and velocity necessarily have the 
slopes 1 and ?/;, respectively, and also have scale 
lengths in cycles per inch which are 1/2 and +/13 times 
the scale length of thé orthogonal axes. The sense of 
direction corresponds to the signs of the terms in Eq. 
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Fic. 2. Use of Eiffel-Rith nomogram. 
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(6). In the preparation of the logarithmic nomogram, 
the origins of the V and o scales can be chosen arbi- 
trarily. The chosen origin values of V and o are then 
used to determine the relative position of the W/S and 
C; scales and of the nb.hp./S and Cp scales through 
Eqs. (4) and (5). 

As examples to illustrate the use of this chart, let us 
suppose the-polar curve is plotted in logarithmic co- 
ordinates. Knowing the wing loading and thrust power 
per unit area, the speed at any altitude and the corre- 
sponding lift and drag coefficients can be found by di- 
rect vector composition, Fig. 2(A). Conversely, if we 
are given the polar curve, wing loading, and altitude of 
flight, the power required per unit area can be found 
for any velocity, Fig. 2(B). Thus the logarithmic polar 
curve assumes the role of power required curve when re- 
ferred to the oblique velocity scale. 

The preceding two examples give an indication of the 
inherent simplicity of the system and its advantage in 
aiding visualization of the influence of the separate per- 
formance parameters. The method is therefore much 
less tedious and just as accurate as any that have been 
devised in the past. 

The familiar points of maximum L/D and of mini- 
mum power are as easily found on this diagram as on 
others. The reader can verify that for (L/D) maxi- 
mum the slope of the logarithmic polar is 1 and 
for minimum power required the slope is 7/3. These 
points are shown in Fig. 1 as P2 and P3, respec- 
tively. 

An investigation of the properties of the Eiffel-Rith 
coordinate system reveals that the simple addition of 
one scale makes the logarithmic method uniquely suit- 
able for quick and direct consideration of compres- 
sibility effects. It is also found that the speed and ac- 
curacy of the method are greatly improved if all scales 
are incorporated in a transparent rule and that the use 
of such an instrument makes possible many other time- 
saving scales enabling the user to compute quick 
answers to most performance problems, thereby 
saving days in computation time for a complete analy- 
sis. : 


THE PERFORMANCE COMPUTER 


The logarithmic performance computer (L.P.C.) de- 
veloped by the writers at the Research Laboratory of 
Curtiss-Wright Corporation is shown in Fig. 3. The 
scales of Cp, C,, b.hp./S, W/S, and altitude are the 
same as in the original Eiffel-Rith chart. However, in 
the L.P.C. version the velocity scale is divided into 
two parts: a low-speed scale principally for velocities 
lower than 198 m.p.h.; and a high-speed scale, along 
the upper left slot (with the origin at the right end), 
for velocities higher than 198 m.p.h, Along the op- 
posite edge of this slot is the Mach Number scale. The 
location of the origin of this scale depends on the alti- 
tude under consideration, so that the origin is not indi- 
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x 








Fic. 4. Power required and power available curves, maximum 
speed, and compressibility correction at a given altitude. 


cated by the usual triangle defining a point but by a 
small scale graduated in altitudes. 

Above the lower horizontal slot are several scales: 
(1) take-off distance, consisting of three segments di- 
vided in terms of thrust per pound of weight, take- 
off velocity, and take-off distance; (2) and (3) rate of 
climb and angle of climb, whose origins depend on the 
wing loading (so as to serve both, a scale of origin 
locations, graduated in wing loadings, is found between 
them); (4) fuel consumption per mile, C; (5) propeller 
efficiencies, 7, or alternatively, specific fuel consump- 
tion, S.F.C.; and (6) induced drag for a range of aspect 
ratios. 

This instrument provides the answer to most 
performance problems directly—i.e., through simple 
readings on scales, without any computation. The data 
required are, as in the classic method, airplane weight 
and wing area, a few constant-Mach-Number polars, 
the curves of thrust or thrust horsepower available, 
and curves of specific fuel consumption. 

The following is the outline of a performance compu- 
tation by means of the L.P.C. Only the computation 
of the most important items of performance will be de- 
scribed. As the reader becomes familiar with this in- 
strument, he will discover that a great number of 
other problems can be solved by means of the 
LFA. 


PLOTTING OF POLARS AND POWER AVAILABLE 
CURVES 


Draw a pair of orthogonal coordinate axes X and Y 


and plot the constant-Mach-Number polars for a few 
different Mach Numbers by means of the Cp and (; 
scales (lower and right edges of the L.P.C.). The loca- 
tion of the origins in these scales is arbitrary, in the 
sense that any point on them can be chosen as the 
vrigin, provided the same point be used as origin for 
both Cp and hp./S and the same point for both C, and 
W/S. However, in order to avoid confusion, it is rec- 
ommended that the origins be taken on _ the 
“origin line” for the Cp and hp./S scales and on 
the lower edge of the instrument for the vertical 


scales. 
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On the Y-axis mark a point at the W/S of the compu- 
tation (point A in Fig. 4). Then bring the origin of 
the altitude scale to this point and mark the point 
which, on the 45° altitude scale, corresponds to the al- 
titude under consideration (point B). Draw a line 
through these points, A and B, and a velocity line par- 
allel to the velocity scales through B, and set the Mach 
Number scale along it, with the origin on B. It must 
be remembered that the location of the origin in this 
scale depends on the altitude: For instance, at an al- 
titude of 20,000 ft., the point 20 at the upper right end 
of the scale must be used as origin. Now mark on the 
velocity line the points My,’, M2’, M;’, etc., corre- 
sponding to the same Mach Numbers as those of the 
polar curves used. These points are projected hori- 
zontally to their respective polars forming the curve 
which is a constant-altitude variable-Mach-Number 
polar passing through M,”, M2”, M;”, etc. Repeat 
this process for several altitudes and/or for several 
wing loadings as desired. 

Now MM,’ M," is the power required per unit area at 
the velocity corresponding to the Mach Number ™. 
This velocity is obtained by setting the velocity scale 
along BM,’, with the origin at B and reading at My’. 
The power required is obtained by setting the power 
scale along M,’ M,”, with the origin at J/,’ and 
reading at M,”. Likewise, M2’ M,” is the power required 
at the velocity corresponding to the Mach Number 
Mz and soon. Thus, the polar curve, when referred to 
the velocity and power axes, is the curve of power re- 
quired. 

The curve of power available at any altitude is ob- 
tained as follows. Mark a point H as measured from V 
equal in length to the brake horsepower per unit wing 
area for that particular speed and altitude, and adjust 
the point back to Q by placing 1 on the ‘‘n’”’ scale at H 
and marking Q at the propeller efficiency found for 
that particular speed and altitude. Continue to plot 
these points in rapid order until the power available 
curve is indicated clearly enough to fair it in. Proceed 
in this manner for all altitudes and/or wing loadings for 
which constant-altitude polar curves have been con- 
structed. 


MAXIMUM SPEED 


The maximum speed at any altitude and with any 
wing loading occurs when the corresponding curves of 
power required (polar) and power available intersect 
each other (Vingr, in Fig. 4). 

An interesting feature of this representation is that 
the effect of compressibility can be estimated at a 
glance. In Fig. 4, if compressibility effects were not 
taken into consideration, the maximum speed would be 
found to be (V,)mar. at the intersection of the power- 
available curve with the low Mach Number polar. 
Hence, (Vx)mar. — Vimar. is the compressibility effect 
on maximum speed. 


RATE OF CLIMB 
The rate of climb, in feet per minute is 


dh 2 (Hp. avaitable ao hP-Requirea) 33,000 —_ 








dt W 
[(hp.1/S) — (hp.x/S)133,000 _ 
W/S 
(hp.z/S)[(hp.4/hp.2) — 1]33,000 


W/S 
In logarithmic terms, 


log dh/dt = const. + log (hp.p/S) + 
log [(hp.4/hp.z) — 1] — log (W/S) 


It appears that the rate of climb is maximum where 
log (hp.r/S) + log [(hp.,/hp.rz) — 1) 


is maximum. In Fig. 5, VP is log (hp.p/S); PQ is 
log (hp.4/S) — log (hp.r2/S) = log (hp.4/hp.g). Place 
the power scale horizontally with the point 1.0 at P 
and read on the scale at Q (this reading is the ratio 
(hp.4/hp.z). Mentally subtract 1.0 from this reading 
and mark the difference at R. Then, PR is log [(hp., 
hp.z) — 1), and VR = log (hp.z/S) + log [(hp.4/hp.z) 
— 1] = log (excess horsepower/S). If the process is 
repeated for several speeds, the curve of excess horse- 
power (dotted curve in Fig. 5) can be easily traced. 
At the point of the curve where the slope is the same as 
that of the velocity scale, the excess horsepower is a 
maximum and the corresponding velocity is that of 
best rate of climb (V,). Having determined this veloc- 
ity, set the origin of the rate of climb scale at V, and 
read the rate of climb directly on the rate of climb scale 
at R,. The origin in this case corresponds to the wing 
loading as read on the wing loading scale, which ad- 
joins the rate of climb scale. 


CEILING AND TIME TO CLIMB 


Although the absolute ceiling can be found directly 
on the logarithmic graph, the quickest way is still that 


EXCESS HORSEPOWER 














Fic. 5. Computation of rate of climb. 
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RATE OF CLIMB 


Fic. 6. Determination of time to climb by reciprocal integration. 


of plotting the rate of climb versus altitude on common 
graph paper and extending the curve to the point at 
which the rate of climb becomes zero. Once this graph 
has been prepared, the time to climb to any altitude can 
be rapidly computed as follows: . 

Draw a line through 4,000 on the dh/dt axis and 2,000 
on the /: axis (or 5,000 and 2,500, or 6,000 and 3,000, 
and so on, respectively). Then draw the line HJ, 
parallel to the former, through the point H (rate of 
climb at sea level). Measure the angle y, and draw 
the line JJ, with the same slope with respect to the 
horizontal. Then draw the lines JK, KL, LM, MN, 
and so on, alternately parallel to HJ and to JJ. It is 
readily seen that tan y is an interval of time, as tan y = 
Ah/(Ah/ At) = At. In the present example, tan y is 
1/, min. In other words, J indicates the altitude at 
which the airplane will be after 1 min. of climb, Z the 
altitude at which the airplane will be after 2 min., and 
so on. In order to facilitate this graphic computation, 
the three lines a, b, and ¢ have been incorporated in 
the computer. They can be used on the usual graph 
of dh/dt vs. h, when the scales are selected so that the 
scale of rate of climb in feet per minute is five times the 
scale of altitude in feet. Their use is obvious and need 
not be explained. The time to climb thus computed is 
not exact but is well within the, limits of approximation 
of the data used. 


ANGLE OF CLIMB 
If 6 is the angle of climb, 'V the speed along the flight 
path in miles per hour, and w the rate of climb in feet 
per second, then 
ion. eae) . 
1.467 V 1.467 VW 
(excess thrust/S) 





W/S- 


In logarithmic terms, 





excess horsepower) — keV - 


log sin 6 = log ( 5 


y 


WY 
log — + const. 
Ss 


In Fig. 5, VR = log (excess horsepower/S) + const. 
On the other hand, VN is log V + const., as VN is 
one-third of the horizontal projection of the velocity 
vector. Hence, NR = log (excess horsepower/S) — 
log V + const. 

The steepest angle of climb is achieved when NR is a 
maximum—i.e., at the point of the excess horsepower 
curve at which the slope is that of the altitude scale 
(45°). In order to find the angle of climb, set the 
angle of climb scale along VR, with its origin 
(wing loading) at N, and read the angle of climb 
at R. 


ACCELERATION IN HORIZONTAL FLIGHT 


If the excess thrust is used to accelerate the airplane 
along its horizontal path, instead of for climb, then the 


acceleration in g’s is: 
acceleration in g’s = excess thrust/W 


Hence, the horizontal acceleration in g’s, when the ex- 
cess thrust is entirely used for acceleration along a 
horizontal path, equals the sine of the angle of climb 
when the excess thrust is entirely used for climb without 
change of speed along the trajectory. Therefore, the 
horizontal acceleration is computed in exactly the same 
manner as the angle of climb and by means of the same 


scale. 


SINKING SPEED AND ANGLE OF DESCENT—POWER ON 


When the power available is less than the power re- 
quired, the airplane descends. There is no essential 
difference between sinking speed and rate of climb ex- 
cept for sign. If sinking speed is considered posi- 


tive, 

(2) _ [(hp.x/S) — (hp.4/S)]33,000 

dt/s W/S = 
(hp.4/5S)[(hp.r2/hp.4) — | }33,000 


W/S 


Point Q will be to the left of point P (Fig. 7). The 
power scale will be set with 1 at Q and the reading will 
be taken at P. Through a mental subtraction of 1 
from this reading, point R will be located as in the com- 
putation of the rate of climb. The rate of descent can 
be read directly on the rate of climb and descent scale 
at R by placing the origin corresponding to the given 
wing loading at V. Analogously, the angle of descent 
is obtained at R on the angle of climb and descent scale 
when the origin is set at NV. 
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Fic. 7. Computation of sinking speed. 
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Fic. 8. Use of thrust instead of thrust horsepower. 
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Fic. 9. Terminal velocity. 


RATE OF DESCENT AND GLIDE ANGLE—POWER OFF 


For the particular case of descent with no power the 
term hp.,/S is zero and the point R as determined by 
the previously described method coincides with P. 
Hence, the horizontal distance from the velocity scale 
to the polar curve read on the rate of climb and descent 
scale gives the rate of descent. By the same reason 
the angle of glide is found from the angle of climb and 
descent scale as the horizontal distance between the 
altitude scale and the polar curve. It appears that 
the minimum glide angle is achieved when the airplane 
is flying at the angle of attack corresponding to the 


point on the logarithmic polar curve at which the slope 
is equal to that of the altitude scale (45°). This was to 
be expected since this point defines the angle of attack 
for maximum L/D. 


Use oF THrRust INSTEAD OF THRUST HORSEPOWER 


It is often considered convenient to use thrust in- 
stead of thrust horsepower in the computation of per- 
formance. The L.P.C. method is particularly well 
suited to such a representation of the propulsive force 
in that the same scale may be used to measure values 
of T/S as is ordinarily used for hp./S simply by refer- 
ring all measurements to another origin that differs 
only by a constant from the usual origin. Since the 
thrust required is proportional to the square and not 
to the cube of the speed as is the power required, the 
velocity line will have in this case a slope of 1 and will 
therefore coincide with the altitude line. Hence, the 
velocities can still be measured along the usual line of 
2/; slope, but all thrust available and thrust required 
measurements must be made from the 45° line. In 
Fig. 8 the distances NP and NQ when read in the 
thrust scale are, respectively, the thrust required and 
thrust available at the speed V, whereas the distances 
VP and VQ when read in the power scale are, respec- 
tively, the power required and power available at the 
speed V. The interested reader can revise the per- 
formance computation to this basis using as a guide the 
procedure heretofore outlined. 


TERMINAL VELOCITY 


In a zero lift dive with power off the thrust is fur- 
nished by the weight of the airplane and, therefore, the 
thrust per unit area is equal to the wing loading. The 
point of zero lift does not appear in a logarithmic chart 
since it is located at minus infinity. On the assumption 
that the drag coefficient is that corresponding to the 
lowest C; on the chart, a vertical ‘‘minimum drag”’ line 
m can be drawn through C as in Fig. 9. OA is the wing 
loading (W/S) read in the 7/S scale, AB is the altitude, 
and BD is the terminal velocity at the given altitude. 
D is read horizontally from the intersection of BA, ex- 
tended, and the line m. 

In general, the terminal velocity will be high enough 
to make the consideration of compressibility effects 
imperative. This can be done as follows (Fig. 10): 
Several lines 7, m2, m3, are drawn for different Mach 
Numbers (they are the verticals through the intersec- 
tions of the various constant-Mach-Number polars 
with the X-axis). Following the procedure illustrated 
in Fig. 4 for level flight, the constant-altitude polar is 
constructed. The curve of thrust available becomes in 
this case the line BA extended. The intersection of this 
line with the constant-altitude polar when projected 
horizontally upon the velocity line determines the 
point M. The Mach Number / thus determined is 
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Fic. 10. Terminal velocity with consideration of compressibility 
effects. 


that corresponding to the terminal velocity at the given 
altitude, and the corresponding velocity can be im- 
mediately obtained by measuring BM on the velocity 
scale. 

It is clear that this case differs from that of level flight 
in only two ways: (1) W/Sis practically zero, (2) T/S 
= W/S. In Fig. 10 the arrangement of work is some- 
what simpler than in Fig. 4. 


RANGE 
The weight of fuel dW (in pounds) consumed during 


the time dt (in hours) when the airplane is flying hori- 
zontally at the velocity V (in miles per hour) is 


dW = hp.g(S.F.C./n)dt = hp.p(S.F.C./n)(ds/V) 


where S.F.C. is the specific fuel consumption in pounds 
per horsepower hour, 7 is the propeller efficiency, hp.z 
is the power required (in horsepower), and s is the.dis- 
tance covered during the time /, in miles. Hence, the 
fuel consumption in pounds per mile is 


*¥ 





x< 





0 





Fic. 11% Use of the L.P.C. for the computation of range. 
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ba - = (hp.z/V)(S.F.C./n) = (1/375) T9(S.F.C./n) 
as 


where 7; is the thrust required. In logarithmic form, 
log dW/ds = log Tz + log S.F.C. — log 7 + const. (7) 


It has been shown before that the polar curve, when 
referred to the altitude line, is the curve of thrust re- 
quired—i.e., that the horizontal distance VP from the 
altitude line to the corresponding constant-altitude 
polar curve, when measured on the thrust scale, fur- 
nishes the thrust required at the speed V and at the al- 
titude h. 

Now set the S.F.C. scale horizontally with the point 
corresponding to the propeller efficiency at P and mark 
the point F corresponding to the specific fuel consump- 
tion (Fig. 11). 

Then, the distance VF, when measured on the thrust 
scale, is log (T2S.F.C./n). To expedite the computa- 
tion of range, the scale of C/S has been incorporated 
in the L.P.C. This scale is nothing but a (thrust/.S) 
scale, so shifted with respect to its origin as to take 
care.of the constant of Eq. 7. Thus, if the C/S scale 
is set along NF with the origin at N, the reading at 
F is the fuel consumption in (pounds per mile/S)—i.e., 
[(1/.S)(dW/ds)] at the speed V and the altitude 4 and 
with the wing loading W/S. 

If one wants to find the maximum range, the speed 
of minimum fuel consumption per mile must be de- 
termined. The procedure for this determination 
follows immediately from the above considerations: 
Several points such as F are located in the chart for 
different values of V, and the locus of such points 
(curve ”) is drawn; then, the most economic speed is 
the speed V, at which the tangent to the curve 7 is 
parallel to the altitude line (45° inclination). 

As the flight progresses, the weight of the airplane 
decreases. Hence, in order to compute the range, the 
above-described determination of the fuel consumption 
per mile must be repeated for a few different values of 
W/S. Then a graph of C/S vs. W/S can be prepared 
and the range computed by means of the lines a, 3), 
and c of the L.P.C., following the same procedure as 
for the computation of the time to climb (in the present 
case, tan 6 = A(W/S)/[A(W/S)/ As] = As. The scales 
can be so chosen as to give As any desired value), or a 
graph of the reciprocal function S(ds/dW) vs. W/S can 
be prepared and integrated to give the range. 

The above method is general in the sense that it can 
be used in the computation of any kind of range. The 
computation of the maximum range, described above, 
is the only one that requires the plotting of an auxiliary 
curve, such as”. The range at constant speed, or con- 
stant power, or constant angle of attack, can obviously 
be computed directly. 

With a little practice, the user of the L.P.C. not only 
learns to perform any range computation in a short 
time but also discovers that he can determine such 
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Fic. 12. Correction of logarithmic polar for a change of aspect 
ratio. 


basic design parameters as the optimum wing loading 
or the most economical flight altitude almost at a 
glance. 


INDUCED DRAG AND EFFECT OF CHANGE OF ASPECT 
RATIO 


The evaluation of the effect of a change of aspect 
ratio is often of great importance in preliminary design. 
The aspect ratio scale of the L.P.C. makes this evalua- 
tion possible in a quick way. 

From the definition of induced drag coefficient, it 
follows that 


log Cp, = 2 log C, — log A.R., — log x 


where A.R., is the effective aspect ratio. Hence, with 
any given A.R.,, the curve of Co; vs. C, becomes a 
straight line with slope '/2. The position of this line 
on the chart is determined as follows: The L.P.C. is 
placed on the chart with the lower right corner at the 
intersection of the X and Y axes and the right edge 
along the Y-axis, the point corresponding to the given 
A.R., is marked on the chart, and a line with the slope 
indicated by the line d of the L.P.C. is drawn. This 
line represents the function Cp,(C,). A change of 
aspect ratio will merely shift this line horizon- 
tally by the amount indicated on the aspect-ratio 
scale. 

In Fig. 12 the aspect ratio is changed from § to 10. 
As a result, at the lift coefficient C,, the induced drag 
decreases from (Cp,)s to (Cp,;)1. Then, at the given 
Ci, 


(Cy) = (Co)s — [(Coi)s — (Coi)10] 
(Cp) for several values of C, should be plotted to ob- 
tain the new polar for A.R., = 10. 
TAKE-OFF DISTANCE 


For the computation of ground run simply mark on a 
Sheet of paper the distance between the values, E and 


F, of thrust at 0.75V,, divided by the gross weight and 
V, as shown in the figure, where V,, is the take-off 
speed. Then set the origin of the ground run scale at 
E and take the reading at F. This reading is the ap- 
proximate value of the ground run. No take-off com- 
putation can be exact because too much uncertainty 
exists as to the effect of certain factors such as pilot 
technique, runway condition, ground effect, angle of 
attack during run, propeller efficiency, etc. The take- 
off scale of the L.P.C. is based upon the charts de- 
veloped in reference 4. 

The distance to clear an obstacle of given height 
after the take-off is found from the angle of 
climb whose computation has already been de- 


scribed. 


MISCELLANEOUS COMPUTATIONS 


There are many other computations that can be per- 
formed on the L.P.C. Once the basic principles have 
been understood the procedures become evident and the 
user of the instrument can derive them by himself as 
obvious corollaries of the above-explained properties 
of the logarithmic performance nomogram. Thus, 
such items of performance as the speed corresponding 
to a given lift coefficient at a given altitude and with a 
given wing loading (e.g., stalling speed, landing spee€, 
take-off speed), the maximum acceleration attainable 
in a sudden pull-up, the optimum wing loading and/or 
optimum altitude for best range, the absolute ceiling, ° 
the magnitude of compressibility effects, the influence 
of flap deflection upon performance, the landing dis- 
tance, the radius of turn, and such values as the density 
at any altitude, the Mach Number at any speed and 
altitude, and many others can be readily obtained by 
means of the L.P.C., whose scales, incidentally, can 
also be used to perform ordinary multiplications and 
divisions. 

The interested reader is referred to a book (four 
volumes) that a French enthusiast wrote to describe 
all performance items that can be obtained by means 
of the original Eiffel-Rith nomogram.* His list includes 
such problems as sideslip, circular glide, circular climb, 
and what not. Yet, the field of application of the 
L.P.C. is much broader than that of the original Eiffel- 
Rith nomogram, for the L.P.C. can solve all the prob- 
lems that could be solved by the original nomogram 
and many more. 
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Fic. 13. Computation of approximate ground run for take-off. 
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Letter to the Editor 


Dear Sir: 

The following remarks may be of interest in connection with 
Donald A. duPlantier’s paper, “Analysis of Fuselage Rings by the 
Column Analogy,’”’ JOURNAL OF THE AERONAUTICAL SCIENCES, 
Vol. 11, No. 2, p. 187, April, 1944. Men well versed in the 
analysis of fuselage rings will hardly need the column analogy, 
since the numerical work is the same whether the calculations are 
based upon the column analogy, Castigliano’s principle, or any 
equivalent method. The advantage of the analogy is that it can 
be learned much easier than the classic methods. In this regard 
Mr. duPlantier makes a contribution by presenting the subject 
in a manner easily understandable to the nonspecialist. Un- 
fortunately, some of the statements and proofs in the paper are 
lacking in accuracy and rigor. 

In particular the writer objects to Mr. duPlantier’s use of the 
plus and minus (+) sign which may lead to incorrect results. 
The statement that “‘all ambiguity (namely, in the sign to be used) 
will be definitely removed....by applying the fundamental princi- 
ple that VM; must reduce M, numerically at the point where M, is 
a maximum” is erroneous as may be seen from the numerical 
example that follows: 


Because of the symmetry of ring and loading shown in Fig. 1(a) 
only one-half of the ring need be considered in the analysis. The 
ring is assumed to be cut at the point where the 2-Ib. load is act- 
ing, and the unknown force H and the unknown moment WN are 
applied in the’section. The bending moment , caused in the 
cut ring by the actual external loads alone is 

M, = -rsing when 0 < ¢ < 168° 
M, = 7(2.079 — 11 sin ¢) when 168° < ¢ < 180° 


The bending moment M; caused by the unknowns is 
M; = N+ Ar(1 — cos ¢) 


With the customary assumptions the strain energy stored in the 
ring can be written as 


U = (1/ED fy" (M, + M,)*rde 


From Castigliano’s theorem 
(OU/ON) = 0 and (0U/0H) = 0 
Since 
o(M, + M,;)/ON = 1 
0(M, + M;)/0OH = r(1 — cos ¢) 
the two requirements following from Castigliano’s theorem may 
be written in the form 
S™(M, + M,de = 0 
So" (M, + M;) cos ¢ dg = 0 
After substitution, integration, and solution of the two simul- 
taneous linear equations, the following values are obtained for 


the unknowns: 
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Fics. 1 (a), (b), and (c). 


H = —0.137 N = 0.707r 


The bending moment M, and the final bending moment 
M,.. = M, + M; are plotted against the angle ¢ in Fig. 1(c). 
The moment is a maximum when ¢ = 180°. Its value in the cut 
ring is 2.079r, and in the actual statically indeterminate ring 
2.510r. Consequently, in this case M; increased the maximum 
value of M,. 

Other examples can be devised in which the same is true. The 
reason is that the unknown quantities make the total strain 
energy stored in the ring, not the maximum moment, a minimum. 
If the signs are used consistently, however, there is no need for a 
principle of the reduction of the maximum moment, when the 
bending moments in a fuselage ring are calculated by the column 
analogy. . 

N. J. Horr 
Associate Professor of Aeronautical Engineering 
Polytechnic Institute of Brooklyn 
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Periodic Aerodynamic Forces on Rotors 
in Forward Flight 


CHARLES SEIBEL* 
Bell Aircraft Corporation 


SUMMARY 


A new explanation is advanced for the cause of vibrations in 
rotary wing systems in forward flight, based on the fact that the 
down-wash is greater in the rear part of the swept disc than in the 
front part. An estimate of the magnitude of the down-wash vari- 
ation at different forward speeds is made with the aid of data pre- 
viously published by the N.A.C.A. on tests of a 10-ft. gyroplane 
rotor. This nonuniform down-wash causes a periodic change in 
the drag force on a blade and is a cause of forced vibrations, es- 
pecially noticeable in two-bladed rotors at low air speeds. 


INTRODUCTION 


I N THE COURSE OF FLIGHT TESTING Model 30, the Bell 
Helicopter, a principal characteristic of which is 
the two-bladed rotor supported on a universal joint 
hub, pronounced vibrations were observed to occur at 
low forward speeds. These vibrations were of sufficient 
severity to prevent further increase of forward speed 
and to cause the pilot to land the machine. Flight test- 
ing was discontinued until an explanation could be 
found. 

Oehmichen® has discussed the effect of the down-wash 
gradient on the flapping of a rotor in forward flight, 
and not until cognizance was taken of this gradient 
across the rotor disc from front to rear was a satisfac- 
tory explanation forthcoming. It was recalled that any 
pressure-actuating element—whether it be a propeller, 
a wing, or a rotor—generated a force by changing the 
momentum of a portion of the operating medium. 
Furthermore, the theory indicated that half of the 
momentum change is imparted to the medium before 
it reaches the actuating element, the other half being 
added after the medium has passed the element. Pro- 
ceeding to the problem of a rotor operating in trans- 
verse flow, it became evident that the down-wash 
through the rear portion of the swept rotor disc was 
greater than through the front portion. It followed 
that the induced drag of the blade was varying with 
azimuth position. Pursuance of this line of thought led 
to the conclusion that at higher forward speeds, when 
the total induced flow was reduced, the gradient would 
become smaller and the vibration less severe. 

This conclusion warranted an attempt to 
through” the region of maximum vibration in flight, 
and it was found that this could be done. Above 30 
m.p.h. the magnitude of the vibration began to die down 
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and became unnoticeable at higher speeds around 70 
m.p.h. 

Although this evidence seemed conclusive, a quanti- 
tative estimate of the magnitude of the impressed 
periodic force was desired. 


REFERENCE TO N.A.C.A. Report No. 536 


Not having facilities available for accurate force or 
down-wash measurements on models in forward flight, 
a search was made for data that could be used to make 
a quantitative estimate of the periodic aerodynamic 
forces involved. These data were found in N.A.C.A. 
Report No. 536.2. In this report Wheatley and Bioletti 
present data obtained from a series of wind-tunnel tests 
on a 10-ft. gyroplane rotor.’ 

The rotor was operated at full-scale tip speeds over a 
large range of tip-speed ratios. Cyclic pitch change 
was used to balance any tendency for the rotor to roll 
due to forward motion. The pitching moment was not 
balanced by cyclic pitch change; however, it was 
measured. 

The gyroplane rotor was equipped with cyclic feather- 
ing control and did not employ flapping hinges to bal- 
ance the unsymmetrical lift. With this setup a pitch- 
ing moment can arise from two sources. First, because 
of coning in the rotor blades there will be a positive 
pitching moment; second, if the induced velocity 
through the rear portion of the rotor is greater than at 
the front, there will be a positive pitching moment. 
The pitching moment due to coning is proportional to 
the coning angle and to the forward velocity. Since 
the rotor was rigidly mounted it could carry bending 
at the hub and the coning was small. At low speeds 
the pitching moment due to coning is a small part of 
the total moment; however, it may become important 
at high speeds. 

For simplicity of analysis the coning effect is neg- 
lected, and it is assumed that the down-wash variation 
is linear from the front of the rotor disc to the rear. 
In addition, it was found convenient to limit the 
analysis to low air speeds by assuming v small compared 
with wR. This latter assumption is justified by the 
severity of the observed vibrations at low air speeds. 

The following notation is used by Wheatley and Bio- 
letti: 


L 
T 


rotor lift, Ibs. 
rotor thrust, lbs. 
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M = pitching moment, Ibs. ft. 

V = air speed, ft. per sec. 

p = air density, slugs per cu.ft. 

Q = angular velocity of rotor 

R = radius of rotor 

G, = L/'/pV*4R? 

Cr = T/pQ*rR* 

Ch = M/'/2pV?#R? 

DETERMINATION OF DOWN-WASH VARIATION 

Notation 

m,’ = pitching moment of a blade element resulting 

from down-wash distribution 

m, = total pitching moment of rotor 

wo = average hovering down-wash 

¥Y = blade azimuth angle measured from down- 


wind position in direction of rotation 
v = velocity of helicopter 
angular speed of rotor 


o = 

x = blade element distance from hub 

Cy, = parasite drag coefficient of the blade 

D’ = drag of blade element 

L’ = lift’of blade element 

M,’ = lift moment of blade element about the hub 

k, = flapping angle to rear due to forward motion 

ke = flapping angle to the side due to down-wash 
variation 

8 = geometric blade angle 

a = slope of lift curve 


w = down-wash velocity at blade tip for a given 
blade azimuth position 


R- = radius of rotor 

Cc = chord of blade 

#%, = down-wash at front of rotor disc 
@2 = downh-wash at rear of rotor disc 
a = tip speed ratio = v/wR 


Writing the equation for the pitching moment of a 
blade element with the assumption that the down-wash 
variation from the front of the rotor disc to the rear is 


linear, 


@). 


Ria Dts s det = 
m,, = a + v sin yp) (« oR cos (cas) x cos y 
Since v is small compared to wR, 


Pp, Us — WY 

mz,’ = —w*a———— cx* cos? y dx + 
2 2wR 

W. 


We — Wy 
2wav — 


cx® cos? y sin » dx 





p 
2 2w 


for a four-bladed rotor is 


Pa a, licen , x* cos? y dx dp + 
| 2 2wR 0 wJ—x/2 


We — W °) oe 2 j 
pwav — =¢ _ x? cos? y sin py dxdy 
2wR 0 mwJ/—x«/2 


mM = 





JOURNAL OF THE AERONAUTICAL SCIENCES—OCTOBER, 1944 


° Mz = pwac(wW, — w,)R*/8 


Expressing the measured moment in terms of the 
moment coefficient, 


mz = C,,(p/2) V?xR® 
Equating the two expressions for mz, 


Cn(p/2) VR? = pwac(we — w;,)R*/8 
We — W, = (4rwR?/ac)C,y? 


The following numerical constants of the rotor are 
given in reference 2: w = 550 r.p.m., R = 5 ft., and 
C = 6.28 in. Assuming a = 5.7/rad., it is possible to 
compute the value of (w. — w;) from the curves of C,, 
vs. uw of reference 2, Fig. 12, by picking corresponding 
values of C,, and yu. 

In order to obtain the down-wash distribution for 
various forward speeds it is necessary to obtain the 
average down-wash velocity as a function of forward 
speed. This relation has been presented in several 
performance analyses! and is plotted in Fig. 2. The 
value of the hovering down-wash wp can be computed 
from the following relation: 


w = VC,/2(oR) 


Wheatley and Bioletti give values of Cr for various 
blade angles, reference 2, Fig, 7. It is now possible to 
draw the induced velocity distribution over the rotor 
disc as it would appear when viewed perpendicular to 
the flight path. However, the induced velocity is not 
the total velocity perpendicular to the rotor disc 
for all conditions. During high-speed flight the rotor 
plane must be tipped forward to provide the necessary 
thrust to overcome parasite drag. Thus a component 
of velocity arises perpendicular to the rotor disc which 
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is uniformly distributed over the disc. For the example 
considered the parasite area of the fuselage was as- 
sumed to be 7.0 sq.ft. On the basis of this value the 


velocity component perpendicular to the rotor disc 
was computed and added to the induced velocities 
to give the velocity diagrams shown in Fig. 1. 


Writing the equation for lift on a blade element of a flapping rotor. 


L’ = ned (p — ki siny + ke cos y)(v sin y + wx)? — — -.. 


—_—_——(vysiny + wx fs (1 
wRx + vR sin y v sng ) 


Since the rotor cannot transmit any rolling or pitching moments into the fuselage because of the presence of 
the flapping hinges or universal joint, it is necessary to adjust the values of flapping angles k; and k, so that the 


rolling and pitching moments of the rotor are zero. 


To obtain the lift moment of the blade element about the hub the former equation is multiplied by x. 


M,' ‘= “ee 


Integrating this expression with respect to x, 


apc 


M, = 204 (p — ki sin y + 2 cos (ees 


rR? sin? y 





Wx 


x (6 — ki sin y + ke cos 5 ¥)(o sin yy + wx)? — ———_—______ (y sin y + wx)? ee (2) 


R(wx + vsin yp) 


w*R* w oR sin . wR : 
vwR* sin y + -) oe ( i ; )| (3 
/ ou v 4 R 3 + 4 ) 


Equating the lift moment of the blade when y = 90° to the moment when y = 270°, the value of &, is found to 


be 


ky = [8/sBu — 4/3(w/wR)u)/(1 + 2u?) (4) 


Equating the lift moment of the blade when ¥ = 0° to the moment when y = 180°, the following value of 


ke is obtained: 


ke = (We — w)/2wR (5) 


The equation for the drag of the blade element can be written as follows: 





Cy,p WX 
D' = < (wx + v sin + ( ———— )z"| 
[= y “ ¥)" wxR + oR sin y 
D' = Copp 


Integrating with respect to x, 


Co, pc 


9 


To compute the drag on the blade the following pro- 
cedure is used. First k; is determined from Eq. (4). 
Next, determine the values of ke for a series of forward 
speeds by referring to the velocity diagrams of Fig. 1. 
Since the angle of attack of the blade is (8 — k; sin y), 
the parasite drag coefficient is a function of y. Values 
of Cp, are taken from suitable experimental curves 
that give the parasite drag coefficient as a function of 
angle of attack. Now, with the values of ;, ke, and Co, 
the drag of a blade can be determined by substituting 
in Eq. (7). 


EXAMPLE 


The following example is chosen as a typical heli- 
copter: 


w 


w*x? + Qwux sin y + v? sin Y) + “04 (g — ki siny + ke cos oF vx sin) — - = (6) 


R? 


3 ~ « w?R 
ak + wR? sin ¥+Rv? sin? v)+ “04 (g— ki sin +k. cos y)- aes re. sav) _ | (7) 


3 2 3 
R = 16 ft. 
w® = 300r.p.m. 
c = 0.833 ft. (Blade airfoil N.A.C.A. 0012) 
B = 6° 


The drag curves are plotted in Fig. 3. Each curve 
represents the blade drag as a function of forward 
speed for a given azimuth position. The drag increment 
between the upwind and downwind positions is shown 
at the bottom of the figure. It will be noted that the 
maximum amplitude is found at 25 m.p.h. From Fig. 
3 it is also found that the curves for Y = 90° and 270° 
cross each other at air speeds in excess of about 60 
m.p.h. However, the original assumption that v is 
small in comparison with wR limits the validity of the 
results, and Fig. 3 is an indication of the general trend 
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at low air speeds only. It should be emphasized that 
the phenomenon has not been accurately determined 
by the foregoing analysis and that more experimental 
work is urgently needed before reliable quantitative 
results can be obtained. 

It was necessary to assume a down-wash distribution 
in order to use the data of N.A.C.A. Report No. 536. 
It is quite evident that the linear distribution is only 
an approximation to the reality and may lead to ap- 
preciable errors in the final results. Furthermore, the 
effects of the wind-tunnel boundaries on the flow 
pattern are unknown and uncorrected. 

It was assumed that the pitching moment was solely 
a result of the down-wash distribution. This would be 
correct if the coning angle were zero. Coning will lead 
to a positive pitching moment that will be proportional 
to the forward speed. Since the coning increases with 
increased pitch of the blades, this effect will be more 
pronounced for the high pitch settings, reference 2, 


Fig. 12. 
CONCLUSIONS 
(1) The problem involved in this paper is by no 
means solved but has merely been introduced. It is 
hoped that experimental research programs will be 
initiated in the near future in an attempt to bring more 
light on the subject. 


(2) With increasing air speed the flow through a 


rotor is in a state of transition from pure axial flow to a 
state that is principally transverse flow. During this 
transition the down-wash velocities are large and un- 
symmetrical; thus, large variation in induced drag 
can be expected. These periodic drag forces have not 
hitherto been considered as a cause of vibrations. 

(3) The vibration in two-bladed helicopter rotors 
observed by several designers and having the charac- 
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teristic maximum at low air speeds is quite possibly a 
result of the flow pattern at these low air speeds. 
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Stress Analysis of Open Cylindrical 
Membranes 


LEON BESKIN* 
Consolidated Vultee Aircraft Corporation 


INTRODUCTION 


It is known that axial stresses in open cylindrical membranes 
are not completely defined by the axial load and the bending 
moments in two directions and that supplementary stresses may 
exist, which are generally ascribed to torque. 

Those stresses, in the case of conventional approximations, can 
generally be neglected for closed membranes. They cannot be 
neglected for open membranes since they are necessary to insure 
the local equilibrium under general loading. As those stresses 
may exist even when no torque is applied, in the same manner as 
stresses due to bending exist in pure bending (without shear), a 
method of determination of the distribution of axial stresses 
which would generalize the formula My/J for pure bending is de- 
veloped hereafter. Those axial stresses can be combined by addi- 
tion (superposition) with the stresses due to axial load and bend- 
ing. 

In order to obtain this result a new mechanical concept must 
be introduced. This concept is called a bicouple (B) and it has 
the same relationship with the warping curvature d’6/dz? (6 = 
angle of twist; s = ordinate along generators) as a couple has 
with the conventional curvature d76/dz? = B/EIo, in which Ip 
is the torsion bending constant. 

Under nonuniform warping without bending or axial load, the 
axial stresses constitute a bicouple. In the case of uniform warp- 
ing curvature (d70/dx? = Const.) the distribution of axial stresses, 
f, is completely defined by the value of the bimoment, following 
the relation: f = BA/Ip, in which A is an area. 

In the case of symmetrical profiles, the analogy with bending 
can easily be developed by introducing a ‘‘conjugate beam”’ 
placed in the plane of symmetry, the center of gravity of which is 
the shear center of the given section, and the moment of inertia 
of which is equal to Jy. For unsymmetrical profiles, a conjugate 
beam can also be introduced, but its location has no definite re- 
lationship with the given section and it has a less important physi- 
cal significance than in the case of symmetrical profiles. 

The concept of the bicouple and the relations which are its 
consequences are ‘‘true” in the sense of the theory of elasticity 
provided the membrane has no thickness and deflections are in- 
finitely small. The extension of the theory to the condition of a 
membrane under applied end torque is similar to the extension 
of pure bending distribution to cantilevers under applied trans- 
versal end load. A uniform warping curvature due to con- 
stant shear distribution does not affect the distribution of axial 
stresses. Those stresses still constitute a bicouple but as they are 
proportional to the distance to the end section, the bicouple is 
proportional to the product of the torque by the distance to the 
end section, and the definition of a bicouple is such that the two 
quantities are equal. This product will be called the bimoment 
of the torque in respect to the section and in any section the bi- 
couple of the axial loads is equal to the bimoment of the torque. 

The relationship between bimoment and torque can be conven- 
tionally extended to any loading condition, the torque being the 
opposite of the derivative of the bimoment taken along the axis 
of the membrane, but for an arbitrary loading the relation be- 
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tween distribution of stress and bicouple is not absolutely cor- 
rect; however, it can be applied in the same manner as the 
formula My/I is applied for any load distribution in conven- 
tional stress analysis. 


NOTATIONS 


A = areas from the shear center and a polar 
line, limited to the directrix 

A* = same areas from an arbitrary line 

Ao = A — A* 

a = areas inside a contour (Fig. 6) 

Ap = area inside directrix (closed membrane) 
a, a’ = finite area of a member; area between 
two generators 

do = total area of a section 
B = bimoment in respect to the shear center; 
bicouple 
Be = bimoment in respect to an arbitrary 
point 0 
B’, B", B..’, Ba” = bimoments at the ends of a membrane 
B, é = bimoment in respect to center of rotation 
b = bimoment due to a unit load 
by, bm, bz, by, 62, = bimoment due to a _ unit bicouple, 
be, by couple, load in x, y, z direction, redund- 
ant load X,, X; 
ba’, Oe’, By’ be’ = corresponding bimoment for the stat- 
ically indeterminate system 
D = length of the directrix 
d = distance from shear center (Fig. 6) 
dy = depth of the conjugate beam (Eq. (44)) 
E = modulus of elasticity 
f = axial stress 
= substitution function (Eq. (2)) 


f(s) 

G = modulus of rigidity 

Le» By» Es» Em = load coefficients for unit loads in x, y, z 
directions and unit couple 


g(s) = substitution function (Eq. (3)) 

h, hy, he = thickness of a membrane 

Io = moment of inertia in torsion bending 
(Eq. (25)) 

Lie = corrected values of Jy (see Example of 
Application) 

: = moment of inertia in torsion bending in 
respect to an arbitrary point 

I,, Ty = principal moments of inertia 

J; = shear rigidity coefficient for torsion bend- 
ing 

Ji, Jo, Joe, Js2 = various shear rigidity coefficients (see 
Example of Application) 

L = length of generators 

Ly, Le = length of generators (see Example of 
Application) , 

M = torsional moment in respect to shear cen- 
ters; torque 

Ma = torsional moment in respect to an arbi- 
trary point 0 

Mz, M, = bending moments in respect to the princi- 


pal axes x, y 
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M:, M, = bending moments in respect to arbitrary 
axes £, 7 

m = local couple (Eq. (30)) 

My, Mm = couples due to unit loads y, m (see Ex- 

amples of Application) 

N, = axial stress flow along directrix 

Ne = axial stress flow along generators 

N2’, N2” = axial stress flow at the ends of a mem- 

brane 

Mie = shear flow along directrix and generators 

i = concentrated load in a member 

ae aed = symmetrically located loads (Eq. (48)) 

Q = shearing force on an element of directrix 

(Figs. 4, 6) 

q = unit shear flows 

Qz» Vy = unit shear flows for X and Y forces 

Jo Qi» G2» Ys = unit shear flows (see Example of Appli- 

cation) 

r = ratio of load increase (see Example of 

Application) 

S = ay’ = see (Eq. (31)) 

s = arc along the directrix 

S12, So3 = lengths along directrix (Fig. 4) 

T,T', T", Ty, Ty’, = multiplicators for strain energy coeffi- 
Fas teeta cients (see Example of Application) 
rer 

W = strain energy 

Ye 6 = shearing forces along axes x, y 

ee = redundant unknowns (see Example of 

Application) 

x, ¥ = principal coordinates through center of 

gravity, in a section - 

Xo» Yo = coordinates of the shear center 

x1, V1 = coordinates of center of rotation 

x’ = coordinates in the conjugate beam, from 

center of gravity (Fig. 6) 

xT = coordinate from thrust line (see Example 

of Application) 

xTo’ = coordinate of shear center, from thrust 

line 

XT = coordinate in the conjugate beam, from 

thrust line 

z,9 = coordinates with origin at shear center, 

parallel to principal coordinates 

Z = force along direction of generators 

z = coordinate along generators 

a = areas from an arbitrary point 0 (see A) 

a = difference of areas (Eq. (45)) 


= area from center of rotation 
r = arbitrary quantity (Eq. (60)) 
distances to shear center (Fig. 4) 


é = 

n,& = arbitray coordinates in the plane of the 
directrix 

6 = angle of twist 

r = a function (Eq. (60)) 

U,L = (indices) refer to upper and lower long- 


eron (see Example of Application) 


GENERAL PRINCIPLES OF STRESS ANALYSIS UNDER 
TORSION BENDING FOR UNSYMMETRICAL SECTIONS 


| Dyes AN open cylindrical membrane limited by 
two plane sections on which edge loads are ap- 
plied (Fig. 1). The coordinates on the cylinder are s 
along the directrix and z along the generators (length 
L). It is assumed that only inplane stresses exist in 


the membranes which is limited by two bulkheads. 
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WP 


M5 


Fic. 1. 


Nz 
Fic. 2. 


The stresses are expressed in terms of stress flows 
(stress X thickness): MN, = axial flow along directrix; 
Tw 


N2 = axial flow along generator (given values N»2’, N2 


at the ends); My» = shear flow along directrix and 
generator. 
The conditions of equilibrium of the membrane are 
ON, . ON» ON, . OMe 
+ —-=0 = ==0 (1) 
Os Oz Oz Os 


When there are no surface loads, there is no hoop ten- 


sion N;. Then Eqs. (1) can be successively integrated 


Ny = Nuw(s) = —(1/L) ff(s)ds say (2) 

No = (2/L)f(s) + g(s) (3) 

These equations signify that along a generator, the 
shear flow is constant and the axial flow varies uni- 


formly. 
At the ends z = 0 and z = L the conditions of equilib- 


rium are 
Nz = g(s) = N,’ Nz = f(s) + g(s) = No” (4) 
f(s) = No” — Ne’ (5) 
Ne = So'[(N2’ — N2")/L]ds (6) 
In an open membrane, the shears along the end 
generators must be equal to zero. The index D stand- 


ing for the integration along the total length of the di- 
rectrix, this condition of zero end shear is 


JSo{(N2’ — Ne2”)/L]ds = 0 (7) 


Call a the area taken from an arbitrary origin 0 and 
limited by the arc of directrix between the extremity 


Thus 
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and a given point, and by two radii extending from 0 
to the ends of the arc (Fig. 2). The condition of equilib- 
rium of moments on the bulkheads is 


2S pNuda = M, (8) 


M, being the moment of the forces applied in the plane 
of each bulkhead taken in reference to 0. 

The integral in Eq. (8) can be transformed by inte- 
gration by parts, using Eq. (6) for Ny, and introducing 
the condition of zero shear along the end genera- 
tors 


2Nya]?—2 fpadNi2 = M, 


2fpal(N2” — N2’)/L\ds = M, (9) 


o 
The last expression is equivalent to 
2SpaNe"ds = 2fpaNe'ds + ML = B,"say (10) 


The quantity B,” is the bimoment of forces N2", acting 
on the section x, = L in respect to the origin of the 
areas a. 

Thus, introducing the general definition of a bimo- 
ment B, 


B, = 2SpaNeds (11) 


it appears that when a torque is applied, the relation- 
ship between torque and bimoment is 


B,” = B,’ + ML (12) 
and when no torque is applied 


B,” = B,!' (12a) 


Those equations show the equivalence between bi- 
moments and torques multiplied by lengths of applica- 
tion along open membranes. Thus, when a torque M 
is applied at one end of an open membrane, at the op- 
posite end the axial forces constitute a bimoment B,” 
such as 


B,” = M,L (12b) 


The definition of a bimoment B can be extended for a 
semimonocoque structure; with general distributed 
axial flow Ne, and concentrated forces P along some of 
the generators (longerons or stiffeners), the bimoment 
is 


B, = 2fpaNeds + 22aP = 2fpafda (13) 


where f = axial stress and da = elemental area. 

It is to be noted that the definition of the bimoment 
is independent of the pole and origin radius only if the 
resultant and couple of the axial forces are zero, in which 
case the axial forces constitute a bicouple, in the same 
manner as the value of moment of axial forces is inde- 
pendent of the axis of reference only when there is no 
resultant of the axial forces. 

The results obtained thus far show that for an open 
cylindrical membrane, the three conventional condi- 
tions of equilibrium are insufficient to define axial loads 


in a section. To these conditions, it is necessary to add 
the condition of “equilibrium of bimoments’’ (Eq. 
(12)) or its two special cases (Eqs. (12a) and (12b)), 
which can be also called “condition of open mem- 
branes.” 

Knowing applied loads at the end of a solid of elon- 
gated shape, it is possible to determine the stress dis- 
tribution at some distance from the end by means of the 
conventional formulas for bending and axial loads, be- 
cause of Saint Venant’s principle. Since for open mem- 
branes an equation of equilibrium of bimoments must 
be added to the conventional equations of equilibrium, 
it is necessary to modify Saint Venant’s principle to 
cover that case. 


St. Venant’s Principle for Open Membranes With 


Bulkheads 


Two statically equivalent systems of axial loads ap- 
plied at one end directrix, which satisfy the condition 
of equivalence for membranes, produce approximately 
the same axial stresses at a distance from the end di- 
rectrix which satisfies the following conditions: (1) 
It is equal to several times the greatest dimension in the 
plane of the directrix; (2) it includes at least two bulk- 
heads. 

Saint Venant’s principle indicates that there is a 
privileged distribution of axial loads, but does not de- 
fine it. For any given end distribution of axial loads 
the actual distribution along the generators, which at 
some distance from the end becomes the privileged 
distribution, must satisfy the theorem of minimum 
energy under axial loads, which gives a method of de- 
termination of these loads. 

If constant shearing forces and torques are applied, 
the distribution of axial forces is not affected, since for 
two dimensional problems with constant transversal 


loads, shear produces a distortion of the plane sections 


without producing a curvature of the generators, which 
are simply displaced by translation in respect to one 
another. The solutions considered here presuppose the 
existence of bulkheads for redistribution. When the 
redistribution is effected, the following bulkheads are 
not loaded, which shows that the asymptotic privileged 
distribution is the one for which the shape of the cross 
section of the cylinder does not change, thus giving a 
second method for determining the distribution. This 
does not necessarily mean that a bulkhead remains 
plane; if there are applied torques or if the shearing 
forces do not have a resultant passing through the shear 
center, the bulkheads will come out of plane (warping 
of the sections). Conventional methods initiated by 
Wagner’ ? and developed by Kappus* and clarified by 
Goodier* > and by Hoff® give the privileged distribu- 
tion of axial loads under bimoment when the latter is 
caused by shearing forces or a torque. From considera- 
tion of the deformation because of the warping caused 
by a rotation around an axis passing through an arbi- 
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trary point 0 (Fig. 2), it is found that the longitudinal 
stresses f are given by a relation of the type 


f = Ka (14) 


The axes of coordinates being the principal axes of 
inertia x, y of the section and the origin for areas a 
being the shear center of the section, with a suitable 
choice of the polar line origin of a, Eq. (14) can be 
written as 


Z Mx. My . B2A : 
f=-- ‘ + —_—— (15) 


_—* a } Ip 


in which 

ra a * = area and principal moments of inertia 
of the section 

Z, M,, M, = axial load and bending moments on 
the section 

A = areas a in reference to shear center 
and polar line indicated above, the 
end point of which is called “‘neu- 

: tral point” 
Io = torsion bending constant 
B = bimoment in respect to shear center 


Calling X, Y, M the shearing forces and torque (in ref- 
erence to the shear center), the shear flow is 


ds 
Me= [oa tax [e at ey fe 4 
2Ada 
M{ — 16 
% ia ane 


The summations are carried from one end generator 
to the generator along which the shear is com- 
puted. 

Eq. (15) is the generalization of formulas established 
in references cited above by substitution of the bimo- 
ment B to the product Mz. Since the torque M is to 
be taken in respect to the shear center, the bimoment 
B, which is a generalization of the product Mz (see 
Eq. (12)), is also to be taken in respect to the shear 
center. Such generalization of previous results to Eq. 
(15) may appear dubious. Also, in the conventional 
methods, various assumptions are made: warping is 
considered as being caused by axial strain only, and 
shearing strain is omitted, which is in contradiction 
with the fact that torsion bending is ascribed to torque 
and presupposes nonuniform warping due to nonuni- 
form shear distribution; transversal strain is also dis- 
regarded. As no infinitesimal geometry is introduced 
there may be doubt on the validity of the results, since 
it is not possible to find the limitations of the conven- 
tional methods which are actually valid only for con- 
stant or uniformly varying rate of twist. 

An analysis, solely based on considerations of energy, 
which are valid only in case of constat:t shearing forces 
(as indicated above), is developed in thé appendix, and 
gives directly Eq. (15). 
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PRACTICAL DETERMINATION OF SECTION PROPERTIES 
AND LOAD DISTRIBUTIONS UNDER GENERAL LOADING 


1. Determine the total area a, the principal axes 
of inertia of the section and the principal moments of 
inertia (J,, I,). 

2. Determine the center of shear in respect to the 
principal axes by its coordinates (xo, yo) 


yo = — Sf 2axda/I, xo = JS 2ayda/I1, (17) 


in which da are the elemental areas of the section. The 
polar areas a can be taken from the centroid or any 
other point. They are positive if the polar line rotates 
in a direction which brings the axis ox on the axis oy. 

3. Determine the areas A having the shear center 
T, and a polar line 7)S ending at a neutral point S for 
origin. ‘“‘Neutral points’ S, so called because, under 
pure bicouple, there is no strain at these points, are de- 
fined by the condition 


JS 2Ada = 0 (18) 


For a convex section, there are three neutral points 
and any of them can be taken for the origin. 

A temporary origin line for areas A being chosen, for 
instance corresponding to the same origin point on the 
profile as for the areas a, the areas A, called A* in that 
case, are related to a by 


2A* = 2a — xoy + Yor + xo, — Yor, (19) 
in which (x,, y,) are the coordinates of the origin 2 
common to a and A. Then the areas A are defined by 

2A = 2A* — (2 f'Ada/a) = 2A* — 2Ao (20) 
It is immaterial to find, by means of Eq. (20), the actual 
location of a neutral point. 

4. Determine the torsion bending constant Jp by 

o= J (2A)%da (21) 
I) can be defined by 
Ip = J (2A*)da — ao(2Ao)? = 
S (2a)*da — ao(2Ao)* — Ip%o? — Lyyo? (22) 
5. Eq. (15) gives the values of axial stresses in each 


point and Eq. (16) gives the values of shear flow along 
each generator. The moments in Eq. (15) are those of 








, 
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the resultant axial force Z in respect to the axes passing 
through the center of gravity; the bimoment is equal 
to the value of the resultant shearing force multiplied 
by its distance to the shear center line (giving the tor- 
sion) and by its distance to the section. 

6. Graphical determination of the shear center (Fig. 
4). The shear center is the point through which shear- 
ing forces pass in bending without torsion bending. 
Thus, the problem is that of determining the resultants 
of forces Q = qs, the unit shears g being given by the 


expressions 
G@= xa gy = Lia (23) 


s being the distances between the successive finite 
areas a. The computation is repeated in two directions 
(x, y) which are not necessarily the principal directions. 
It is to be noted that J,, J, have been omitted in Eq. 
(23) since they are constants of proportionality. Fig. 
4 shows the procedure for one direction, x. The mem- 
brane being defined by the directrix a,d2. . . a7, the forces 
Q parallel to the sides of the membrane are computed, 
the quantities x being taken from the centroid along 
an arbitrary direction. A force polygon (1)-(7) is 
drawn. The resultants Q from one end are shown in 
dotted lines, and the resultants in position are deter- 
mined by the conventional method (for instance, Qu, 
Qys intersect on a4a5). The general resultant is finally 
located in position. Its value gives the moment of in- 
ertia J,, which can be determined by this method. 
Operating in the same manner in direction y, the sec- 
ond direction of resultant is obtained, and the inter- 
section gives the shear center 7). 

7. Graphical determination of stress distribution in 
torsion bending with the use of a conjugate beam. Con- 
sider the areas 2A as ordinates along the web of a ficti- 
tious beam, with members of areas da or finite areas a 
being placed at each ordinate 2A. Then, if M and B 
are the shear and the moment applied to the conjugate 
beam, it is obvious that 


f = B2A/Ip 
since the centroid of the beam is at the origin of the 


ordinates (Eq. (18)). 
From Fig. 4 it appears that 


2A = 2A* + 2Ay = Yo86 + Ao (25) 


Ne = MSg2Ada/Io (24) 


the areas 2A* being taken from one end of the direc- 
trix, and the distances 6 being taken from the shear 
center to the successive sides s. Adding along an axis 
the products sé, as shown on Fig. 5, and affecting the 
end points with the areas a, the conjugate beam is de- 
termined. , 

As’ the quantities sé change sign where the lines 
a,d, +1 pass from one side to the other of the shear 
center, the beam appears to have a folded web and is 
expanded sideways for clarity. The quantities 2A* 
are taken, for instance, from the origin point a, and the 
quantities 2A are taken from the centroid of the beam. 
It is obvious that since the web intersects the neutral 
line three times, there are three neutral points which 
are directly determined by dividing the distances from 
the center of gravity of the conjugate beam to the near- 
est areas a by the corresponding 6, thus locating the 
neutral points on the actual contour. 

The moment of inertia J) of the conjugate beam (Eq. 
(21)) and the axial stresses and shear flows (Eqs. (24)) 
are determined in a conventional manner. 
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SIMPLIFIED TORSION BENDING THEORY FOR SYMMETRI- 
CAL PROFILES 


In the case of a symmetrical profile a direct analysis 
can be made as follows, considering torsion bending 
only, without introducing symmetrical bending and 
normal forces. Assuming a section as shown, consider 
two small areas a, a, along the profile, these areas being 
submitted to forces P, —P (axial forces) caused by a 
shearing force Q applied at a distance z from the sec- 
tion. This shearing force is located at a point 7, the 
distance of which to the line aa is (Fig. 6) 


d = 2A’/2y = A'/y x’ =x + (A’/y) (26) 


A’ = area enclosed by the profile and the chord aa; 
(x, y) = coordinates of a; x’ = coordinate of 7. 
The relation between P and Q is 

P = Qz/2y (27) 


The applied forces are given, thus the forces Q have a 
resultant equal to a given couple M, and a given force 
Y (with the centroid as reference point). 
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The conditions of equilibrium are 


LO@=FY Ox’ =M, 
An analogy with a beam problem defines the distribu- 
tion of the stresses. The condition of minimum strain 
energy is 


(28) 


>> (P?2/a) = minimum (29) 
Replacing P in function of the couple m 
m = 2Py = Qz (30) 
and introducing the notation 
S = ay’ (31) 
Eqs. (28) and (29) become 
> m = Ys = M, > mx’ = Mz = B, (32) 
>> (m?/S) = minimum (33) 


This is the same set of conditions as those existing in 
a beam defined by areas S, ordinates x’, submitted to 
an axial load M,, a couple B,, the axial loads on the 
areas S being called m. The centroid of that beam, 
called “‘conjugate beam” is 7»; it has an ordinate xo, 
and the moment of inertia of the beam is Jp 


x = > Sx’/>S = 2) ay*%'/I, 

Ig = 2>°S(x’ — x0)? = 2) ay?(#)? 

in which Z is the distance 77», and J, = 22ay? (area of 
conjugate beam). Using the formulas of beams, and 
referring the moment J/, and bimoment B, to the cen- 


troid Ty of the conjugate beam which from Eq. (34) is 
the shear center of the given beam 


m = B(2ay*%/Ip) + M,(2ay?/I,) 


(34) 
(35) 


(36) 
Using relations between m, Ny. and P 


ay ay ayer 
—+M,— Ny = MYO — 
Ip + Fs aes 2 Io 


y 


P=B +¥¥0 7 (37) 


M and B are to be taken in respect to the shear center 

To. 

RELATIONSHIP BETWEEN THE GENERAL METHOD AND 
THE METHOD FOR SYMMETRICAL SECTIONS 


General Eq. (17), giving the shear center, can be 
identified with special Eq. (34) for symmetrical profiles. 
From the definition of a it appears that (Fig. 7) 


2a = A’ — xy = dy — xy = x'y 
Thus, Eq. (17) becomes: 
xo = J 2ayda/I, = 2 -y*x'a/I, 


As the summation of the general formula is made for 
both sides and the summation for symmetrical profiles 
is made for one side, a coefficient 2 must be introduced 
into the numerator and the above equation becomes 
identical with special Eq. (34). 
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PRACTICAL DETERMINATION OF SECTION PROPERTIES 
AND LOAD DISTRIBUTION OF SYMMETRICAL PROFILES 


(1) Introduce a conjugate beam of the open profile, 
determined as follows: For each couple of areas a of 
the profile there is a corresponding area 2ay? = 2S 
of the conjugate beam. This area is located at the 
center of torsion of the couple of areas a, in respect to 
the given profile (i.e., at a distance A’/y from the line 
of areas a, on the center line, A’ = area enclosed by the 
profile from one area a to the other; with a straight 
closing line, 2y = distance between the two areas a). 

(2) The centroid of the conjugate beam coincides 
with the center of shear of the given profile. The area 
of this conjugate beam is equal to the moment of in- 
ertia I, of the profile in respect to the center line. The 
moment of inertia Jo of the conjugate beam is the tor- 
sion bending constant. 

(3) The distribution of the shearing forces related 
to a couple of areas a, and the distribution of the mo- 
ments and the normal forces acting on the areas a, under 
given lateral load Y (perpendicular to the axis of sym- 
metry) and couple /,, and a moment M and bicouple 
B (taken in reference to the center of shear), are given 
by Eqs. (36) and (37). 

(4) Graphical method of determination of shear cen- 
ters and construction of the conjugate beam for symmetri- 
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cal sections( Fig. 8). The shear center of two symmet- 
rically located areas is placed at the intersection of the 
resultant of a uniform shear acting along the membrane 
between the two points, and the center line. Taking a 
shear flow equal to one unit force per unit length, the 
shearing forces along elements of the profile are pro- 
portional to those elements. Thus a force polygon is 
given by the profile itself. In order to determine the 
location of the forces, proceed as follows (Fig. 8): The 
force acting on Sa, is equal to. Sa, and is applied along Sa}. 
The same holds true for a,a2; thus the resultant is along 
Sdz and is equal to Saz, and the shear cehters 7)7>2 of 
a, and a2 are both in S. The force acting on dd; is ap- 
plied on dea; and is equal to a2a3. The resultant of Sa2 
and d2@3 passes through a2 and has the magnitude and 
direction given by Sas. 

Thus, drawing the parallel 3 through a2 to Sa;, the 
point 7; on the center line is determined, which is the 
intersection of two symmetrically located resultants 
for the two halves of the profile. Thus the resultant of 
the shearing forces between symmetrical points as 
passes by 73, which is the shear center of the profile be- 
tween points a3. Adding the shear between a;a, to the 
previous shear, take the intersection of a3;a4 with the 
resultant 73-3 of the shears between S and a;, and 
through this intersection draw the parallel 4-T, to the 
resultant of the forces acting between S and ay, which is 
Sa,. Line T,-4 gives the location of the resultant and 
T, is the shear center of the profile between symmetri- 
cally located points as. The process can be repeated 
as shown until the whole profile is explored and the dif- 
ferent points 7, .... 7,, of the conjugate beam are lo- 


cated. Affecting the points with areas a,¥,”* (note that 
for points which correspond to a skin point of non- 
effective area, a, = 0), it is easy to determine the sec- 
tion properties of the conjugate beam. 


DEFINITION OF THE BICOUPLE FOR SYMMETRICAL AND 
NONSYMMETRICAL MEMBRANES WITH THE HELP OF A 
CONJUGATE BEAM 


The definition of the bicouple acting on a given sec- 
tion is given by Eq. (13) in which the origin of polar 
areas is arbitrary if there is no external load applied (Z 
= 0, M, = 0, M, = 0), and in which the origin of 
polar areas must be taken from the sheat center and a 
polar line passing through one neutral point if there are 
external loads applied. In that case Eq. (13) is to be re- 
placed by 


B = 2 fpANeds + 20AP (38) 
Nonsymmetrical Membranes 


Introducing the conjugate beam, apply at éach area 
a of the conjugate beam the load P and the following 
relations hold between the loads the moments and the 
bimoment 


LP =Z > P2A = B (39) 
5 Py = M, > Px = —M, (40) 


From Eqs. (39) the bimoment is represented by the 
moment of a force Z acting on the conjugate beam since 
the quantities 2A are ordinates on the beam. If the end 
loads P are known, Eqs. (39) and (40) give the compo- 
nents of the load acting on the section in terms of statics 
and the additional quantity called bimoment. Applied 
loads do not necessarily follow distributions corre- 
sponding to the theory of beams, but at some distance 
from the end the distribution will correspond to the 
beam theory. Since Eqs. (39) and (40) give all the nec- 
essary components at the end, the components at any 
section will be (affecting with a prime (’) the end com- 
ponents) 


Z=Z' B=B’'+Msz l ‘41) 
M,=M,-Xzs M,=M/+Ysf ‘ 


Symmetrical Membranes with Antisymmetrical Loading 


Introducing the conjugate beam, apply at each area 
S of the beam the load defined by the moment m = 
2Py, thus obtaining the relations 


>mz = B > m = M, (42) 


The bicouple B acting on an open symmetrical profile 
is represented by a fictitious couple acting on its con- 
jugate beam, and the couple J/, is represented by a 
fictitious axial load acting on its conjugate beam, the 
fictitious forces acting at each point of the conjugate 
beam being equal to the couples acting at the corre- 
sponding pairs of points of the given beam. The sum 





350 JOURNAL OF THE 
of these couples is equal to the total couple /,, and the 
‘moment in respect to the general shear center of these 
couples located at the local shear centers is equal to the 


total bicouple B. 


Symmetrical Membranes with General Loading 


In that case, each couple, m = 2Py, will be replaced 
by a moment (P’ — P")y, P’ and P” being the axial 
forces applied to symmetrically located areas. Thus 


B=>(P’—P")yx  M, = d(P’ — P*)y (43) 


For a four-flanged open membrane, submitted to a pure 
bicouple, the moments m = 2Py for both pairs of flanges 
are opposite, ‘and the bicouple is equal to the common 
moment (2Py) multiplied by the distance between the 
two shear centers of the pairs of flanges, which is the 
depth do of the conjugate beam 


B = 2Pydp (44) 


STATICS,OF BIMOMENTS AND MOMENTS OF INERTIA IN 
TORSION BENDING 


When the pole and polar line from which areas for 
bending moments are computed are changed from the 
shear center to a point having the coordinates (#, 7) in 
respect to the shear center, and keeping the coordi- 
nates (x, y) of the directrix in respect to the centroid, the 
following relationship may be written for the areas a 
as functions of the areas A 


2a = 2A + (%y — Fx) + 2a (45) 


Ifthe origin on the directrix is the same for A and a, 
a» represents the area of the triangle defined by that 
origin, the center of gravity and the shear center. 
Applying Eqs. (15) and (13) and using the definitions 
of Ao, I,, Iy, Io, &, J, the value of the bimoment B, is 


B, = Jo2fada = B+2M,+5M,+2aZ (46) 


which is an expression of the type of those used for 
moments when the origin of coordinates is changed. 
This relation is valid only when principal coordinates 
are used. When B can be replaced by Mz, Eq. (46) 
becomes 
B, = Mz + M,té + M,¥ + 2Za0 (47) 
which is an entirely symmetrical formula. 
There exists a point in respect to which Eq. (15) be- 
comes 
f = B2a/Ih (48) 
The coordinates of that point being (x, y:) in respect to 
the centroid. 
Identifying Eq. (48) with Eq. (15) 


M, Io M, In ony 3 ‘as 
y= n= —_— =_.— 
wre « doe 2 ~~ he ( 
2a = 2A + (xy — y1%) + Qa (50) 
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Substituting those values in Eq. (47), in which B, be- 
comes J. 
ay. F.f , £ M,? 


. aA“. a ek 


(51) 


That expression can be used in strain energy computa- 
tions. The point (x, y,) is the center -of rotation in 
complex torsion bending, and the points corresponding 
to a = 0 are the neutral points in complex torsion 
bending (i.e., torsion bending with bending and axial 
load). It is to be noted that an expression of the type 
used for transformation of moments of inertia can be 
established for J, 


I, = JS (2a)*da = In + £1, + F*Ty + ao(2ao)? (52) 


In this expression, J, and J, are taken in respect to the 
center of gravity, and J) in respect to the shear center. 


EXAMPLE OF APPLICATION 


The following example is taken from an airplane fuse- 
lage analysis (Fig. 9). 

The fuselage is an open membrane from the firewall 
of the engine mount (station 100) to the main spar 
(station 159.3) and a closed membrane from the main 
spar to a bulkhead (station 243). The engine mount 
has a dissymetrical structure and is assembled by four 
points to the fuselage, the points of attachment corre- 
sponding to the four longerons. Fig. 10 shows a cross 
section of the open part, the floor being the horizontal 
shear web. The closed section has a web at the level 
of the upper longerons. On Fig. 10 are determined the 
local shear centers, by the general method of Fig. 8. 


Axial Loads 


Table 1 gives the computations of section properties 
in torsion bending for distribution of axial load. Col- 
umn 11 gives the load coefficients per longeron or 


The complete structure being redundant, 


stringer. 
If a 


strain energy coefficients must be computed. 


torque is applied at the firewall, the rigidity coefficient 
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Fic. 10. Torsion bending between stations 100 and 243. 
Determination of shear centers. 





is Ip. If a bicouple is applied at the firewall, the load 
being transmitted by the four longerons only and then 
redistributed to the whole structure between stations 
100 and 159.3, the rigidity is smaller than if the loads 
were distributed at station 100 according to the tor- 
sion bending theory. The redundant loads in the en- 
gine mount produce bicouples only, since they are in 
equilibrium inside the engine mount. For distribution 


at longerons only the loads under B = | are indicated 
in Table 1, reference VIII. 

Let L, and L, be the lengths of the open and closed 
section (L; = 59.30; Le. = 83.70). X,, X, are the re- 
dundant loads in the engine mount; g,... g, are the 
load coefficients multiplying symmetrical and anti- 
symmetrical unit load conditions, respectively; 6,, 0,, 
b, are the bicouples at the firewall caused by a unit 
redundant load, a unit symmetrical load, and a unit 
antisymmetrical load (calculated by means of Eqs. 
(43) and (44)); and m, is the couple at the firewall 
caused by a unit antisymmetrical load (in respect to 
shear center). 

The bimoment B is of the type: 


B= Yiba. + Mbige + /dyg, + zbym, 


By integration of the quantity B*/J) afong the struc 
ture, strain energy terms are obtained. They can be 
written in the following form (see Table 2), in which 
numerical coefficients 7’, T,’ are given hereafter. 











TABLE 2 
Terms Coefficients 
Bara < SMA 3 vocccc IT Ly L: 
: 2 ‘Mest+s 
eS S ae { Ip’ 310 
; iin a Lib, . L’*my, 
Ca ©. ee 1,’ = — ~ 
&y y v Io’ Te” 
La(by + myL’) 
31 





T’ = 0.00004998; T,’ = 443.2; Ty,’ = 464.4 


The quantities Jo’, J)” replacing J) are caused by the 





TABLE 1 
Determination of Axial Load Distributions 





Ss= & = x17’ — (ay%/Io) 
a y ay? ay/I, xr (I) xp’ (II) Sxr’ xT,’ (TIT) Sz Sz? 108 (V) 
Point Element (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) 
1 UL c.g. 1.239 21.30 562.12 0.00494 21.52 -—39.72 -—22,327 —27.528 —15,474 425,968 —36,896 
3 UL skin 0 ; De a ee ee iced eee ata ane er 
3 Sil 0.264 23.44 145.05 0.00116 18.40 31.28 —4,537 —19.088 — 2,769 52,855 —6,001 
4 wil 0.511 24.78 313.78 0.00237 15.48 —25.85 —8,111 —13.658 — 4,285 58,525 — 8,782 
5 $3 0.211 25.81 140.56 0.00102 9.86 ~—18.77 — 2,638 —6.578 —925 6,085 — 1,821 
6 $4 0.215 26.78 154.19 0.00108 3.42 —11.48 — 1,770 0.712 110 78 211 
7 $5 0.219 26.87 158.12 0.00110 —2.96 —5.1 — 806 7.092 1,121 7,950 2,118 
8 W2 0.651 26.33 451.32 0.00321 —9.58 1.60 722 13.792 6,225 85,855 12,006 
9 S7 0.232 25.18 147.09 0.00109 —12.12 4.82 709 17.012 2,502 42,564 5,046 


10 LL skin 0 ree Lata See sank mane oat nines ai oii 
11 LL cg. 1.134 22.96 597.80 0.00488 —15.50 10.38 6,205 22.572 13,494 304,587 29,852 
One side 2,670.03 — 32,553 —1 984,467 

y = 5,340.06 


i) 
Li) 





Both sides Ty — 65,106 Ie = 1,968,934 
References 
(I) xp = ordinates from thrust line. 
(iI) x7’ = ordinates of local shear centers, from Fig. 10. 
(III) Shear center xo’ = DVSxp’/TS = (—32,553)/2,670.03 = —12.192. 
(IV) . Torque box area above floor (xp’ + x7)y = (39.72 + 21.52)21.3 = 1,304 = Ap 
(V) Coefficients for axial load: P B-ayx/I (Col. 11). 


(VI) (—y + #,) = 27.528 + 22.572 = 50.1 = dp (Col. 8). 

(VII) Longeron areas at firewall ay’ = a,’ = 1.066. 

(VIII) Loads in longerons at firewall for B = 108: —108/2doyy = —46,850; 108/2doy, = 43,470, 
Increase r in comparison with Col. 11: ry = 1.270; ry, = 1.456. 
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TABLE 3 
Xe Xx 82 &y && &m 
i 0.506 —0.157 726.4 —1,015.3 2,632.6 — 2,712.6 
Loads on j U" —0.506 0.157 787.1 1,015.3 2,717.6 2,712.6 
ar —0.470 0.146 1,071.6 5,368.7 — 2,636.7 2,516.5 
Kg 0.470 —0.146 1,011.9 — 5,368.7 —2,715.5 —2,516.5 
My 21.6 —6.69 — 1,293 — 43,250 — 1,810 — 115,560 
M, —21.6 6.69 1,293 246,530 1,810 115,560 
b — 1082 335 64,780 6,755,000 90,700 5,789,000 
m 0 0 0 131.4605 0 100,060 
TABLE 4 
Determination of Stress Flow Distributions 
Panel (1) (2) (3) (4) (5) (6) (7) (8) (9) 
Truss pigtel 21.30 rs Jette 38,343 0.0045 i as 
UL-S1 36,896 4.39 0.051 1,171.5 1,447 0.040 mai. 9,959 494 
S1-W1 “42, 897 3.21 a 1,158.1 — 4,554 Ftc 17 3,958 610 
W1-S3 51,679 5.72 pe 2,995.7 — 13,336 Pica 254 — 4,824 847 
S3-S4 53,500 6.49 Te 3,642.0 — 15,157 santa 375 — 6,645 949 
S4-S5 53,289 6.38 Re 3,552.8 — 14,946 ae: 356 — 6,434 1,057 
S5-F1 51,171 1.09 0.051 559.5 — 12,828 0.040 45 — 4,316 1,167 
Floor 4,267 26.90 0.055 88.0 34,076 0.0166 18,817 — 879 2,085 
Fi-W2 46,904 5.48 0.051 2,363.9 — 46,904 0.040 3,014 — 3,437 —918 
W2-S7 34,898 2.86 0.051 683.0 — 34,898 0.040 871 8,569 — 597 
S7-LL 29,852 4.76 0.051 831.6 — 29,852 0.040 1,061 13,615 — 488 
One side 17,046. 1 94,400 
Two sides 34,092 .2 188,000 
(Symbol) (108/J,) (108/J;) 
Rigidity coefficient 2,933 .2 532 
(Symbol) (J,) (Ji) 
References 


Unit shear flows go in torsion bending in open section (summation of Col. 11, Table 1, from longerons to floor) (values 10® go) 


(1) 
Panel length s and thickness fp and /; in open and closed sections (for top truss, equivalent web is used). 


(2), (3), (6) 
(4) Summation for rigidity coefficient Jy (coefficients 10°go*s/ho). 
(5) gq: = 1/2Ap — qo (closed box); gi = —Qo (below floor) (shear flow under bimoment equal to Zz at station 159.3 and zero at 
station 243; Ap = Area of closed box, see Table 1) (values 10%g;). 
(7) Summation for rigidity coefficient J; (coefficients 10°g,2S/h,). 

(8) Unit shear flow qe for redistribution of bimoment equal to Z; applied at the longerons at station 100. 


(1/2doyy — go) or (1/2deyz — ge) (values 10%g2). 
(9) Unit shear flow under side bending (summation of Col. 4, Table 1, from longerons to floor) (values 10%g2). 


stress concentration in the longerons near the firewall. on Table 4, the following rigidity coefficients can be 


It is found that considered: 
Io/Io’ = 1.189 Io/Io” = 1.019 J—tedistribution of axial loads between stations 
: — ’ 1 1 stati 59.4 2). 
Example: Two redundancies X,, X,, four unit loads ’ es — mendes , (eer @) 
corresponding to accelerations g,, gy, gz, and torque cli ong between redistribution shears gq. and 
shears qo. 


2m (Ly Zm are antisymmetrical). The values of the loads 
at the longerons for unit loads are given in Table 3, 
with the corresponding moments M,, M, at top and 
bottom (MV, = y(P,y’ — Py"”)) and the bicouples  [t is found that 
b6 = Myt, + M,2,; (#, and #, from Table 1, 

Col. 8). ; Jo = 107,770 Joe = 116,461 J 03 aad — 1,608 


J.;—interaction between redistribution shears gq, and 
shears g; because of side load. 


A tabulation similar to that of Table 2 gives for shear 
Shear Stresses the terms and coefficients (Table 5), in which d is the 
arm of the load giving the torque m in respect to the 
shear center (for g,, dy = 13.1; for gm, dm = 0). The 
coefficients J” are comparable to coefficients T’; they 
are combined together 


Table 4 gives the computations for shear flow and 
the corresponding rigidity, which cannot be neglected 
in comparison with the energy under axial loads. In 
addition to the coefficients of rigidity J,, J; calculated 








r 
ANALYSIS OF 
TABLE 5 
Terms Coefficients 
X MET" XNRPAT" =... ss. 1 1 

a ee am 

eg SS, oe ae { Jol, Silo 
b, M, M,/d. 
pa 3 7,’ = — —+ = 
ne +e oe oe 

by + MeLy 

J, Lz 

T” = 0.0000226; 7,” = 230; T,,” = 267 


T = (T’/E) + (T’/G) 


10°7' = 0.00001056 10°77, = 101.2 10°7,, = 112.7 


Strain Energy Factors 


Multiplying the coefficients T by the products of the 
type 
eee 


Be; OMG + - %5 


the energy coefficients are obtained (Table 6). 


Results 


The coefficients of Table 6 being added to the coef- 
ficients of the other parts of the structure, the solution 
of the simultaneous equations in X,, X, gives the values 
of the redundant loads, and the values of the loads<at 
the four longerons are determined. At station 100, 
unit and total bicouples are of the types 


b,’ = b, + y os 4 Xb, 
B’ = b,'g. + b,’gy + b,'g, + bin’ Zm 


The bimoment at station 159.3 is B” 
B” = B’+ ML, 


and the loads in the members at station 159.3 are de- 
termined by multiplying B by Col. 11, Table 1. 

These loads vary uniformly from the values at sta- 
tion 100 (zero for stringers, applied loads for longerons) 
to the values at station 159.3, and from those values to 
zero at station 243. Shears are given by Table 7. 


APPENDIX 


APPLICATION: OF THE METHOD OF LEAST WORK TO THE 
DETERMINATION OF THE DISTRIBUTION OF STRESSES IN 
TORSION BENDING 


The problem is the following: Being given an open 
cylinder, with applied normal force Z, bending couples, 
M;, M,, and bicouple B,, determine the stress distribu- 
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TABLE 7 
Shear Flows 


Unit Load _—_ Stations 100-159.3 Stations 159.3-243 


g3 eb,’ /L; qibz'/Le 
Zy Goby’/Li + gomy qi(by’ + Limy,)/Le 
gz Qobr'/Ly qibs’/L2 
gm G2) im’ Ii + Jo m qi (bm + Limm) Ls 
da 
a 
0 ORIGIN FOR AREAS 


RIGIN FOR BIMOMENTS 
‘ORIGIN FOR MOMENTS 


Fic. 11. 


arbitrary origin, corresponding to the coordinates & 
and 7 and to the areas a. The conditions of equilibrium 
are 


j S faa =— 2 S 2fada = B. (53) 
\Sfida=—-M, JS fnda = M, | “ 
The principle of least work gives 
W = S frda 2E = Minimum (54) 


In order to obtain Eqs. (53) independent from one an- 
other (i.e., orthogonalized conditions), a change of 
orthogonal coordinates and polar areas is made. The 
coordinates (x, y) and areas A correspond to new values 
B, M,, M,, of bicouples and couples 


(a) (b) (c) (d) 
S fda = Z| f'fxda = —M,| ffyda = M,| f 2fAda= 
B (55) 
with the condition of orthogonalization between the 
terms 
YP Gow bee (b, c) 
| fxda=0 |fyda=0 | Sfxyda = 0 (56) 
| (a, d) (b, d) | (ed) fe 
| {2Ada = 0| f2Axda = 0| f2Ayda = 0| 


M,, M,, B are taken in reference to origins of coordi- 
nates and areas which satisfy the six conditions of ortho- ° 
gonalization. The first three conditions are well known: 
They determine the centroid of the section and the 
principal axes of inertia. The last two conditions de- 
termine the coordinates (x, yo) of a point 7», origin 
of the areas. Calling a the areas from a point different 
from 7», then 


tion. The moments and bimoments are taken from an 

TABLE 6 
Coefficient of xi Xp £2 &y &z &m 
EquationinX, 0? = 12.36 6.T = —3.83 6.b,T = —0.000740 6.7, = —0.1034 b.b,T = —0.001036 bTm = —0.1219 
Equation in X; b-b:T = —3.83 by?T = 1.185 byb,T = 0.000229 Ty = 0.0339 — dybeT = —0.000321 2 Tm = 0.0378 
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2A = 2a + 2ay — Koy + Yor (57) 


and condition (b, d) becomes 
S 2axda + 2a fxda — x f-xyda + yo fx*da = 0 (58) 


The second and third quantities are zero if the initial 
axes are the principal axes of inertia. Then Eq. (58) 
becomes 


yo = —S 2axda/1, (59) 
Condition (c, d) gives the second coordinate of 7) which 
shows that the origin of the areas coincides with the 
shear center (defined by Eqs. (17)). 

Condition (a, d) defines the neutral points and is 
identical to Eq. (18). As the conditions have been 
orthogonalized, the distribution can be calculated for 
each component independently of the others. If there 
are shearing forces, the moments M,, M/, must be taken 
in respect to the center of gravity, while the bimoment 
B must correspond to a torsional moment taken in re- 
spect to the center of shear 7) and the polar line 7)S. 

It is now known that if Eq. (54) is satisfied, together 
with a relationship of the type 


Sfrda = T 


lr being a given quantity and \ being a quantity at- 
tached to da, the distribution of the unknowns f is 
given by 


(60) 


f = W/S da (61) 
Thus, with the conditions of Eq. (55), in which X is 
successively 1, x, y, 2A, using the well-known constants 
total area d and principal moments of inertia J,, I,, 
and defining a constant Jo, 


In = JS (2A)*da 


the values of f for each component are defined by equa- 
tions of the type of Eq. (61). Addition of these values 
leads to Eq. (15), which is thus completely proved. 
Substituting this value of f in Eq. (54) giving the strain 
energy W, and integrating, it is found, using conditions 
of orthogonalization, Eq. (56), that 

1 (= M* . M3 =") 


2F\a. I, i, * To 


(62) 


W= (63) 
This expression generalizes the conventional formula 
of strain energy in beams by the introduction of the 
bimoment B. 

Using Eq. (51), the strain energy can be written 


W = BB,/2EIy (64) 


DEFLECTIONS IN TORSION BENDING 


In Eqs. (63) and (64), EJ) can be considered as a 
rigidity, exactly as E/, and all formulas for deflections 
hold. A bimoment corresponds to a twist, as can be 


seen by applying a couple M and calculating the twist 
@ at a point 2%, by the method of virtual work 
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© M2(z — 2)dz 
(Zo) = f = He awe 
af 20 0 


(65) 


The second derivative of Eq. (65) gives the relation- 
ship between 6, and B. Replacing % by z = L — %, 
with the conventional relations of sign between mo- 
ment and shear, it is found that 


d6,(z)/dz? = Mz/EIh) = —B(z)/EI (66) 


This relationship is similar to that existing between 
deflection and bending moment. Therefore all con- 
siderations relating deflection to bending are valid for 
torsion bending. For instance 


d0,/dz = J (Bb,/EIy)dz 


in which 6, is the bimoment caused by a unit bimoment 
applied at the point where dé/dz is computed. For a 
cantilever membrane, b = 1 and under constant bi- 
moment (no torque) 


d6,/dz = —Bz/El, 


(67 


Twists 6, can be directly calculated by the expression 


6, = JS (Bb,,/EI)dz (68) 


in which b,, is the bimoment caused by a unit couple 
applied at the point where @ is computed. 

If the distribution of shear is taken into considera- 
tion, that distribution under unit torque gives a coef- 
ficient of rigidity in torsion J,, which is different from 
the coefficient of rigidity /, in St. Venant’s twist. 
Using Eq. (16) for a unit torque M, the sheays are 


S 2Ada/Ty 


Calling h the thickness of the membrane which resists 
in shear, the coefficient J, is given by 


JSoNu'ds/hs = 1/J, 


(69) 


Nie = 


(70) 


Because of this effect, a supplementary deflection 4 
is added to the principal deflection. Between @, and / 
the relation is 


d0,/dz = M/GJ, (71 


Adding 0, and 6,, the total value of @ is found. 





a9 d% d% j §B .1dM - B_ M' 
dz? dz? dz? Ely' Gidzs Ely Gh, 
(72) 


Quantities M/’ are the couples applied per unit length. 
If the rigidity GJ, is taken into consideration, the total 
moment M must be divided in such a way that deflec- 
tions @ in torsion bending and in twist be the same. 
Calling M, the part of the moment M taken in tor- 
sion bending, it is found, by derivation of Eq. (72) 


d59/dz* = —(M,/EIy) + (d2M,/ds*)(1/GJr) 








o) 


n- 
Z0, 


6) 


-n 


Or 


—™N 
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TABLE 8 


Location of the Axis of Rotation 





Load Condition 
Membrane 
Condition 
No end load 
Axial thrust 
Bending couple 


No torque or bimoment 


Uniform torsion 


Indetermined axis 

Axis at center of gravity 

Axis at infinity in a definite di- 
rection 

Axis on line of action of thrust 


General thrust 


and, for pure twist 
dé/dz = (M — M,)/GJ, 


By elimination of M, between the two relations above, 
the differential equation for twist becomes 


J,\ d0 dé EI, d*M 
EI. (1 2 -~— GJ,— = —-M+—=— — 
‘ $ J,/ dz* ‘dz - GJ, dz? 


(fe 


If 1/Jy is neglected Eq. (73) simplifies to the conven- 
tional equation for torsion bending. For thin sections, 
J, is negligible and Eq. (72) can be applied in the form 
d*9 EIy d*M 


M + 


mF" 74 
dz? GJ, dz (74) 


EI, 
For thicker sections, J) must be corrected, as indicated 
in references 1, 2 and 3. It is to be noted that 7 must 
be constant between bulkheads, since shears must re- 
main constant. Thus, all the expressions above, in 
which derivatives of M are taken, presuppose a uniform 
distribution of rigid frames. This is in contradiction 
with the hypotheses of the membrane theory. This 
contradiction does not affect the results relative to the 
distribution under bending or torsion bending, and is 
necessary for the solution of problems related with 
general instability. If local instability is taken into 
consideration, the expressions must be revised. If a 
structure with a definite number of frames is taken into 
consideration, between two frames M is constant, and 
Eq. (66) must be used. At a frame there is a discon- 
tinuity 6 in the slope of twist d6/dz (6M, applied local 
couple) 


5(d0/dz) = 6M/GJ, (75) 


Combined, Eqs. (66) and (75) solve the general prob- 
lem of torsion bending for thin membranes with frames. 
Combined, Eqs. (72) and (75) solve the same problem 
when distributed loads are applied, together with con- 
centrated loads on frames. 





Axis at center of rotation 


Applied torque or bimoment 


Nonuniform torsion Combined torsion 
Axis at shear center Indetermined axis 
Axis at shear center _< on the line 
Axis at center of rotation (Eq. 49) connecting points 


( defined on left 


LOCATION OF THE AXIS OF ROTATION IN TORSION AND 
COMBINED LOADING FOR OPEN MEMBRANES 


Some misunderstandings have often occurred rela- 
tive to the location of the axis of rotation in torsion. 
The following points summarize the problem: 

1. In the absence of torque or bimoment, the axis 
of rotation giving a uniform torsion is indetermined and 
has no relationship with the shear center or the center 
of gravity. An applied thrust defines the axis of rota- 
tion which must be along the line of application of the 
thrust. Otherwise, the line of application of the thrust 
becomes a helix, and nonuniform torsion appears. 

2. With torque or bimoment, the axis of rotation 
coincides with the line of centers of rotation defined by 
Eqs. (48) and (49), provided there is no uniform tor- 
sion added to the nonuniform torsion due to bimo- 
ment. 

3. In superposed uniform and nonuniform torsion, 
the center of rotation is on the line between the centers 
of rotation in (2) and (1), above. The results can be 
tabulated as shown in Table 8. 
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Contracting Cones Giving Uniform Throat 
Speeds’ 


RICHARD H. SMITH? ano CHI-TEH WANG? 
Massachusetts Institute of Technology 


SYNOPSIS 


A difficult problem in fluid mechanics which comes up fre- 
quently, especially in the design of venturi meters and wind tun- 
nels, is to find the geometric form of contracting cones having 
uniform flow speeds at the throat. The solution given in this re- 
port** makes use of the exact analogy between the magnetic 
field that is created by two coaxial and parallel coils carrying 
electrical current and the velocity field that is created by two cor- 
responding ring vortices. The high uniformity of the magnetic 
field over a core area when the coils are suitably arranged is well 
known. A corresponding uniformity of the velocity field over 
the same core area is here obtained by simply translating the 
electromagnetic solution into an aerodynamic one and by choos- 
ing one of the stream surfaces as a flow boundary. The geo- 
metric form of the stream surfaces is found without difficulty. A 
family of these contracting cones is developed, the inner eight of 
which give throat speed distributions that are uniform theoreti- 
cally within a fifth of 1 per cent. The distributions become less 
uniform for the outer cones, but variations from uniformity are 
still less than 1 per cent even for the outermost one. Essentially, 
the same throat uniformities will occur in the case of real air- 
flows, provided the upstream flow is uniform and the downstream, 
or diffuser, flow does not separate. 


THEORY 


Pyeng A NONVISCOUS INCOMPRESSIBLE FLUID en- 
closed within a fixed boundary surface S (Fig. 
1). Let the vorticity ¢ be given everywhere at some 
instant of time. 

Take any points P and Q within the fluid and let 
qr and gq be the velocities at P and Q, respectively. 
Then, by reference 3: 


gp =V X op (1) 


%) 


where V = iz >i = + zo and oP is the vector 


potential at P defined by 
gp = (1/44) V X.S,(ge/r)dv (2) 
In Eq. (2), r is the distance PQ, where P is fixed, and 
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the integration is taken through the volume V, which is 
enclosed by S. 


Extend the boundary surface S to infinity. It is 
shown in reference 4 that 
gp = (1/41) Sy (Fo/r)dV (3) 
and that 
gr = (1/40) S.(fo X 7/r*)dV (4) 


Consider now an infinite domain where the vorticity 
is concentrated on a vortex filament and is zero else- 
where. The strength of a vortex filament may be de- 


fined as 
iy =. ¢ . de (5) 

where I is the circulation and do is the cross-sectional 
area of the filament. Since, by definition, the direction 
of the vorticity is the same as the direction of the ele- 
ment of the vortex filament, the direction of the vector 
potential ¢ is in this direction also. By Eqs. (4) and 
(5) 
gp = (1, 4m) Sy (So/r*) X rda ds 

= (1/44) fil(s X r/r*)ds (6) 
where the integration C is taken along the vortex fila- 
ment. From Eq. (6) it is seen that the velocity induced 
by a vortex element can be defined as 

dgp = (I'/4x)(s X 1/r*)ds (7) 


The rate of outflow through a circle C, Fig. 2, can be 
expressed in terms of the vector potential as follows: 
If we close over the circle by a surface S, the flux across 


So m: 


AS 
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Som + (VX o)dS 
S(m X V) + edS (8) 
See * sds 


Sn . ga = 


II 


II 


where the right-hand integration is taken around the 
circle C. The last step is obtained by the use of Stoke’s 
theorem. 

A stream function can always be defined for axisym- 
metrical incompressible flows. Take an arbitrary 
point P, Fig. 2, whose cylindrical coordinates are (7,, 
0, 2p). If we close over the circle r = r, by any surface 
and denote the flux across the surface by 2p, then 
Wp is called the Stoke’s stream function for the point P. 
Consider the vortex ring whose core is C, Fig. 2. Since 
y is tangent to the vortex ring and has the same mag- 
nitude » at every point on the circle because of sym- 
metry, Eq. (8) becomes: 


Flux = fie - sds = 2rre (9) 
Therefore, by definition 
y=rp (10) 


Let IT’ be the strength of the ring vortex, let a be the 
radius of its core, and let the C circle be normal to the z 
axis centered at A, a distance 5 from the origin. Then 
the element of arc at Q is ad@ and the vorticity vector 
at Q is tangent to C. Expressing ¢ at Q in terms of its 
components along x and y, which are perpendicular and 
parallel, respectively, to the meridian plane, 


t = 7¢ cos @ — at sin 6 (11) 


where 7 and j are unit vectors parallel to x and y, 
respectively. 
Following Eq. (3) 


ep= 1/49 50 de ds = a cos g-% sin @ a 
vr 4nrJo PQ 





where 
PQ? = (z — b)? + a? + r? — 2ar cos 8 


Upon performing the integration, the coefficient of i 
vanishes. The magnitude of g is therefore the coef- 
ficient of j, and the stream function becomes 


¥ = (['/4r)ra f™ cos 6d0/PQ (12) 


After some transforming, 
POC? = [(a + r)? + (2 — b)*][1 — k* cos? (6/2) ] 
where, 
k* = 4ar/[(a + r)*? + (2 — 5)?] 
Then, 


T ar 2m cos 6d6 





y = Pray a = r arr wel ; 
4n V (a+r)? + (g — b)2Jo V1 — k* cos? (0/2) 
By the relation cos 6 = 2 cos? (6/2) — 1 and after cer- 


tain transformations, 


r ar 
4r V(a +r)? + (s — 0)? 


oe" /- 
et ii 
(: * 2) f da | 
R? 0 V1 — k cos? a 
rs Ay eed a) 


where K and E are the complete elliptical integrals of 
the first and second kind, respectively. Letting R = 
r/a,Z = 2/aand B = b/a, 


al VEF( 4 : | 
= -—— 1 — K-E (14) 
v x k 2 


4R 


(1 + R)? + (Z — B)? 


— k?cos?ada + 
rT 


and 


It is evident from the above derivation that the 
stream function due to several vortex rings can be ob- 
tained by simple arithmetic addition. 


ELECTROMAGNETIC ANALOGY 


The magnetic field intensity at a field point P, Fig. 
2, induced by an element ds of a conductor carrying 
electrical current at Q is given by the Biot and Savart 
Law’ as 


dHp = (I/4r)(s X r/r*)ds (15) 
where 


H, = field intensity at P : 


I = total electrical current carried by the conduc- 
tor 

$ = unit vector in the direction of the current 
element ds 

y = vector distance of PO, r being its magni- 
tude. 


It is evident that Eqs. (7) and (15) are exactly anal- 
ogous, with dH, corresponding to dg, and J correspond- 
ing tol’. In this analogy a vortex filament corresponds 
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to a circuit of electric current and the field velocity to 
a field of magnetic force. Certain electromagnetic 
phenomena, therefore, will be paired with exactly cor- 
responding aerodynamic phenomena in the analogous 
vortex motion in ideal fluids. 

It is well known® that a pair of Helmholtz coils pro- 
duces a magnetic field of uniform intensity over a core 
area in the neighborhood of the magnetic axis and in 
the common median plane. Shaw’ has shown theoret- 
ically that a uniform field intensity at any desired 
point off the axis can be secured by reducing the Helm- 
holtz separation. It has been calculated and verified 
experimentally® that a pair of circular coils of 30.776 
cm. radius and separated a distance of 14.445 cm. pro- 
duce a field intensity in the median plane which is uni- 
form to within one part in 500 over a core area of radius 
13 cm. 

It follows from these last studies that a pair of equal 
vortex rings separated by a distance 14.445/30.776 = 
0.46936 radius will give a velocity distribution over a 
core area of 13/30.776 = 0.42241 radius, in the median 
plane between the rings, which will likewise be uniform 
to within one part in 500. One only needs to build a 
boundary that follows the shape of one of the stream 
surfaces inside the core to obtain contracting cones whose 
velocity distribution over the throat section is uniform 
within the same precision. 


DESIGN OF CONTRACTING CONES TO GIVE UNIFORM 
VELOCITY AT THE THROAT 


Before the design of a venturi tube or a wind tunnel 
having uniform throat speeds is discussed, the principle 
according to which different flows can be pieced to- 
gether may be mentioned. Consider Fig. 3, where 
tubes in (a) and (b) give the same velocity distributions 
across the sections C-C and C’—C’. Then from bound- 
ary value considerations it is evident that there will be 
the same velocity distribution at section C’—C” if we 
let the portion of tube A at the left side of C—C be con- 
nected to the portion of tube B’ at the right side of 
section C’—C’. 

These principles can be utilized in the design of a 
venturi tube or a wind tunnel in the following way: 
Let the contracting cone follow one of the inner stream 
surfaces produced by the two ring vortices up to the 
median plane. Let it be joined there by a straight 
tube which, in the case of a wind tunnel, will be the 
test section. Finally, let there follow a divergent cone 
of some convenient design. It would seem at first that 
the divergent cone should also follow another appro- 
priate stream surface chosen from the same family. 
However, to escape separation everywhere a cone of 
this type would generally have to be much longer than 
space limitations would permit. Therefore, in practice 
the usual straight line diffuser cone is preferable. The 
combination is shown in Fig. 4. 
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CONSTRUCTION OF THE CONTRACTING CONES 


When there are two vortex rings of equal core radii, 
a, and with centers at (0, 6) and (0, —d), respectively 
(Fig. 5), the stream function at a point P(r, 2) is, from 
Eq. (14): 
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where 
fee 4R 
* (1+ R)?+ (Z — B)? 
ud 4R 


(1 +R)? + (Z +B) 
and where K,, E; correspond to argument k; and Ko, 
E, correspond to kp. 

The problem is now to find the stream cones which 
are given by ¥ = constant. This can be done graphi- 
cally as follows: 

(1) Tabulate k,? and k,* for many values of R and Z. 

(2) Find M,/+/Ra and M,2/+/Ra from tables in 
reference 9 where 


M 1 ( 4 M ] 
~ Set? = — ee 
/ Ra sr il 9 ” 


(3) Since the numerical values of T and a are ir- 
relevant in finding the y = constant lines, we can as- 
sume T'a/r = 8x. Then find y by 


v= VRU(Mi/V Ra) + (M2/VRa)] 


(4) Plot y against Z for constant R’s and read off 
the (Z, R) coordinates for constant values of y. The 
stream cones can then be plotted. 





(16) 


SAMPLE CALCULATIONS 


The values of ¥, Eq. (16), are computed for many 
values of R and Z. 
For example, for R = 0.38 and Z = 0.2 


ky? = 4R/[(1 + R)? + (Z — B)?] 


(4)(0.38)/[(1 + 0.38)? + (0.2 — 0.46936)2] 
0.768857 


II 


ko? = 4R/((1 + R)? + (Z + B)?*] 
= (4)(0.38)/[(1 + 0.38)? + (0.2 + 0.46936)?] 
= 0.646138 
Values of M,/+/Ra and M2/+/ Ra, corresponding to 


the arguments k,’ and k2* are found from tables in ref- 
erence 9 by interpolation. 


4.30351 
2.59100 


M,/V Ra = 
M. \/ Ra = 
and 
+ (M2/V/Ra)] 
+ 2.59100) 


< 
II 


V RI(M,/V Ra) 
= 0.616441(4.30551 
4.25006 


Values of y to six significant places have been com- 
puted in this way for 0.1 increments of Z over the useful 
range, which required from 10 to 16 values, and for 34 
different values of R ranging from 0.28 to 1.40. This 
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Fic. 6. Precision of uniformity of throat speed: a to h 


within 0.2 per cent; 7 within 0.4 per cent; 7 within 0.6 per cent; 
k within 0.9 per cent; ] within 1 per cent. 


table can be secured if needed from the Department of 
Aeronautical Engineering at M.I.T. 


RESULTS 


The values of ¥ so found were plotted to large scale 
against Z for constant R’s for accurate reading. Then 
values of (R, Z), which give the geometric form of the 
stream surfaces, were read from the curves Y = con- 
stant. The cone forms so found are plotted in Fig. 6. 
The degree of uniformity of the speed at the throat sec- 
tions of the various cone forms is noted in the figure. 
Finally, the coordinates (R, Z), from which Fig. 6 
was drawn, are given in Table 1. 


APPLICATION TO AIRFLOWS 


The behavior of these cones when used for contract- 
ing real airflows is the same as their theoretical behavior, 
for all practical purposes, provided the velocity of the 
upstream flow is fairly uniform over a normal section 
and provided the flow is not allowed to separate in the 
diffuser. Uniformity of the oncoming flow is often dif- 
ficult to achieve in practice. Fortunately, any nonuni- 
formity in the upstream flow is greatly reduced by the 
contraction and is a minimum at the throat.’ Separa- 
tion of real flows is impossible in the contracting cone 
and the throat because of the falling pressure gradient 
and the natural stream form of the surface. On the 
other hand, flow separation can hardly be avoided in 
the diffuser. Its effect on the uniformity of the throat 
flow, however, can be made negligibly small by keeping 
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- TABLE 1 
Coordinates of Stream Cone Sections 
Ne Re ee ee oer ee Ce oe a ee —_ a eee ee 
Z a b c d e b i g h t j k l 
0.0 0.280 0.300 0.320 0.340 0.360 0.380 0.400 0.420 0.440 0.460 0.480 0.500 
0.1 0.280 0.300 0.320 0.340 0.360 0.380 0.400 0.420 0.440 0.460 0.480 0.500 
0.2 0.280 0.300 0.320 0.340 0.360 0.380 0.400 0.420 0.440 0.460 0.480 0.500 
0.3 0.282 0.302 0.322 0.342 0.362 0.382 0.402 0.422 0.440 0.460 0.480 0.500 
0.4 0.284 0.304 0.324 0.344 0.364 0.384 0.404 0.424 0.442 0.461 0.480 0.500 
0.5 0.289 0.309 0.329 0.349 0.369 0.389 0.409 0.429 0.450 0.464 0.488 0.506 
0.6 0.298 0.318 0.338 0.358 0.381 0.401 0.421 0.442 0.462 0.482 0.502 0.522 
0.7 0.310 0.330 0.352 0.375 0.396 0.418 0.448 0.461 0.482 0.504 0.525 0.547 
0.8 0.317 0.339 0.360 0.383 0.406 0.429 0.450 0.474 0.511 0.534 0.556 0.581 
0.9 0.345 0.370 0.394 0.419 0.445 0.469 0.496 0.519 0.547 0.571 0.598 0.626 
1.0 0.369 0.396 0.422 0.450 0.478 0.505 0.531 0.561 0.590 0.619 0.650 0.681 
‘3 0.397 0.426 0.455 0.484 0.516 0.546 0.577 0.610 0.644 0.676 0.712 0.75 
1.2 0.428 0.460 0.492 0.526 0.557 0.594 0.631 0.665 0.704 0.743 0.785 0.830 
3 0.464 0.499 0.533 0.572 0.606 0.648 0.687 0.730 0.774 0.817 0.870 0.922 
1.4 0.502 0.541 0.579 0.622 0.664 0.708 0.753 0.802 0.853 0.907 0.967 1.032 
1.5 0.543 0. 586 0.630 0.676 0.724 0.775 0.827 0. 883 0.940 1.008 1.078 1.160 
1.6 0.588 0.636 0.684 0.736 0.790 0.846 0.905 0.970 1.037 1.115 1.197 1.294 
| 0.635 0.689 0.742 0.800 0.860 0.921 0.989 1.064 1.144 1.237 1.330 
1.8 0.685 0.744 0.804 0. 866 0.935 1.005 1.082 1.168 1.265 1.370 
1.9 0.738 0.803 0.868 0.938 1.014 1.093 1.182 1.280 1.396 
2.0 0.793 0.865 0.936 1.016 1.100 1.190 1.290 1.405 
2.1 0.852 0.930 1.009 1.096 1.190 1.292 1.406 
2.2 0.915 0.997 1.084 1.180 1.286 1.401 
z.3 0.979 1.069 1.164 1.269 1.386 
2.4 1.046 1.144 1.246 1.364 
3.5 1.116 1.222 1.22] 
4 Thid., p. 490. 


the local double divergent angle of the diffuser surface 
everywhere below 6°.'! 

A precise application of these contracting cones to 
real fluid flows would require that their surfaces be 
swollen by normal displacements equal everywhere to 
the displacement thickness of the local boundary layer. 
In practice, however, the displacement thickness of 
the boundary layer over the contracting cone surface is 
negligibly small and tends, furthermore, to be uniform. 
Normally, no appreciable error is made in neglecting it. 
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Aero-Elastic Instability in Unbalanced Lifting 


Rotor 


Blades 


REINHARDT ROSENBERG* 
Bell Aircraft Corporation 


SUMMARY 


Lifting rotor blades, which are unbalanced (tail heavy) about 
the quarter chord, are subject to flutter. Because of the action 
of the centrifugal force, additional energies which do not occur 
in the flutter analysis of fixed wings must be considered when the 
equations of motion are written. The equations of motion, their 
solution, and three-dimensional expressions for the elements of 
the stability determinant are derived. The treatment of the air 
forces is similar to that given by Smilg and Wasserman’ as derivéd 
from the works of Theodorsen! and Kiissner.2 The fact, un- 
familiar in classical flutter theory, is developed that the me- 
chanical terms of the determinant elements as well as the aero- 
dynamic terms, are functions of the reduced frequency. In 
addition, a labor-saving two-dimensional approach is indicated. 
In conclusion, expressions are derived from which the speed of 
torsional divergence can be determined. 

The treatment of the subject is classical; it rests on standard 
methods in dynamics and is in part based on the development 
of other investigators, most of whom are mentioned in the list 
of references. 


INTRODUCTION 


5 how BLADES OF LIFTING ROTORS are airfoils in an air 
stream. Therefore, they are susceptible to flutter 
if they have tail-heavy unbalance about the quarter 
chord line. 

Neither the critical flutter speed nor the flutter mode 
can be predicted by applying without modification the 
methods of flutter analysis which were developed for 
fixed wings. An analysis of this instability in rotary 
wings is more tedious than that of fixed wings because 
of several factors: (a) the air velocity varies over the 
span; (b) new forces which are functions of the rota- 
tional speed must be considered; (c) the restoring 
forces, i.e., the frequencies in bending and torsion vary 
with rotational speed. 

In the present paper the mechanism of this ‘in- 
stability is treated and three-dimensional methods are 
developed which permit (within the limits of the as- 
sumptions) the determination of the critical speed and 
of the flutter mode. 

The air forces are those developed by Theodorsen,' 
Kiissner,? and others*»4 for the oscillating airfoil of 
infinite span. These are applicable to lifting rotor 
blades only in flight without side wind, i.e., in hovering, 
climb, and descent. The development presented here 
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is, therefore, restricted to the named conditions of 
flight. 

The treatment of the problem is classical, i.e., the 
equations of motion are developed, and these are 
solved with the aid of the assumptions of harmonic 
motion and of complete linearity. Some of the ma- 
terial presented in this paper may be found elsewhere 
in the literature. It has not been given here with the 
intent of claiming originality but rather to make, at 
least, the treatment of the mechanical forces self- 
contained. 


NOMENCLATURE 


The nomenclature deviates from that common in flutter 
analysis. It incorporates ideas of many workers and was 
chosen: (a) so as to permit later additions without the necessity 
of revisions, (b) so as to be consistent with mathematical opera 
tions and physical concepts and, (c) so as to permit application 
to the widest possible variety of flutter modes and structures. 


dK /dy = oscillatory aerodynamic lift per unit span in 
pounds per foot 

dM/dy = oscillatory aerodynamic torque per unit span 
about the elastic axis in lb.-ft. per ft. 

RK, = —(V/bw)*k, 

Kp = —(V/bw)*k, | Defined in reference 5 as Ly, La, 

M, = —(V/bw)?m, M;,, and M,, respectively 

Ms, = —(V/bw)*m, 

ka, Ry, 


Mq, M, are coefficients in the aerodynamic forces and are 
defined by Kiissner? 


V = velocity in ft. per sec. 

Vez = linear flutter velocity in ft. per sec. 

A = bending displacement of elastic axis in feet 
perpendicular to the air stream (positive when 
down) 

B = torsional displacement in radians (positive for 
increasing angle of attack) 

w = flutter frequency in radians per sec. 

p = density of air in slugs per cu.ft. 

dm/dy = mass per unit span in slugs per ft. 

dS,/dy = static mass moment per unit span about the 
elastic axis in slug-feet per ft. 

dI,/dy = mass moment of inertia per unit span about the 
elastic axis in slug-(feet)? per foot 

w = elemental mass of unit span in slugs per (ft.)? 
per ft. 

b = half chord in feet 

br = distance of w from elastic axis in feet 

bx, = distance between elastic axis and center of gravity 


in feet (positive when elastic axis is forward of 
center of gravity) 

br; = radius of gyration about elastic axis in feet 

ba = distance of elastic axis from mid-chord point in 
feet (positive when elastic axis is aft of mid- 
chord point) 
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(dC/dy), = centrifugal force per unit span in lbs. per ft. 

(dC/dy), = component of centrifugal force normal to span 
per unit span in Ibs. per ft. 

= natural ‘‘uncoupled” frequency of rotor in bend- 


Ww) = 
ing in radians per sec. 

wg = natural ‘‘uncoupled” frequency of rotor in torsion - 
in radians per sec. 

dC,/dy = bending stiffness per unit span in lbs. per sq.ft. 

dC./dy = torsional stiffness per unit span in lb.-ft. per 
radian per ft. 

Crr = coefficient of torsional rigidity in pound-(ft.)? per 
radian 

fi = bending vibration deflection in terms of tip 
deflection as a function of y 

ta = torsional vibration deflection in terms of tip 
deflection as a function of y 

2n = damping coefficient in the m-degree of freedom 

Mp = value of m at the rotor blade root 

mr = value of m at the rotor blade tip 

m(y) = mas a function of y 

v = angular velocity of rotor in radians per sec. 

N = angular velocity of rotor in r.p.m. 

L = distance from center of rotation to blade tip in 
feet 

L;-Lo = distance from blade root to blade tip in feet 

j = vi 


Positive forces oppose positive displacements and velocities. 


THE CENTRIFUGAL FORCE 


Let a rotor blade oscillate in flutter; then a change 
in angle of attack will cause a change in lift and a 
resulting translatory motion of the elastic axis of A 
feet, as shown in Fig. 1. Now consider an elemental 
mass of the unit span w such that 


SS wdxdz = dm/dy 
If the rotor spins with an angular velocity v the 
centrifugal force on w 
(dC/dy), = wyv? (1) 
The component of the centrifugal force normal to 
the span 
(dC/dy), = wyv? sin dé 
which, for small values of d#, becomes 


(dC/dy), = wyv*dé (2) 
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Fic. 1. Blade configuration. Positive deflections are shown, 
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It is self-evident that 

(dC/dy),, « d6 
From Hooke’s law it follows that 

d@ « — dK/dy 
Therefore, 

(dC), «— dK 


or, expressed in words, the component of the centrifugal 
force which opposes translatory deflection is opposite 
in direction to, and varies as, the oscillatory aero- 
dynamic lift. 

Eq. (2) will now be put into a form more useful in 
flutter computations. The translatory displacement of 
the elemental mass w is (A + 7B) and dé is approxi- 
mately given by 

d@ = (A + rB)/y 


The above expression for d@ is identically true only 
for blades which are hinged at the root and whose 
translatory deflection is caused entirely by motion in 
the hinge. For blades which deflect elastically (as 
shown in Fig. 1) and which are fixed at the root this 
expression is an approximation similar to the so-called 
“semi-rigid’’ wing theory used with good results by 
many British investigators. The error involved is 
conservative and is seen to be small if the magnitude of 
the actual component of the centrifugal force is com- 
pared with the assumed one as shown in Fig. 2. 
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Fic. 2. Approximation of vertical component of centrifugal force 
for blades fixed at the root. 





Substituting the above expression for dé in Eq. (2) 


(dC/dy)_ = wv(A + rB) (3) 
When the integration { { wdxdz is carried out 
72 72 
(*<) ins dm Lay dS; oh B (4) 
dy/, dy y* dy y° 


where 
dS,/dy = (dm/dy)x, 
V2/y? = yp? 
Eq. (4) evaluates the normal component of the 
centrifugal force per unit span acting on a spinning 


rotor blade. This same force, also, exerts a moment 
about the elastic axis. This moment is, obviously, 


equal to 
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(dM/dy), = w(V?/y*)r(A + rB) 
When the integration { /wdxdz is carried out 


[ae - SP4 Se (5) 
dytc dy y* dy y° 

Eq. (5) evaluates the moment per unit span which 
the vertical component of the centrifugal force exerts 
about the elastic axis. From Eq. (5) it appears that, 
when the elastic axis and the center of gravity coincide, 
there is still a moment equal to (dl,/dy)(V?/y*)B 
because of the centrifugal force which tends to produce 
wash-out at the blade tip. Since the centrifugal force 
acts on the center of gravity, it is, perhaps, difficult 
to see how it can have a moment about the elastic axis 
when the center of gravity and the elastic axis coincide. 
This apparent inconsistency is cleared up when an 
angular deflection about the elastic axis is assumed. 
In that case restoring moments in the same direction 
exist on either side of the elastic axis as shown in Fig. 3. 


is], 
] 
vs Le x | 
al > 

————= ——. - —— == 

| | 

/14§). 

a b 


Fic. 3. Moment tending to produce washout when elastic axis 
and center of gravity coincide. 


The sum of these moments is, clearly, not equal to zero 
and produces wash-out. 


THE INERTIA FORCE 


The inertia force exerted by the elemental mass is 
its mass times its acceleration. The deflection has been 
shown to be (A + rB). Therefore, the inertia force 


d.F.)/dy = w(A + rB) 
When the integration {° { wdxdz is carried out 
d(I.F.)/dy = (dm/dy)A + (dS,/dy)B (6) 
Eq. (6) evaluates the inertia force per unit span 
acting on the rotor blade. 


The elemental mass w also exerts an inertia couple 
about the elastic axis. This moment is 


d(I.C.)/dy = wr(A + rB) 
When the integration { /wdxdz is carried out 
d(I.C.)/dy = (dS,/dy)A + (dl,/dy)B (7) 
Eq. (7) evaluates the inertia couple per unit span 
acting on the rotor blade. 


THE RESTORING FORCE 


The restoring force in bending is familiar (from the 
common differential equation of motion of a vibrating 
system) as kx. Since the bending stiffness is dC,/dy 


and the deflection is A, the restoring spring force is 
(dC,/dy)A. This force is, however, augmented by 
damping. Theodorsen® has introduced damping in 
the form of a new force which is proportional to the 
elastic force (say, it is g, times the elastic force) and 
which lags the displacement by 90°, i.e., it is a coeffi- 
cient of the velocity. The damping force in bending 
is, therefore, gi(dC,/dy)jA, and the total restoring 
force per unit span 


d(R.F.)/dy = (dC,/dy)(1 + jgi)A (8) 


In the twisting degree of freedom there is a restoring 
couple whose value is 


d(R.C.)/dy = (dC,/dy)(1 + jg2)B (9) 


and it is derived in a similar manner as Eq. (8). 


EQUATIONS OF MOTION 


For equilibrium the sum of the forces normal to the 
span must equal zero, or 
dm V? 


dyy> dy y? 

dC. ; dK 

—(1 + jz)A +—=0 (10a) 
dy dy 


dS, V? 


_m, _ 
dy dy 


and the sum of the moments about the elastic axis 
must equal zero, or 

ds; 4 di, .. dS; V2 dI, V? 
dy y= = dy y? 


d a dM 
~~ (1 + jg)B + — =0 (10b) 
dy dy 





dy — ~ dy 


In order to solve these differential equations it is 
convenient to assume harmonic motion, or 


A = Age™ 


B = Bye''**s) f (tia) 
where ¢, = phase angle between A and B. 
From Eqs. (lla) it follows that 
A = —w°A 
et, “on 
Furthermore, the spring stiffnesses 
dC,/dy = (w)?(dm/dy) (1e) 
dC,/dy = (w2)*(dI,/dy) 


Substituting Eqs. (11) into the differential equations 
of motion, these become 


dm 2A 4 SS op _ dm V? _ aS, V? -_ 
dy dy dy y? dy y’ 
dm i dK 
(w;)? — (1 + jx)JA + — =0 (12a) 
dy dy 


and 
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d dl dS; V? dI, V? 
Oo eS eA ee 
dy dy dy y° dy y? 


dI dM 
(we)? — (1 + jg)B + — = 0 (12b) 
dy dy 


Multiplying throughout by (1/w?)dy and taking like 
terms together 


af -()-(@)o sma} 


asi ot (“)"|s 4.9% _ 9 (13a) 
yo w? 
and 


as| 1 ca (“)'|4 44h, xX 
ya 


2 N\3 ] 
b-(- Cyera)er tae 
yuo w w 

Some algebraic manipulations are required for the 
final form of the equations. These are obvious when 


Eqs. (14a) and (14b) are compared with Eqs. (13a) 
and (13b). 


m y re = a J81 
as,| -?\(E) fs + wf (te) 
y} \bw w? 
and 


sl-(Oh+#h-OW 


(2)'a+ sm [b+ =0 ca 
w ® 


(13b) 


Eqs. (14) do not show immediately the increase in 
bending and torsional frequencies with rotational 
speed. That the frequencies do change with rotational 
speed may be visualized as follows: 

In fixed wings the elastic force in bending is defined 
as 

(w,)*dm = dQ, 

Eq. (13a) shows that the bending stiffness may be 

considered increased by the (V/y)? term, or 


dm(V/y)? + (w)*dm = stiffness 


from which it follows (when (V/y)? is replaced by v?) 
that the blade bending frequency in flight 


a: = V2 + (a)? > Vw)? 


It can be shown similarly that the blade torsional 
frequency in flight 


wn! = Vo? + (w)? > V (ws)? 


This paper assumes that the aerodynamic terms in 
Eqs. (14) are identical with those which act on the 
fixed oscillating wing. This assumption is based on 
the fact that, in both cases, the distance between the 





JOURNAL OF ‘THE AERONAUTICAL SCIENCES—OCTOBER, 1944 


wing (or rotor) tip and a shed vortex increases with 
time. Furthermore, in both cases, the airflow is normal 
to the span when the lifting rotor analysis is restricted 
to the flight conditions of hovering, climb, and 
descent. 

Analytical expressions for the aerodynamic terms in 
Eqs. (14) may be found in references 1 and 2. It will 
suffice here to state that each contains (for the degrees 
of freedom of the case at hand) only terms which are 
either linear in A or B. The coefficients of these 
variables are functions of the reduced wave length 
V/bw and of the lift vector (F + jG). 

Eqs. (14) are, therefore, linear, homogeneous equa- 
tions in A and B. It is necessary and sufficient for 
the existence of a nontrivial solution that the determi- 
nant of their coefficients vanish. 


STABILITY DETERMINANT 
Let Eqs. (14) be equal to 
dVyA + dVy~B = 0 (15a) 
and 
dVy3A + dVxB = 0 (15b) 
where 
BVinn = Minn + dAmn 


Then, the component parts of the determinant elements 
are 


dM, = am] _ Ge] (3) + ies | = 
We Ww 
b ™\ 2 
dm ( 7 ba) (16a) 
y bw 


dM = dS; =~ dS,(b, ‘y)?(V/ bw)? (16b) 
dMy = dS, — dS,(b/y)?( V/bw)? 


we\2 b\2/V\2 
dMxy = dij 1—{(— igo) | — dl, | - — 
= at] 1 (Z)'a-+ie) J- an) (i) 


(16c) 


(16d) 
dAy = wpb*K 4 (17a) 
dA = mpb*[Kz — (3/2 + a)Ka} (17b) 


dAg = mpb*['/, — (1/2 + a)Ka] (17) 


dA» = rpb*[Mz — (1/2 + a)Kz — (3/2 + @)!/2 + 
(1/2 + @)?K,4] (17d) 


Eqs. (16) demonstrate the dependence of the me- 
chanical terms on the reduced frequency. This phenom- 


‘enon which is an immediate consequence of the 


variation of centrifugal force with speed is new in 
flutter theory. Eqs. (17) are the same as those of 
classical flutter theory. 

For those who prefer this treatment, the determinant 
elements are given below in their nondimensional form, 
and in the nomenclature introduced by Theodorsen.* 
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2 1 B 
adMy = E - 3 ej (i + ied | nee (18a) 
Ki Wa} \w yx k 


x, X_ O 
lee: peers. Py ae 18b 
dM 5 (18b) 
oe. &% 8 
EMig.20: 58 tee me (18¢) 
ec fe 
2 2 b? 
iMz = ro " (2) el + ite | — 72 = (184) 
w Kk? 
dAy = Aw (19a) 
dAy = Aca (19b) 
dAn = Ag (19c) 
dAxw2 = Aga (19d) 


THREE-DIMENSIONAL APPROACH 


The development presented above describes the 
three-dimensional case when the time rate of change 
of energy vanishes, i.e., when the magnitude of the 
amplitude of oscillation does not vary with time. 
This condition can be satisfied numerically only if the 
deflection curves in flight of those uncoupled modes 
are known which participate in the flutter mode. It 
has been quite generally accepted®”*%* that these 
deflection curves are sufficiently similar to those excit- 
able on the ground that the substitution of one by the 
other is permissible. 

Let the sum of all forces acting in the bending degree 
of freedom per unit span be dF’ and the sum of all 
moments in the twisting degree of freedom per unit 
span be dM’. Then, the equations of motion become 
three-dimensional if 


A = Av fie 

B By fet” 

Ex = jwAr Si fidF’ = 0 
Ex = joBo Si fadM’ = 0 


where Ez, = energy in the bending degree of freedom 
E;, = energy in the torsional degree of freedom 
Substituting Eqs. (20) in Eqs. (10), linearized equa- 
tions of motion in A and B are obtained whose coeffi- 
cients are Ving = Minn + Amn and 


@1\2 /we\2 Ls 
My = E —_ os =) (1 +ie)| f fi’dm = 
We hed Lo 
6 /b\2 /V\2 
% (5) i) fi*dm (21a) 


Ms= [" npas— [° (ZV (FY fas, er) 

a= fr ntds:— f° (5) (jo) ads © 

Mn = f "epee = J z (-) (;,)' af (21c) 
Lo Lo 5 bw 


(20) 


Wo \ 2 *Ls 
Mo = E oa (*) (1 + ies) | I fe*dl, = 
Ww Le 
Ls b 2 V 2 
4 (5) ts) frdl, (214) 
le y bw 


An = 10 Ji!K4b*f2dy (22a) 
Ay = mp Si[Ke — (1/2 + a)Kalbfifedy (22b) 
An = mo Si ['/2 — (/2 + a)Kylb*fpfidy  (22c) 


Ag = mp Ji [Mg — (3/2 + a)Ke — (1/2 + @)"/2 + 
(1/2 + a)*K,]b*fe%dy (22d) 


Eqs. (22) are based on aerodynamic theory of the 
oscillating airfoil of infinite span. This theory is in 
most cases conservative. It is considered more nearly 
correct for lifting rotor blades than for most fixed wing 
aircraft because of the large aspect ratio of rotor blades. 

A simplification of Eqs. (21a) and (21d) is possible 
if the conservative assumption is made that the damp- 
ing coefficients are zero. However, at best, the numeri- 
cal work is much greater for the problem at hand than 
is usual in the flutter analysis of fixed wings. 

In the latter case it is common to assume a repre- 
sentative half-chord for the entire wing and to obtain, 
thus, a representative value of the reduced frequency 
for all spanwise sections of the airfoil. This procedure 
is nearly correct when only the chord is a span function. 
The widespread use of this practice has, perhaps, 
obscured the fact that the three-dimensional determi- 
nant elements are rigorously correct (within the limits 
of the assumptions) with no restrictions of constancy, 
linearity, or even continuity on the function (V/bw)(y). 

In lifting rotor blades, both V and 0d are span func- 
tions. Since V varies from zero at the center of rota- 
tion to a maximum at the rotor tip, the use of a con- 
stant value of the reduced frequency for all sections of 
the blade cannot be expected to describe properly the 
occurrence or character of flutter. 

It seems necessary, therefore, to determine the 
function (V/bw)(y) before Eqs. (21) and (22) can be 
evaluated numerically. This function is easily obtained 
(for straight tapered blades without spanwise dis- 
continuities in plan form) as 


(V/bw)(y) = [V(y)/b(y)o] (23) 
where 
V(y) = Vr(y/L) 
b(y) = be + (br — be)/(Ls — Lo)y 
By means of Eq. (23) the three-dimensional determi- 
nant elements can be evaluated numerically for any 
assumed value of (V/bw)7. The integrations are most 


easily carried out tabularly. 
Expansion of the stability determinant 


Vu Vie 
A= |= 0 (24) 


‘Vor Vox 
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results in a quadratic equation in w2/w whose complex 
coefficients are given in terms of (V/bw)7. This equa- 
tion which, by virtue of the vanishing of the stability 
determinant, equals zero, may be solved in several 
ways.'*57 The one suggested by Theodorsen! is to 
consider the binomial as consisting of a real and of an 
imaginary equation which must both equal zero 
independently. The critical value of (V/bw), is that 
for which w/w satisfies both the real and the imaginary 
equation. The critical flutter speed of the tip is then 


Ver = (V/bw)7(w/we)wrbr ft. per sec. (25) 

The critical angular flutter velocity is easily found 
from Eq. (25) as 

Nez = 0.955 Vp,/L r.p.m. (26) 


The flutter mode may be computed by substituting 
the numerical values of the determinant elements in 
the equations of motion of the form 


Vy A + VB 0 
VA + Vo2B = 0 


and by assuming a given torsional deflection. This 
permits the solution of Eqs. (27) explicitly for the 
translatory deflection A. Such calculations, made for 
a representative blade, have shown that a torsional 
deflection at the tip of 10 degrees is associated with a 
translatory displacement at the tip of 0.08 inch. It is 
characteristic for flutter in lifting rotor blades that 
considerable twist is associated with very small trans- 
latory motion. 


Two-DIMENSIONAL APPROACH 


In view of the large amount of labor involved in 
solving the integrals of the three-dimensional determi- 
nant elements, it would be desirable to reduce the 
problem to a two-dimensional analysis, i.e., to find a 
section along the blade whose flutter speed, when 
analyzed two-dimensionally, is its true velocity at 
flutter angular velocity. 

It will now be shown that a section exists somewhere 
between the root and the tip of the blade whose flutter 
speed, analyzed two-dimensionally, fulfills that condi- 
tion. For proof it need only be shown that the flutter 
speed of the tip, analyzed two-dimensionally, is lower 
than the actual flutter speed of the blade. 

It is apparent without rigorous analysis that this is 
the case. Consider a blade with constant section all 
along the span. Two-dimensional analysis implies 
that the blade (of infinite aspect ratio) moves parallel 
to itself. Three-dimensional analysis, on the other 
hand, considers its actual motion, i.e., rotation about 
the root. The air forces are in either case proportional 
to the square of the velocity. In the first instance, the 
velocity is for all sections of the blade equal to the 
maximum whereas, in the second instance, the velocity 
is for all sections of the blade less than the maximum, 


i.e., the tip value. It follows that, for the two-dimen- 
sional case, the effect of the air forces is larger and, 
therefore, the flutter speed lower than for the three- 
dimensional case. Since the ‘‘two-dimensional’”’ flutter 
speed is smaller than the linear velocity of the blade 
tip at the flutter angular velocity and larger than the 
velocity at the center of rotation (which is zero) it 
follows that the “two-dimensional” flutter speed is 
equal to the air velocity over some blade section 
between root and tip. In flutter analysis of fixed 
wings, the section located at a distance three-quarters 
of the half span from the center line of the airplane has 
been found to be nearly representative of the wing. 
It follows from the difference in assumed motion be- 
tween two- and three-dimensional analysis that this 
same section cannot be the representative one in rotor 
blades and that the representative section must be 
further inboard. At the present stage of the investiga- 
tion, it seems that this representative section is located 
approximately at a distance of one-quarter to one-half 
the blade radius from the center of rotation. 


BLADE DIVERGENCE 


There is still another possible instability because of 
aerodynamic forces which has not been discussed as 
yet; blade torsional divergence. 

Torsional divergence is nonoscillatory in character. 
It may be described as follows: In an airfoil of finite 
torsional stiffness whose elastic axis is aft of the aero- 
dynamic center, the twisting moment due to an in- 
crease in lift is in such a direction as to increase the 
angle of attack. This will cause an additional increase 
in lift further twisting the airfoil. At the torsional 
divergence speed, this process continues until the 
airfoil fails in torsion, i.e., until it diverges. 

The speed at which divergence occurs is found from 
the moment equation which is, for convenience, re- 
peated here.* 


dS, dl, dl; Sd V? 
—wA+— 2B — —(w.)2B — — — 
dy * dy“ Sy ay 9 
dl, V? F 
A née we 08 
dy y? dy 


Since torsional divergence is nonoscillatory, the 
technique of determining the divergence speed from 
Eq. (28) is, obviously, to write this equation for non- 
oscillatory conditions, i.e., to let the flutter frequency 
approach zero, 

It has been shown elsewhere!® that 


dM 
lim —— = 2xpVb?(!/2 + a)B (29) 


Executing the step of w — 0 and substituting Eq. 
(29) in Eq. (28), the moment equation becomes 


* Because of the nonoscillatory character of the motion the 
damping term has been omitted. 
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dl, dS, V? di, V? 
— — (w)*B - ~~ A->—Brt 
dy dy y’ dy y* 
2npVb7(1/2 + a)B =0 (30) 


Reintroducing vy = V/y, multiplying by (dy) and 
taking like terms together 


—dSw*®A — [dI\(w2)? + diy? — 


2mp(by)*v?(1/2 + a)dyJB = 0 (31) 
Divergence occurs when 
dI,(w2)? + GI? — 2xp(by)?("/2 + a)v*dy = 0 (32) 


where 
dl, (cw)? = dC, 


A relation between dC,/dy and Crp as used elsewhere” 
can be established as follows: 

When the blade is vibrated in torsion at a frequency 
of w. radians per second, the kinetic energy per unit 
span is given by 


K.E. = dIy(w2)?/2 = dC,/2 (33) 


The strain energy per unit span at the same instant 
is given by 


U = T(B/y)/2 (34) 


where T is the torque in foot-pounds. 
But by definition, Crz = T(y/B) or 


T= Cra(B/y) (35) 
Substituting Eq. (35) in Eq. (34) 
U = Crr(B/y)?/2 (36) 
and, equating the kinetic and strain energies 
dC, = Crr(B/y)*dy (37) 
The substitution of Eq. (37) in Eq. (32) yields 
Crp (B/y)*dy + (dl, — 2mp(by)*("/2 + a)dylv? = 0 (88) 


The three-dimensional form of Eq. (38) is obtained 
in the following manner: 
Let 


B = Brlfr(y)] = friy) 


where By, = torsional deflection at the blade tip = 
unity. 


Then 


SisCra(1/y*)[foly) Pay + »* Sie* [dls — 2np(by)? X 
(1/2 + a)dy] = 0 (39) 


and the divergence angular velocity 
SE Cra 1/9?) fr) Py 
Vv = 0 
2mp(!/2 + a) f/*(by)*dy — Si dh 


radians per second (40) 








where f7(y) may be found by successive convergent 
approximations as shown by Shornick." 


CONCLUSIONS 


Methods have been presented which permit the de- 
termination of the flutter and divergence angular veloci- 
ties of lifting rotor blades. From these developments 
certain conclusions can be drawn which are listed below. 
Some of them are mentioned here for the first time but 
they may be readily verified by an inspection of the 
determinant elements. 


(a) All mechanical terms of the determinant 
elements contain addends which are functions of the 
reduced frequency. These are contributed by the 
centrifugal force. 


(6) The contribution of the centrifugal force has 
the effect of raising the flutter speed as well as the 
divergence speed. 


(c) The actual flutter speed of a rotor blade is 
much higher than would be the case if it were traveling 
parallel to itself. 


(d) Theoretically, at least, flutter extends over a 
speed range below and above which the blade will not 
flutter. 


(e) A blade which is mass-balanced about the 
quarter chord line will not flutter. 


(f) A blade, regardless of whether or not it is mass- 
balanced about the quarter-chord line, may experience 
divergence if the blade elastic axis is aft of the quarter- 
chord line. 


Care must be used in applying the development 
presented here because blades have, usually, two axes 
about which they can twist, (1) the hinge which 
permits changes in angle of attack, and (2) the elastic 
axis. Since the mechanical arrangement may provide 
interconnected motion of several blades, it may be 
necessary to consider some or all blades in the flutter 
analysis. Strictly speaking, the theory presented 
here considers only elastic deformations of a single 
blade. It is, however, immediately adaptable to other 
modes much in the same manner in which classical 
flutter theory may be applied to symmetrical as well 
as antisymmetrical modes. The analyst must con- 
sider the motions of all components which participate 
in the mode and he must use judgment in deciding 
which motions can couple with one another. 
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Drag of Airfoils in Grids of High Solidity 


J. R. WESKE* 
Case School of Applied Science 


INTRODUCTION 


Am GRIDS OF HIGH SOLIDITY are applied in duct 
bends, in the blading of turbines and compressors, 
in heat exchangers, and in numerous applications, such 
as scavenging ports of two-cycle Diesel engines. The 
present investigation deals with grids of zero stagger, 
operating at zero lift and consisting of symmetrical air- 
foils, profile N.A.C.A. 0012. An analysis has been 
undertaken of the drag of airfoils in grid arrangement. 


EARLIER INVESTIGATIONS 


Grids of this type have been investigated both theo- 
retically and experimentally by a number of investi- 
gators. An early irivestigation by Kirschmer! was 
undertaken to furnish design data for the design of 
rakes in hydraulic installations. Further data are 
found in an N.A.C.A. report by Biermann and Herrn- 
stein? in connection with an investigation of the inter- 
ference between two struts. Grids quite similar to the 
type under discussion were analyzed theoretically and 
experimentally by Keller.* Grids of related type are 
treated by Ruden.* Although not dealing with airfoils 
in grid arrangement, Squire and Young® developed cal- 
culations for the profile drag of airfoils which are of di- 
rect interest for the present investigation. 

In addition to these investigations, mention should 
be made of theoretical and experimental work on two- 
dimensional diffusers, since certain characteristics of 
the flow in diffusers may be related readily to the flow 
through grids. A list of literature of fairly recent date 
in regard to the latter has been compiled by Polzin.® 
Reference will be made to certain results of these inves- 
tigations in subsequent sections of the paper. 


FLow THROUGH GRIDS, GENERAL ASPECTS 


In analyzing the profile drag of airfoils, whether in 
gtid arrangement or in indefinite flow, distinction may 
be made between two component parts, namely, the 
drag produced by normal pressures and the drag pro- 
duced by skin friction. Of special interest among the 
causes contributing to the profile drag are those which 
arise in the wake downstream of the trailing edge. 

In airfoils in indefinite flow operating at high Rey- 
nolds Numbers, the drag arising from normal pressures 
generally is small, since the flow pattern closely con- 
forms to the potential flow pattern. Such deviations 
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as do occur are caused by the displacement of the 
main flow caused by the boundary layer. In the case 
of airfoils in grid arrangement the flow outside the 
boundary layer is of finite extent laterally, hence 
the displacement caused by the development of the 
boundary layer is capable of producing a pronounced 
deviation of the flow pattern of the main flow from po- 
tential flow and a corresponding rise in the relative 
magnitude of the part of profile drag resulting from 
normal pressures. 

A further aspect of the flow through grids as affecting 
profile drag is of interest, namely, the conditions in- 
fluencing the development of the wake. It is known 
that in the case of the individual airfoil in indefinite 
flow, the static pressure at the trailing edge, approach- 
ing the stagnation pressure, is larger than the pressure 
of undisturbed flow. The wake and the adjacent main 
flow leaving the trailing edge therefore are subjected to 
acceleration. On airfoils in grids of high solidity a cor- 
responding rise of static pressure at the trailing edge is 
exceedingly slight, if at all noticeable, again as a result 
of the finite extent of the main flow. In place of the 
pressure drop, a pressure rise occurs in the wake. This 
is caused by the decrease of the mean velocity of main 
flow as a result of the decay of the wake. This decrease 
of mean velocity follows by continuity relation from the 
gradual disappearance of the area of low velocities in 
the wake. The wake and the adjacent main flow, upon 
passing the trailing edge, therefore are subjected 
to deceleration. It is of interest to investigate what ef- 
fect the pressure rise in the wake of airfoils in grid ar- 
rangement has upon the development of the wake and 
upon the profile drag. 


THEORETICAL TREATMENT 


The coefficient of the drag C, of an airfoil may be ex- 
pressed in terms of the momentum thickness 6 as fol- 
lows: 

Cy = 20/C (1) 
where 


C = chord 


5 4 u 
QO -f at _ ae the subscript » denoting a 


plane far downstream 


y distance normal to the direction of flow 

u = f(y) velocity in the boundary layer 

velocity of free stream just outside the bound- 
ary layer. 


oO 
‘ 
II 
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If the growth of the momentum thickness with dis- 
tance in the direction of flow were known, the contribu- 
tions of various regions of the airfoil and of the wake 
could at once be calculated. Calculations of the mo- 
mentum thickness for the individual airfoil in indefinite 
flow have been carried out by Squire and Young® for 
the three distinct regions, namely, the region of laminar 
boundary layer, the region of turbulent boundary layer, 
and the wake. In applying this calculation to airplanes 
in indefinite flow, it is found that the location of the 
point of transition from the laminar to the turbulent 
regime in the boundary layer has an appreciable effect 
upon the profile drag. Tests on airfoils in grid ar- 
rangement, on the other hand, have shown that for 
grids of high solidity which are considered in this paper, 
the location of the transition point may be assumed with 
good accuracy to be at the point of maximum thickness 


of the airfoil. 
The momentum equation for the turbulent boundary 


layer is as follows: 


d dp 
= — j2, — fr— 9 
7 dx een) —s dx (2) 
where 
p = static pressure 
7 = shear stress on the surface 
&= f[(U — u)/U]dy displacement thickness of 


the boundary layer 


The pressure gradient is related to the variation of 
velocity outside the boundary layer by Bernoulli’s 
equation, which is valid at the edge of the boundary 
layer 

dp/dx = —pUU’ 
where U’ = dU/dx. 

Substitution of the ratio H = 6/0, which may be 
interpreted as the reciprocal of the mean wake velocity 
in per cent of main stream velocity and which consti- 
tutes an effective parameter indicative of the wake 
velocity profile, leads to the following form of the above 
equation, replacing the shear stress by the coefficient 
of skin friction: 


f = (1/pUs")/2 
dO 
of = — 
“f dx 
An estimate is made of the relative magnitude of the 
quantities of Eq. (1) on the basis of the following data 
representing mean experimental values: 
T= 0.002p( Uo? /2) 
6? = 0.01 ft 


ihe . ‘ 
+7, (H + 2)0 (3) 


dp 
_ T,2/9 
dx 1.0p(L 0, 2). 


Hence 
6*(dp/dx) = 5r 
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Fic. 1. Test setup. 


The momentum equation for the wake which may be 
derived from the momentum equation of the turbulent 
boundary layer (Eq. (3)), simply by deleting the term 
representing the shear stress, is 


OO .. U4 0 =0 (4) 
dx L 


In order to determine the coefficient drag of the air- 
foil, Eq. (1), it will be necessary to calculate the ulti- 
mate momentum thickness of the wake 0. This re- 
quires an integration of Eq. (4). To do this, it is neces- 
sary to state the ratio H,, as a function of the ratio of 
velocity in the main stream just outside of the wake to 
the ultimate velocity U/ Up. 

In the case of the airfoil in indefinite flow, Squire and 
Young cite test data, shown in Fig. 4, obtained in free 
flight, from which these authors, after showing that the 
effect of variation of H is limited to a narrow range, 
derive the following relation: 


HT — 1 = const. log, (Uo/U) 


and when substituting this relation into Eq. (4) and in- 
tegrating, obtain for the ultimate momentum thickness 


Oo = 03(U3/U)*” 2 
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where the subscript ; refers to the plane of measurement 
of wake traverse. 

In discussing the general aspects of flow through 
grids it was pointed out that the main flow downstream 
of the trailing edge of airfoil grids is retarded and not 
accelerated, as in the case of the individual airfoil in 
indefinite flow, the quantity log, (U/Uo) therefore cov- 
ers a range of negative instead of positive values. 

An experimental investigation was undertaken to 
determine the functional relation between H and log, 
(U/Up) and thus to establish a basis for the integration 
of Eq. (4) and, by this means, for the determination of 
the profile drag of airfoils in grids of high solidity. The 
results are shown in Fig. 5. 


EXPERIMENTAL INVESTIGATION 


Experimental work was conducted in a wind tunnel 
shown in Fig. 1. This wind tunnel, of NPL type, has a 
carefully designed inlet producing a uniform pattern of 
flow of low turbulence. Its working section is closed 
and of constant cross-sectional area. No adjustment 
has been made on the lateral walls to compensate for 
the frictional pressure drop, since the exact magnitude 
of the latter as affected by the presence of the grid was 
unknown and probably of minor influence compared 
with the ‘‘jet contraction” referred to later. The airfoil 
grid consists of profiles N.A.C.A. 0012 of 15-in. chord 
and 28-in. span. Half airfoils were fastened to the 
lateral walls. The solidity of the grid, i.e., the ratio of 
pitch to chord, was varied by installing a successively 
larger number of airfoils, their number being from one 
to eight. Intermediate grid spacings could be ob- 
tained by narrowing the working section through false 
side walls. 

The center or master airfoil had a metal section at 
midspan provided with 50 pressure holes distributed 
over both sides from leading to trailing edge. Each of 


these pressure taps was connected individually to a tube 
of a multimanometer. The pressure distribution was 
recorded for each test by photoprinting the fluid col- 
ummns on sensitized paper. 

Pitot tube readings were taken upstream of the grid 
at a point one chord length ahead of the leading edge. 
The profile drag of the central airfoils and, in a few in- 
stances, of adjacent airfoils was obtained from wake 
traverses using a small total-static pitot tube in several 
transverse planes at 0.15C, 0.3C, 0.6C, and 1.0C 
downstream of the trailing edge. 


RESULTS 


The results obtained from tests and from calcula- 
tions based on measured data are shown in Fig. 2, 
namely, the drag coefficient of the airfoil as a function 
of the solidity ratio. Also shown are the component 
parts of the drag coefficient, namely, the pressure drag 
calculated by integrating the static pressure distribu- 
tion over the airfoil in direction of flow and the addi- 
tional drag produced by turbulent momentum exchange 
in the wake. For comparison there are plotted in this 
diagram the experimental data given by Keller.® 
Furthermore there are included in this figure the profile 
drags of certain symmetrical airfoils of various thick- 
ness ratios from wind-tunnel tests in indefinite flow. 
These latter were correlated with the grid data by 
means of potential flow theory. 

The curves of Fig. 3 show the effect of the flow in the 
main stream of airfoil grids upon the pressure gradient 
and upon the momentum thickness 0;, measured 0.15 
C downstream of the trailing edge. 

The development of the wake of airfoils in grids of 
the various solidity ratios investigated is represented 
graphically in Fig. 4, showing curves of momentum 
thickness 0, displacement thickness 5* and of the ratio 
H. 
Finally a plot has been prepared (Fig. 5) of the varia- 
tion of the ratio H with log, (U/Uo), where values of 
the latter quantity were calculated from the measured 
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Fic. 4. Variations of quantities defining the development of the 
wake. 
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Fic. 5. Variations of the ratio H with log, (Uo/U). 


displacement thickness by means of the continuity 
relation. For comparison this graph also shows the 
test points for free flight from reference 5. 

It was observed that for grids of the highest solidity 
ratio investigated, t/c = 0.234, separation did not oc- 
cur, although in a similar investigation by Keller,* at 
lower Reynolds Numbers, separation occurred at a 
smaller solidity ratio. There was evidence, however, 
that the development of the wake for this grid differed 
from that of smaller solidity ratios, chiefly by the fact 
that the expected static pressure rise failed to occur. 

It is to be recalled that wake traverse measurements 
were taken at midspan of the airfoil only. The above 
irregularities therefore may have their cause in varia- 
tions of flow along the span. In fact, from a compari- 
son of the velocity measurements upstream and down- 
stream of the grid, the conclusion is reached that the 
grid has the effect of diverting the initially uniform air- 
stream from both spanwise ends of the grid toward the 
midspan portion. This jet contraction, which was ob- 
served and discussed by Keller, appears to cause accel- 
eration of the flow on midspan downstream of the grid. 
Its development is closely related to the transverse con- 
tamination observed in the boundary layer of flat 
plates placed between end plates. 

The effect of jet contraction is believed to cause a 
considerable increase of the drag of grids of high solid- 


ity. It may be the foremost source of discrepancy be- 
tween grid losses as calculated from the profile drag of 
the airfoil in grid arrangement, on one hand, and as de- 
termined from static pressure drop, on the other. No 
attempt is made at this time to define the effect of jet 
contraction quantitatively. 


CONCLUSIONS 


1. The drag of airfoil in grids of high solidity may 
be calculated with sufficient approximation from the 
momentum equation of the turbulent boundary layer, 
assuming a constant mean value for the coefficient of 
skin friction. 

2. Momentum transfer in the wake in a field of 
adverse pressure gradient causes losses larger than those 
encountered in the wake of individual airfoils. This in- 
crease of drag is of significance, however, only in the 
case of grids of very large solidity ratio. 

3. In grids of high solidity ratio there is evidence 
of displacement of the flow from the ends of the airfoils 
toward the midspan portions, observed previously and 
referred to as jet contraction. This phenomenon, 
which may be related to transverse contamination of 
the boundary layer, produces a condition of flow at the 
ends resembling separation while the flow on midspan 
still adheres. It is believed to increase the drag of grids 
of high solidity above values which might be expected 
on the basis of profile drag alone. 
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Flexural Strength in the Plastic Range of 
Rectangular Magnesium Extrusions 


F. A. RAPPLEYEA* anp E. J. EASTMANT 
The Dow Chemical Company 


ABSTRACT 


A problem exists in the use of magnesium alloys in aircraft of 
determining the resisting moment in bending. Special methods 
and theories have to be used in order to predict these values be- 
cause of the lower yield strength of wrought magnesium alloys in 
compression as compared to tension. The standard classic for- 
mula f = Mc/TJ is not applicable, and some other formula is neces- 
sary. Experimental tests were made which agreed fairly well 
with the theoretical formula: 


M, = bh?(=Q. + 201) /(€e + ex)? 


where 
M, = moment of resistance 
b = width of beam 
h = depth of beam 
>Q = first moment of stress-strain curve about stress axis 
¢ = strain in outermost fiber 


Subscripts c and t refer to compression and tension, respectively. 


The tests were made on various magnesium alloys of several 
different sizes. The deviations of experimental results from the- 
ory were not excessive. 


INTRODUCTION 


[ HAS BEEN the general engineering practice to use the 
classic bending theory to determine the strength of 
beams in bending. This classic theory states that plane 
sections before bending remain plane after bending, 
and, in the elastic range, the stress is proportional to 
the strain. The stress is expressed mathematically by 
the conventional formula 
fo = Mc/I 


where f, = stress at a fiber located at a distance c from 
the neutral axis, M = applied bending moment, and 
I = moment of inertia about the neutral axis. The 
stress computed by this formula when used in the plas- 
tic range is a fictitious stress and is called the modulus 
of rupture. The modulus of rupture varies with the 
width and shape of the cross section, and a form factor 
is introduced to take account of the shape. 

In present practice there are a number of aircraft 
materials which have low proportional limits. Since 
the classic formula no longer holds above the propor- 
tional limit, it is evident that some more accurate 
method of analysis should be developed. Some inves- 
tigators') ? have already recognized that the above- 
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mentioned discrepancy is due to the difference in stress 
distribution from the classic theory when the plastic 
range is reached. Methods for determining the allow- 
able flexural resistant moment have been developed.’ 

Wrought magnesium alloys usually have a compres- 
sive yield strength less than the tensile yield strength. 
Consequently, when a beam is subjected to flexure, 
symmetrical about a horizontal axis, the outermost 
fibers on the compression side of the beam may be 
strained in the plastic region, while the outermost 
fibers on the tension side are still strained elastically. 
The position of the neutral axis then shifts toward the 
tension side to compensate for this difference in strain 
of the outermost fibers. This shift of the neutral axis 
means that more material is in compression than in 
tension. 

In most cases, the ultimate strength of magnesium 
beams, like steel beams, cannot be developed, since 
bending deflections become excessive when plastic 
flow occurs. It has been previously proposed! that de- 
sign for material with low proportional limits be based 
on an allowable resisting moment when the outermost 
fiber on the tensile side is strained to the yield strain 
as the criterion rather than the classic formula, f = 
Mc/I. 


TEST PROCEDURE 


A jig was designed so that third-point loading could 
be obtained. This is a type of loading which gives 
pure bending without shear across the center third of 
the beam. The discussion of test results is confined to 
the middle third of the beam, which is under constant 
bending moment. 

Loads and reactions were applied through knife 
edges. The supports at the ends were carried on ball 
bearings to allow longitudinal movement with a mini- 
mum of friction. Figs. 1 and 2 show details of the test 
setup. Electric strain gauges of the SR-4 type were 
mounted on the sides, top, and bottom of the specimens 
to determine the strain distribution across the section 
of constant moment. The strains were read at a num- 
ber of different loads. The results were plotted over 
the cross section of the beam, as shown in Figs. 3b and 
4b. The distribution of strain is seen to be linear, thus 
proving that plane sections before bending remain 
plane after bending. 

The strains were converted to stresses by means of 
stress-strain curves, such as Fig. 5, which were obtained 
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by tensile and compressive tests of the specimens cut 
from the beam. The resulting distribution of stresses 


is shown in Figs. 3a and 4a. 


THEORY 


COMPRESSION TENSION 


ormaim The moment of resistance of a cross section of a rec- 
tangular beam subjected to pure bending is given by the 


-lalloy; 2in. by 2 in. ; . - 
PRAT S ee He following formula (Eq. 15, p. 165 of reference 7): 
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TABLE 1 
Calculation of Static Moment and Area of Compression Stress-Strain Curves 
(1) (2) (3) (4) (5) (6) (7 (8) 
Mean Interval 
Strain, Mean Strain, Stress, Lbs. Stress, Lbs. Area, Lbs. =Q, Lbs. ZA, Lbs. 
Item In. per In. In. per In. per Sq.In. per Sq.In. per Sq.In. per Sq.In. per Sq.In. 
0 0 0 0 0 0 0 0 
1 0.0022 14,500 16.0* 0.023+ 16.0 
0.0026 15,750 
2 0.0030 17,000 12.6 0.056 28.6 
| 0.0035 17,200 
3 0.0040 17,400 17.2 0.116 45.8 
0.0070 17,700 
4 0.0100 18,000 106.0 0.858 151.8 
0.0150 19,500 
i 5 0.0200 21,000 195.0 3.790 346.8 
3 0.0250 22,250 
o 6 0.0300 23,500 222.5 9.360 567.3 
= 0.0350 25,000 
E 7 0.0400 26,500 250.0 18.11 819 
oO 0 0450 28,000 
| 8 0.0500 29,500 280.0 30.71 1,099 
0.0550 31,750 
9 0.0600 34,000 317.5 48.11 1,417 
0.0650 37,000 
10 0.0700 40,000 370.0 72.21 1,787 
0.0750 43,250 
11 0.0800 46,500 432.5 104.50 2,220 
0.0850 49,500 
{ 12 0.0900 52,500 495.0 146.50 2,715 
( 0 0 0 0 0 0 0 0 
1 0.0047 25,000 58.7t 0.184** 58.7 
| 0.0048 25,875 
2 0.0050 26,750 7.8 0.220 66.5 
| 0.0055 28,000 
3 0.0060 29,250 28.0 0.374 94.5 
0.0065 29,750 
4 0.0070 30,250 « 29.8 0.568 124.3 
0.0075 30,625 
5 0.0080 31,000 30.6 0.897 155 
| 0.0085 31,250 
6 0.0090 31,500 31.2 1.162 186 
0.0095 31,750 
7 0.0100 32,000 31.8 1.480 217 
0.0150 34,250 
g 8 0.0200 36,500 342.0 6.610 560 
a 0.0250 37,500 
5 9 0.0300 38,500 375.0 16.000 935 
_ 0.0350 39,150 
TI | 10 0.0400 39,800 391.5 29.700 1,327 
0.0450 40,400 
lI | 11 0.0500 41,000 404.0 47 .900 1,731 
0.0550 41,350 
12 0.0600 41,700 413.5 70.600 2,145 
0.0650 42,100 
| 13 0.0700 42,500 421.0 98.00 2,566 
" 0.0750 42,750 
| 14 0.0800 43,000 427.5 130.00 2,944 
0.0850 43,250 
f | 15 0.0900 43,500 432.5 166. 80 3,427 
0.0950 43,600 
“4 | 16 0.1000 43,700 436.0 208.30 3,963 
0.1050 43,750 
ia 17 0.1100 43,800 437.5 254.30 4,401 
~ Columns (2) and (4)-—taken from stress-strain curve of material. 
Columns (3) and (5)—arithmetic average of items m and m — 1 in columns (2) and (4), respectively 
bn: Column (6)—difference in strain of items m and m — 1 multiplied by value for m in column (5). 
3 in. Column (7)—value in column (6) multiplied by value in column (3) and summed progressively. 
Column (8)—summation of values in column (6). 
* (0.0022) (14,500) /2. 
t+ (0.0022)2(14,500) /3. 
cut t (0.0047) (25,000) /2. 
uns ** (().0047)2(25,000) /3. 
M = bh? Sf." f (e)ede/(e. + €:)? where 
For purposes of numerical integration this can be re- , 
rec- a M, = moment of resistance 
, the 6 = width of beam 
M, = bh?(2Q. + 2Q,)/(€ + €:)? (1) h = depth of beam 
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YQ = first moment of stress-strain curve about stress 
axis 
€ = strain in outermost fiber 

Subscripts c and ¢ refer to compression and tension, 


respectively. 


For materials with identical stress-strain curves in 
tension and compression ¢, = ¢€,, the moment of re- 
sistance in the plastic range can easily be calculated by 
Eq. (1). When the compressive yield gtrength is 
lower than the tensile yield strength, the compressive 
strain in the outermost fiber no longer equals the ten- 
sile strain in the outermost fiber. Therefore, if an al- 
lowable strain on the tension side is assumed, the cor- 
responding strain on the compression side must be de- 
termined. By the law of statics, the load on the com- 
pression side of the beam must equal the load on the 
tension side of the beam. In a beam of constant width 
this means that the area under the tensile stress-strain 
curve up to a strain, e,, must equal the area under the 
compressive stress-strain curve up to a strain, ©€. 
Knowing what portions of each stress-strain curve to 
use, the first moment of these areas about the neutral 
axis can be calculated. Therefore, all items in Eq. (1) 
are known, and the moment of resistance can be cal- 
culated. 

To illustrate the above procedure, one specimen will 
be followed through completely. Tensile and compres- 
sive stress-strain curves of specimen 25689, Dowmetal 
J-1, are given in Fig. 5. These curves were integrated 
as shown in Table 1. 

Stress-strain curves in tension and compression of 
the beam material are divided into a triangle and num- 
ber of trapezoids. The areas under the curve of each 
item are determined and summed, and the first moment 
of each increment of area about the stress axis is cal- 
culated and summed. 

From the values in columns (2), (7), and (8), the 
curves plotting area versus strain and the static mo- 
ment versus strain for both tension and compression 
Now, when the tensile yield 


were drawn in Fig. 6. 
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strength is reached on the outermost tensile fiber of the 
beam, a strain, ¢,, of 0.0077 results. This corresponds 
to an area of 124 under the tensile stress-strain curve. 
(See Fig. 7 for lower part of area-strain curves of Fig. 
6 enlarged.) For an equal area under the compressive 
stress-strain curve, a strain, e,, of 0.0097 in the outer- 
most compressive fiber is found. The lower portions 
of the static moment curves are also replotted on Fig. 
7. Entering the respective static moment plots at 
strains corresponding to e, and e¢,, static moments for 
xQ, and =Q, are found to be 0.780 and 0.760. All 
values in the formula are now known, and it is a matter 
of substitution to find the moment of resistance. 


= 3.0 in. 
h = 3.0 in. 
0.780 Ib. per sq.in. 
2Q, = 0.760 lb. per sq.in. 


o 
| 


4 
Il 


4 
| 





c = 0.0097 in. per in. 

t = 0.0077 in. per in. 
vw 3 X 3? X (0.780 + 0.760) 
ts (0.0097 + 0.0077)? 
M, = 137,000 in.Ibs. 


Referring to the actual test of this specimen, when 
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TABLE 2 


Test Results and Predicted Results 











Tensile 


Compressive 

Yield Yield 
Dowmetal Strength, Strength, 

Alloy Size Lbs. per Sq.In. Lbs. per Sq.In. 
O-1 4 by 4 34,300 24,900 
O-1 3 by 3 26,500 19,000 
O-1 2 by 2 32,900 21,000 
J-1 4 by 4 50,000 19,800 
J-1 3 by 3 30,600 17,100 
J-1 2 by 2 33,400 22,000 
FS-1 4 by 4 30,500 15,700 
FS-1 3 by 3 27,700 12,200 
FS-1 2 by 2 30,000 20,800 
M 3 by 3 35,100 11,100 
2 by 2 28,400 8,800 


M 


Predicted Mo- Center Deflection in Middle 
ment at «, = Third of Beam at e, = Tensile 
Yield Strain, ———Yield Strength—_—— 


Applied Mo- 
ment at e¢, = 
Yield Strain, 


In.Lbs. In.Lbs. Actual, in Predicted, in. 
366,000 370,000 0.0882 0.0960 
123,900 126,000 0.1090 0.1020 - 
47,600 45,500 0.210 0.205 
297,000 298,000 0.114 0.103 
136,000 137,000 0.144 0.152 
41,300 42,700 0.191 0.181 
283,000 289,000 0.088 0.0955 
103,000 97,000 0.124 0.125 
39,600 37,100 0.209 0.2410 
114,700 108,600 0.1438 0.1733 
28,490 25,800 0.330 0.2820 





the strain gauge on the outermost tensile fiber regis- 
tered a strain equal to the tensile yield strain, the actual 
measured applied moment was 136,000 in.lbs. Similar 
calculations of predicted allowable moments of resist- 
ance were made for all specimens tested and the predic- 
tions compared to the actual tests. A good agreement 
is shown in Table 2 for the various magnesium alloys 
tested. . 

The differences between applied and predicted mo- 
ments at the yield strain were on the conservative side 
with few exceptions. The exceptions do not exceed 4 
per cent. These variations can be caused by the varia- 
tion of material properties across the cross section of 
the extrusion and also by inherent errors in accuracy 
of testing equipment. For design purposes, if the speci- 
fied minimum stress-strain curves were used, the allow- 
able moments of resistance obtained would be satis- 
factory. 

There may be some question as to whether under 
the allowable flexural yield resisting moment the de- 
flection will be excessive. For that reason the center 
deflection in the middle third of the beam was measured 
and recorded in Table 2 for the points at the flexural 
yield strength. This deflection for the beam loaded 
at the third points can also be predicted, either in the 
elastic or plastic range by means of a formula’ 


5 = 12(e, + €,)/2h (2) 


Permanent set at this flexural yield strength was of the 
order of 0.01 in. and could well be considered within 
the limits of assembly tolerance of any structure. 
Fig. 8 shows the curves of center deflection in the 
middle third of the beam as measured and as calcu- 
lated. 
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Corrections for Lengths of Columns Tested 
Between Knife Edges 


WILLIAM R. OSGOOD* 
National Bureau of Standards 


INTRODUCTION 


M OFTEN THAN NOT when a column tested be- 
tween knife edges is supported on carriers between 
the knife edges and the ends of the column, the length 
of the column is taken as the distance between knife 
edges. When this is done, only a small error is intro- 
duced if the column specimen is long relative to the dis- 
tance between knife edges, but the error may amount 
to several per cent for short columns. There are two 
practical ways of avoiding this error in tests made 
under eccentrically applied loads when it is desired to 
obtain column curves corresponding to a series of con- 


stant eccentricities. 


TESTING GROUPS OF COLUMNS 


One method consists of making tests of groups of 
columns, each column specimen of a given group having 
the same length, DF, Fig. 1, and thus the same ratio 
of slenderness and each column of the group being 
tested with a different initial eccentricity e. With the 
depth d of the carrier and the initial eccentricity e 
known, the angle of rotation ¢ of the end of the column 
is measured at the maximum load, and the eccentricity 
at the maximum load is computed as d sin ¢ + e cos ¢. 
Then a series of curves can be plotted of average stress 
against eccentricity at maximum load. From these 
curves the customary curves can be constructed of 
average stress against ratio of slenderness for different 
constant eccentricities, the ratios of slenderness being 
based on the lengths, DF, of the column specimens. 
This method involves plotting an extra series of curves, 
the average stress-eccentricity curves, and it has a 
further disadvantage if instead of the ratio of slender- 
ness use is made of the preferable dimensionless vari- 
able X = (1/r)(DF/i)~/S/E, where i is the radius of 
gyration, S is the compressive secant yield strength, 
and E is the modulus of elasticity. If \ is used as a 
variable, each group of tests must be made with con- 
stant \, and this means that the yield strength and the 
modulus of elasticity must be determined before the 
specimens can be cut to the proper lengths, DF. 


CORRECTING THE LENGTH OF THE COLUMN 


The alternative method of avoiding the error in 
length is to correct the length of the column. The cor- 
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rection may be made rationally by the following con- 
siderations. In Fig. 1 let an eccentrically loaded column 
under a load P be represented by CDFG. Rigid carriers 
of depth d are assumed at each end, and the initial ec- 
centricity of the load is e. The rotation of each end of 
the column is ¢. The column would behave somewhat 
differently if the same material and section as the rest 
of the column were substituted for the rigid ends CD 
and GF over their entire lengths, and the problem is 
to substitute for the ends the proper lengths to make 
the column so formed behave like the test column. The 
end CD (and similarly FG) can be replaced by a portion 
of a sine curve DJ tangent to CD at D if the stresses 
near the ends of the column specimen at D and F are 
elastic or if the effective modulus near the ends is sensi- 
bly constant. The length of the equivalent column so 
formed is less than that of the original column by the 
amount 2CJ = 2(d cos ¢ — dy), and it is now a question 
of determining dp. Since, ordinarily, the depth of the 
carriers is small relative to the length of the specimen 
and the angle ¢ will rarely exceed 10°, the assumption of 
a constant effective modulus in the short portions at the 
ends may be considered reasonable. 

Under the assumed conditions the equivalent cen- 
trally loaded column of constant modulus would be 
represented by the sine curve O/DKL of (half-wave) 
length /), passing through the point / with coordinates 
x = 1,/2 — (l/2 + do), y = ecos ¢. Its equation is 


é COs x 
OS @ TX (1) 


=— Te 

cos (1/Io)(1/2 + do) lo 
where the axes and //2 are as indicated in the figure, K 
being the midpoint of the centrally loaded column. By 
the equivalent centrally loaded column is meant the 
centrally loaded column, failing at the load P, that 
has the same cross section as the given column specimen 
and a constant effective (double) modulus equal to 
that at the ends of the column specimen. From the 
first derivative of y with respect to x (Eq. (1)) taken at 
the point D, 





me COS sin [ml/(2l)]) __ (2) 
lo cos (2/Ip)(1/2 + do) 





tan @ = 


and from the geometry of the figure, 








é cos ¢ sin? (#1) ee 
x(t b\2 2 ’ 
cos -|~+ dh 
mae Io \2 
ei ie 
“ d cos @ 


378 











me? WF — HW TH WwW Ww rer > |! Ww 


~ 


a] 


CORRECTIONS FOR LENGTHS OF 


Ve; 





sk 
s— 7 cos p 
































& tan @ = 








COLUMNS 379 


or, when simplified, 


ef cos [xl/(2l)] \ 
se ee 3 
d\ cos (2/lo) (1/2 + do) be r 








380 JOURNAL OF THE AERONAUTICAL SCIENCES—OCTOBER, 1944 


Elimination of / from Eqs. (2) and 3 gives 


T e mdy) TweCcosd _ do 
=-( d+ —— ) — = ——— + sin— _ (4 
i(: ‘mar uteaneT nk 
Eq. (4) is the equation for determining dp. In terms of 
the nondimensional quantities 

do nd e (5) 


6 => 6 Ss = Ss SS See 
0 - hy cos . 


its solution is 





itt € | 
tan 59 = 6 —— 1 ——— 52 2) | (6 
an do ee pape VIF (1 + 26) 6) 


or 





60 
tan—- = 
9 


l , 
7% is5| vi + 62(1 + 2)— | (6a) 
In order to determine dy from Eqs. (5) and (6) or (6a), 
d, e, ¢, and J) must be known. d and e are measured 
dimensions, known as soon as a particular test has been 
decided on. ¢ is the angle of rotation of the end of the 
column at the maximum load P and must be measured 
at that load. Within the limits of accuracy of the cor- 
rection, cos ¢ = landtan@¢ = ¢. Ji is the free length 
of a centrally loaded column that would fail at the same 


load P as the eccentrically loaded test column. So 
long as the average stress in the eccentrically loaded 
column is elastic, /) is simply the length of the Euler 
column failing at the load P. Otherwise / is less than 
this length. When d) has been determined, the length 
of the column without carriers that is equivalent to the 
test column with carriers is the length of the column 
specimen plus 2d). 

When e = ¢« = O, Eq. (6) reduces to tan &) = 5; 
or since now dy = 1/2(/) — 1) and ¢ = 0, 


cot (rl/2))) = d/l (7) 


which is the equation for determining the free length 
ly of a centrally loaded column tested on rigid carriers.! 

A graphic representation of Eq. (6) is shown in Figs. 
2a and 2b and these figures may be used where extreme 
accuracy is not important, as it usually is not. The 
figures are entered with the known values of 6 and e, 
and the corresponding value of 69/6 = d)/(d cos ¢) is 
read from the curves of constant 60/5, by interpolation 


if necessary. 
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On the Mechanism of Friction 


BERNHARD W. SAKMANN* anv JOHN T. BURWELL, Jr.t 
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ABSTRACT 


If two bodies slide over each other, matter is exchanged be- 
tween the two surfaces. This exchange of material was studied 
by means of a radioactive method which made it feasible to detect 
small traces of material of 10-" gram. Even under the smallest 
loads of a few grams transferred matter could be detected under 
dry as well as lubricated conditions. This fact indicated that the 
exchange of material might be of fundamental importance in all 
frictional processes, and it seemed desirable to investigate this 
exchange process systematically. 

This paper reports the dependence of this transfer of material 
on various parameters such as normal load, distance of travel, 
roughness and hardness of the sliding surfaces, nature of the con- 
tacting materials, and lubrication. 


INTRODUCTION 


” SPITE OF ITS FREQUENT OCCURRENCE the phenom- 
enon of friction is little understood. Because of 
the importance of frictional effects an understanding 
of the nature of friction should be of value to the engi- 
neer both in controlling its detrimental effects and in 
making positive use of it where beneficial. 

It is now known that the coefficient of friction of two 
substances is not a fundamental physical property in 
the sense in which, for instance, the thermoelectric 
power is characteristic for a pair of metals. The 
measured value of the coefficient of friction is the 
composite result of various other characteristics of the 
two contacting surfaces; many of these properties are 
difficult to specify accurately, such as surface contami- 
nation, previous history, surface roughness, and hard- 
ness. This statement about the uncertainty of the 
value of the friction force is substantiated by the fact 
that even in accurately controlled experiments the 
values of friction coefficients determined by different 
authors scatter considerably. 

What, then, are the important factors influencing 
frictional effects and how do variations of these fac- 
tors affect the frictional phenomena? 


Factors Influencing Frictional Effects 


The earliest theory! of the mechanism of dry friction 


maintains that the frictional force is due to the inter- 
locking of the asperities of the two surfaces, and that 
work is required to push the minute protuberances of 
one surface over those of the other surface. While 
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the surface irregularities may contribute appreciably 
to the friction between rough bodies, it is not probable 
that the interlocking of the asperities is the main fac- 
tor in friction between the smooth surfaces encountered 
in most industrial applications. In support of this view 
one might mention the fact that friction does not de- 
crease beyond a certain point if the surfaces are made 
progressively smoother. In some cases it may even 
be observed that the friction coefficient decreases if 
smooth surfaces are roughened. 

A second theory** is based on the assumption that 
adhesion plays a major part, and that ‘“‘cold welding’ 
takes place over the area of contact. If two solid sur- 
faces are in contact, they touch only at their highest 
points. Because of the fact that the true area of con- 
tact is very small the local pressures involved may be 
extremely high even under comparatively light loads. 
Under the influence of these high pressures the surfaces 
are welded together over the contact areas. 

In a modified version of the adhesion theory‘ of 
kinetic friction it is assumed that during sliding the 
minute welds are continuously made and broken, and 
that the major part of friction is caused by the force 
required to rupture the welds. The fact that static 
friction is generally greater than sliding friction would 
appear to support this view. 

More recently this theory has been further elabo- 
rated® to take account of differences in the relative 
hardness values of the two surfaces. If the slider is 
harder than the base, the roughness peaks of the 
former will plough through the softer material, small 
amounts of which will be left adhering to the harder 
surface. If, on the other hand, the slider is softer, it is 
locally welded to the base surface under the high pres- 
sures involved, and small globules of the rider material 
are left adhering to the base. 


Experimental Evidence 


The experimental evidence for any of these theories 
is scanty and indirect. For most smooth surfaces 
encountered in industrial practice the amount of ma- 
terial transferred is so minute as to escape detection 
by the ordinary experimental techniques available. 
Only under severe conditions does one obtain any ex- 
perimental evidence from which one may extrapolate 
to the more ordinary cases. In the forced fits of collars, 
for instance, it is a common observation that the two sur- 
faces become welded into a single piece. If the two 
surfaces are separated, large amounts of one surface 
are left adhering to the other one. This experience is 
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particularly frequent if the two surfaces are of the 
same material. Whether this mechanism of friction 
operates in the region of light loads was until recently 
a matter of speculation. 

The present work was undertaken with the aim of 
establishing the existence of material transferred from 
one surface to the other under light loads. Even the 
most refined microchemical techniques are not sensi- 
tive enough because the quantities of material involved 
are very small. In addition, chemical analysis cannot 
be used if the two surfaces are of the same material. 
For that reason a very sensitive method was developed 
which allows the study of exchange of material between 
similar as well as dissimilar surfaces. This method, 
which is described below, employs the activation of 
one surface by means of artificial radioactivity. 


METHOD 


A few of the 92 elements are naturally radio- 
active, emitting beta rays and gamma rays; the former 
are negatively charged particles, while the latter are 
electromagnetic waves whose wave lengths are con- 
siderably shorter than those of X-rays. Highly sensi- 
tive instruments have been developed for the detection 
of the rays emitted by the radioactive elements. In 
recent years it has become possible to induce artificial 
radioactivity in many ordinarily stable elements. The 
activation of the inert elements is achieved by bom- 
bardment of the material with various particles such 
as neutrons, protons, or deuterons. The charged parti- 
cles are accelerated under the action of the equivalent 
of several million volts; at these high speeds the parti- 
cles are able to penetrate the nuclei of the bombarded 
atoms transforming them either to a different chemical 
element or to a different isotope of the same ele- 
ment. 

In general, the new nuclei are not stable, but trans- 
form into another stable nucleus. This transformation 
is associated with the emission of-corpuscular rays or 
gamma rays, both of which can be detected by suitable 
instruments. 

Because of the high sensitivity of the recording in- 
struments it is possible to detect the presence of even 
small amounts of artificially radioactivated material. 
If proper techniques are developed, one can quanti- 
tatively determine the amount of activated material 
from the intensity of the radiation recorded by the 
detecting instruments; the sensitivity of this method 
exceeds the microchemical analysis by several orders 
of magnitude. While the experimental technique will 
be reported in more detail elsewhere, the principles of 
the method are briefly outlined in the following: 


Principles of the Method 


A base surface of copper alloy was made radioactive 
by deuteron bombardment in the M.I.T. cyclotron. 
After the activation of the copper alloy spherical or 


hemispherical friction samples were slid over the base 
surface under various conditions of load and distance 
of travel. During the friction tests a certain amount 
of radioactive base material was deposited on the 
surface of the rider. After the friction experiments 
the initially inert riders were tested for the presence of 
radioactive material and the amount of transferred 
material could be determined from the intensity of the 
emitted radiation. Of all the materials of technica! 
importance copper was found to be the most suitable 
for the radioactive method. Because pure copper is 
softer than most of the copper alloys used for bearings, 
a flat surface of copper-beryllium was used for most 
of the measurements.’ Besides copper and copper 
alloy targets flats of manganese steel were used; how 
ever, the sensitivity which was attained by deuteron 
bombardment of manganese steel was considerably 
less than that achieved with copper alloys. 

During deuteron bombardment of copper-beryllium 
targets some of the copper nuclei are transformed into 
unstable zinc nuclei while others are transformed into 
unstable isotopes of copper. The unstable nuclei 
decompose with the emission of beta rays and gamma 
rays. Since the intensity of radiation originating from 
the target decayed in an exponential fashion, it had 
decreased to such an extent within several hours after 
the bombardment that further measurements were not 
possible. Asa result, only a limited number of friction 
experiments could be performed for each activation of 


the base surface. 


Friction Equipments 

In the friction experiments small spheres were slid 
over the base surface with a velocity of about 3 mm. per 
sec. If flat riders were used, the uncertainty in locating 
the area over which the transferred material was dis- 
tributed caused considerable inaccuracy in determining 
the amount of deposited material. The use of spherical 
riders made it possible to locate the position of the 
transferred material. Commercial steel and phosphor 
bronze balls provided a convenient source of uniform 
reproducible sliders. After preliminary measurements 
had shown that a detectable amount of material was 
transferred under ordinary sliding conditions, a more 
careful investigation of the effect of load, distance of 
travel, hardness, surface roughness, and nature of the 
material was made. 

The complexity of frictional effects mentioned in the 
beginning was substantiated. However, the results 
given below should throw some light on the fundamental 
mechanisms involved and should permit an evaluation 
of the various proposed theories. 


RESULTS 


In the first series of experiments riders of different 
materials were slid over the copper-beryllium base 
surface under identical conditions of load and distance 
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of travel. The amounts of material transferred from 
the base to the different riders are shown in Table 1. 


TABLE 1 


Copper-Beryllium Deposited on Riders of Various Materials 








Transferred Copper-Beryllium, 


Material of Rider Microgram 
Phosphor bronze 0.043 
Steel 0.0684 
Glass 0.0053 


The table shows that phosphor bronze riders picked 
up the greatest amount of copper-beryllium, but it 
should be noted that even glass, although very dis- 
similar to the copper alloy, took up small amounts of 
base metal. The effect of load on the amount of de- 
posited material was studied next for both phosphor 
bronze and steel. The results, which are shown in 
Fig. 1, indicate that within the accuracy of the mea- 
surements the amount of transferred material is pro- 
portional to the applied load. 





TRANSFERRED MATERIAL 


In MICROCRAMS 





eee 




















150 
NORMAL LOAD IN GRAMS 


Fic. 1. Amount of transferred material in micrograms versus 
normal load in grams. 


Influence of Distance of Travel 

The influence of the distance of travel was studied 
next. In Fig. 2 the amount of transferred material 
in micrograms is plotted versus the distance of travel in 
centimeters. For both types of rider the amount of 
deposited material is roughly proportional to the dis- 
tance of sliding. The results show similar behavior 
for phosphor bronze and steel riders although the 
quantities of transferred material involved are quite 
different. 

However, the two materials were found to behave 
quite differently when the effect of surface finish was 
studied. In Fig. 3 the material transferred to steel 
riders is plotted versus the surface roughness in root 
mean square microinches. From this plot it is evident 
that the rough specimens took up more material than 
the smooth ones. With phosphor bronze riders, on 
the other hand, substantially the same amount of 
material was transferred over a range of surface rough- 
ness from 2 to 13 microinches. There was even some 
indication that less material was deposited on the 
rough specimens. 
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Fic. 2. Amount of transferred material in micrograms versus 


distance of travel in centimeters. 


The steel riders were harder than the copper-beryl- 
lium base, while the phosphor bronze specimens were 
softer. This difference in behavior with respect to 
surface roughness might, therefore, be ascribed to 
difference in hardness or dis- 
In order to eliminate 


either of two causes: 
similarity of the two materials. 
one of the two effects, it was decided to anneal the 
steel riders to the same hardness as the phosphor 
bronze specimens. When this was done, it was found 
that the steel riders of surface roughness from 1 to 11 
micro-inches picked up approximately equal amounts 
of base material. As in the case of phosphor bronze 
riders slightly less base material was found on the rough 
specimens. From these tests one may therefore con- 
clude that surface roughness is of major importance 
only if the riders are harder than the base. 


Influence of Hardness 


Since the results of these measurements demon- 
strated that hardness is an important factor, it was 
decided to investigate the influence of this parameter 
more thoroughly. Steel riders were prepared for 
these measurements because of all materials of technical 
importance steel covers the widest hardness range. 
The results are shown in Fig. 4 in which the trans- 
ferred material is plotted versus the inverse of the 
Brinell hardness of the rider. It is evident from this 
plot that, within the accuracy of the measurements, the 
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Fic. 4. Amount of transferred material in micrograms Versus 
inverse of Brinell hardness in mm.?/kg. for steel riders. 


deposited material is inversely proportional to the 
Brinell hardness which in its turn is inversely propor- 
tional to the area of the Brinell depression. The area 
of the Brinell depression is closely related to the true 
area of contact between spherical rider and flat base 
surface. One might thus interpret the measurements 
with the assumption that the transferred material is 
proportional to the true area of contact. 


Nature of the Material 

The nature of the material is another factor dis- 
tinguishing steel riders from phosphor bronze speci- 
mens, and it is to be expected that, all other things 
being equal, the rider material is of importance in 
frictional behavior. To investigate this parameter, 
several riders of different materials were prepared. 
Some of the riders were cut from solid stock, while 
other materials had to be electroplated onto steel balls. 
The latter surfaces were in general much harder. 
Table 2 shows the results of the measurements. 


TABLE 2 


Copper-Beryllium Transferred to Riders of Different Materials 


Deposited Copper-Beryllium, 
Material of Rider Microgram 


(A) Cut from Solid Stock 


Copper-beryllium 0.025 
Aluminum 4 0.013 
Phosphor bronze 0.091 
Zinc 0.022 
Cadmium 0.023 
Tin 0.026 
Lead 0.036 
(B) Electroplated Materials 

Antimony 0.014 
Nickel 0.0028 
Silver 0.0073 
Chromium 


0.00012 





In considering the results of Table 2 it must be 
borne in mind that it was impossible to control the 
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hardness of the various materials. It is interesting 
that even soft metals such as lead, tin, and cadmium 
of Brinell hardness 3.8, 5.5, and 21 kg./mm.?, re- 
spectively, took up material from the much harder 
copper-beryllium base of 310 Brinell. In general the 
electroplated materials picked up less base metal. 


Difference of Hardness 

The effect of difference in hardness between the 
various materials of Table 2 can be eliminated to some 
extent by considering the apparent area of contact be 
tween spherical rider and flat base; this area can be 
estimated visually under the microscope. One can 
obtain a value for the average thickness of the deposit 
by dividing the product of the apparent area of con- 
tact and the specific gravity of copper-beryllium int< 
the amount of transferred material listed in Table 2. 
It was found that the copper-beryllium riders showed 
the greatest layer thickness of 1000 Angstréms or 10 
centimeters. Likewise the deposit on phosphor bronze 
riders extended to a depth nearly equal to that found 
on copper-beryllium specimens. On the other hand, 
of all the materials cut from solid stock, lead had the 
smallest layer thickness of 100 Angstréms. Of the 
electroplated materials chromium steel showed an 
average layer thickness of less than 10 Angstroms. 

These results suggest that, all other things being 
equal, the amount of transferred material increases 
with the solid solubility of the two metals in contact. 
To test these results more conclusively, measurements 
were made with two pairs of materials differing in their 
similarity to the base surface. The two materials of 
each pair had the same hardness and surface finish 
while their solid solubilities in copper were very 
different. The tests were performed under identical 
conditions of load and distance of travel. Phosphor 
bronze and annealed chromium steel were chosen as 
the materials of the first pair. The second pair of 
materials consisted of nickel and a low-carbon steel. 
Nickel and copper are completely soluble in the copper- 
beryllium base while the copper-iron phase diagram 
indicates only a limited solid solubility of copper in 
iron. Table 3 shows the results of these measurements. 








TABLE 3 


Material Transferred to Dissimilar Riders of the Same Hardness 








Deposited Material, 


Material of Rider Brinell Hardness Microgram 


Annealed chromium steel 195 0.046 
Phosphor bronze 185 0.072 
Low-carbon steel 220 0.022 
Nickel 220 0.047 





From the values of Table 3 it is evident that ap- 
preciably more material is transferred to phosphor 


- bronze and nickel than to chromium steel and low- 


carbon steel. 
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MECHANISM 


Lubrication Effects 


Finally the effect of the presence of a lubricant was 
studied by sliding the riders over the base under dry 
and lubricated conditions. Under conditions of hydro- 
dynamic lubrication the two sliding surfaces are com- 
pletely separated by a liquid film. In this case no 
material is transferred from one surface to the other. 
In actual operating conditions it is seldom possible to 
maintain a liquid film completely covering the entire 
surface at all times. When machines are started, con- 
ditions of boundary lubrication prevail, and some 
metal-to-metal contact takes place. For that reason 
it seemed to be of interest to see how partial lubrication 
would affect the exchange of matter. 

For these tests the base surface was copiously covered 
with pure mineral oil. It was found that the difference 
of the material transferred under dry and lubricated 
conditions depended on the nature of the material of 
the rider and on the value of the normal load. The 
difference was found to be greater for lighter loads. 
Table 4 shows the amount of material deposited on 
steel and phosphor bronze riders under a normal load 
of 25 grams. 





TABLE 4 


Material Transferred to Riders Under Dry and Lubricated 
Conditions 





Transferred Copper- 


Material of Rider Beryllium, Microgram 
Dry Lubricated 

Phosphor bronze 0.021 0.010 

Steel 0.0025 0.0006 





Finally an attempt was made to measure the ma- 
terial picked up by a rider when pressed against the base 
surface without lateral displacement. In all cases 
some deposited material could be detected on the rider. 
However, studies of the effect of normal load were in- 
conclusive because the amount of deposited material 
was near the limit of the sensitivity of the method. 
Furthermore, in spite of all precautions, it was im- 
possible to avoid small lateral displacements, 
a difficulty already pointed out by Claypoole and 
Cook.* 


CONCLUSION 


In summarizing it may be said that riders of all the 
materials studied took up some bulk material from the 
base. W. B. Hardy’s postulate’ that seizure and wear 
are characteristic of all frictional phenomena is thus 
corroborated by experiment. Base material was taken 
up by metals as soft as lead and by substances as dis- 
similar to the base material as glass. In the case of the 
soft metals it was evident from visual inspection under 
the microscope that some of the rider material had 
been smeared over the base surface. 
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Even under the smallest loads matter was trans- 
ferred under dry as well as under lubricated conditions. 
This fact suggested that the exchange of material 
between sliding surfaces might be of fundamental im- 
portance in all frictional phenomena including the 
operation of machinery and it was hoped that sys- 
tematic investigation of the transfer of matter might 
lead to a better understanding of frictional effects. 

It was found that the amount of material transferred 
under otherwise identical conditions was proportional 
to the load and to the distance of travel. 

For steel riders it was found that the material picked 
up from the copper-beryllium base was inversely pro- 
portional to the Brinell hardness of the rider. If the 
deformation of the rider during the friction test was 
plastic rather than elastic, the results of these measure- 
ments could be explained on the assumption that the 
amount of deposited material was proportional to the 
area of contact. 

The amount of transferred material increased with 
the surface roughness of the rider if the latter was harder 
than the base. If, on the other hand, the riders were 
softer than the base material, surface finish was of 
minor importance. 

This dependence on surface roughness can be under- 
stood on the basis of Bowden’s5 picture of friction be- 
tween materials of different hardnesses according to 
which the hard rider ploughs up the soft base material. 
For rough surface riders the furrows in the base are 
deep, and it is to be expected that more base metal 
adheres to the rider. If, on the other hand, the rider 
is softer, its roughness peaks are flattened until a con- 
tact area is reached which is characteristic of the 
hardness of the softer material and the normal load. 
Measurements of the dependence on the hardness of 
the rider seemed to indicate that the transferred ma- 
terial was proportional to the area of contact. 

It was shown that for identical conditions of hardness 
and surface finish the transferred matter was greater 
for phosphor bronze and nickel than for annealed 
chromium steel and low-carbon steel. Copper, the 
chief constituent of phosphor bronze, as well as nickel, 
is completely soluble in the base material while iron 
is practically insoluble in copper. 

Thus it is interesting to note that the measurements 
reported here can, to a certain extent, be interpreted 
in terms of the properties of the bulk material such as 
hardness and solid solubility despite the fact that no 
steps were taken to remove invisible surface films. 
However, it is difficult to say to what extent one can 
generalize the limited experimental results thus far 
obtained. Furthermore, it is to be expected that 
surface films often mask the relationship between solid 
solubility and amount of transferred material, and it 
is probable that more metal is transferred if these sur- 
face films are removed. 

Lubrication with pure mineral oil reduced the amount 


af deposited material. It was shown that the reduction 
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depended on load and, for the same load, on the nature 
of the material of the sliding surfaces. 


While the picture of the frictional process is far from 
being complete, it can be concluded from the present 
work that in dry and lubricated metallic friction ap- 
preciable material transfer takes place even under 
smaller loads than those occurring in ordinary me- 
chanical machinery. The radioactive method provides 
a useful tool for studying tke frictional effects in various 
cases of practical importance. 


The conclusion that transfer is least if the solid solu- 
bility of the two materials is small is only a more pre- 
cise formulation of the well-known empirical rule of 
machine designers which states that bearing and journal 
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should be made of dissimilar materials in order to 
minimize galling and seizure. The work of metallur- 
gists and physical chemists on solid solubility relation 
ships might well be turned to practical use in machine 
design. 

The somewhat complex dependence of metal transfer 
on hardness and surface roughness may explaiy the 
rather conflicting current opinions on the best methods 
for surface finishing cylinder barrels and piston ring: 
It appears that not only the surface roughness, but also 
the relative hardness must be considered. 

It is hoped that further work along these lines may 
contribute to an understanding of friction in industrial 
machinery, particularly in the internal combustion 


engine. 
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The Response of Helicopters with Articulated 
Rotors to Cyclic Blade Pitch Control 


A. F. DONOVAN* ann M. GOLAND{ 
Curtiss-Wright Corporation 


SUMMARY 


Results are obtained which permit calculation of the response 
of rotary wing aircraft to arbitrary control displacements. The 
type of craft specifically dealt with is equipped with a single 
lifting rotor, whose blades are hinged so as to possess freedom in 
flapping. Control of the craft is effected by cyclically varying 
the pitch of the rotor blades. 

A criterion for the stability of such machines is derived, taking 
into account seven degrees of freedom. These are (a), (b) 
longitudinal and transverse motion of the center of gravity of the 
fuselage; (c), (d) rolling and pitching about the center of gravity 
of the fuselage; (e) tilt of the rotor cone in a pitching sense 
relative to the fuselage; (f) tilt of the cone in a rolling sense 
relative to the fuselage; and (g) coning of the rotor blades. 

The suitability of cyclically- varying the pitch of the rotor 
blades to obtain control of the craft is investigated, and the 
response of the machine to abrupt control displacements is studied 
in detail. 

Numerical calculations are carried out for a particular machine 
in an initial hovering, or near hovering, condition. The present 
criterion indicates that the single rotor craft (of conventional 
design) is dynamically unstable; however, thé period of the 
unstable oscillation is found to be almost twice as long, and the 
rate of amplification very much smaller, than is indicated by the 
previously published results of Hohenemser. Hence, the present 
treatment indicates the machine to be less unstable than has 
heretofore been assumed. 

It is found that a condition of neutral stability is attained if 
the drag forces on the rotor are eliminated. 

The response of the machine to an imposed cyclic pitch is 
traced through the first several seconds of motion, starting from 
the hovering state. The results are shown in graphic form. 


INTRODUCTION 


T IS THE PURPOSE of this paper to outline methods 
I for calculating the response of rotary wing aircraft 
to arbitrary control displacements. The mathe- 
matical analysis presented here deals only with ma- 
chines that are in a hovering or near hovering state. 


‘Methods for extending the theory to include cases 


where the machine is in an initial state of steady 
translation are discussed in the Appendix. The 
stability of such craft, equipped with articulated rotors, 
is investigated thoroughly, and a study is made of the 
control characteristics obtainable by cyclically varying 
the pitch of the rotor blades. The load factors re- 
sultant from an abrupt stick displacement for a machine 
in an initial hovering condition are also computed. 





Presented at the Rotating Wing Aircraft Session, Twelfth 
Annual Meeting, I.A.S., New York, January 25-27, 1944. 

* Chief of Structures Department, Research Laboratory, Air- 
plane Division. 

t Section Head, Structural Design, Airplane Division, 





387 


The type of rotary wing craft specifically dealt with 
in this treatment is a single rotor helicopter. (Exten- 
sion of the work to cover multiple rotor designs is not 
difficult, often resulting in some simplification of the 
theory. See later discussion of Hohenemser.*) The 
blades are mounted on the rotor hub by means of 
horizontal hinges, so as to possess freedom of flapping. 
For simplicity, it is assumed that there is no kine- 
matical relationship between the blade pitch and blade 
flapping. Vertical hinges and dampers may be pro- 
vided to permit blade leading (or lagging). Although 
neglected in the present treatment, their presence 
affects the results to only a negligible extent. Since 
only a single lifting rotor is employed, suitable torque 
correction for the rotor driving torque must be pro- 
vided when necessary. Control of the craft is effected 
by cyclically varying the pitch of the rotor blades. 
The cyclic pitch variation of a particular blade follows 
a sinusoidal relation, with a period equal to one revolu- 
tion of the rotor. Suitable controls are provided to 
enable the operator to govern both the maximum 
amount of the variation and the azimuth angle of 
blade rotation at which this maximum occurs. 

Previous studies of somewhat similar nature have 
been carried out by several investigators. Their 
work, in general, has been based on the original develop- 
ment of rotary wing theory by Glauert,' later extended 
by Lock? and Wheatley.* Hohenemser‘ has investi- 
gated the stability and control of hovering machines 
with two coaxial, counterrotating articulated rotors, 
a topic similar to the one under discussion here. Von 
Karman’ and Kiissner® have discussed the stability 
of helicopters with blades fitted rigidly to the rotor 
shaft. Miehl,’ in ‘an exhaustive -work,. deals with 
articulated rotors that are constrained to roll and pitch 
with either a constant angular velocity or a constant 
angular acceleration. His treatment is particularly 
applicable to autogyro rotors when the autogyro is 
provided with controls that operate independently of 
the rotor. . 

Although the work of Hohenemser‘ is similar in scope 
to that of the present paper, it does not possess the same 
degree of generality. The development presented here 
considers the craft response in terms of the following 
degrees of freedom: (a), (b) longitudinal and transverse 
motion of the center of gravity of the fuselage, (c), 
(d) pitching and rolling about the center of gravity 
of the fuselage, (e) tilt of the rotor cone in a pitching 
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sense relative to the fuselage, (f) tilt of the rotor cone 
in a rolling sense relative to the fuselage, and (g) 
coning of the rotor blades. Hohenemser considers 
(a) and (c) and only partially takes into account (e). 
Since his work is concerned mainly with the longi- 
tudinal stability of a dual rotor machine, it is proper 
for him to neglect the remaining two degrees of freedom, 
with the advantage of considerably simplifying the 
results. Also, no attempt is made by Hohenemser to 
consider the effects on the craft response of cyclically 
varying the blade pitch as is done here. A continued 
discussion of Hohenemser‘ is reserved for a later section 
of this paper, following the mathematical development 
(see “Comparison with Hohenemser’s Solution’’). 

In the work to follow, the aerodynamic forces and 
moments acting on the rotor are calculated by methods 
similar to those used by Glauert.' More accurate 
theoretical relations have been obtained by Sissingh;* 
however, their use here would introduce excessive 
complication. 


RESULTS AND CONCLUSIONS 


The results of the mathematical analysis derived in 
the succeeding sections of this paper are given here. 
It is to be kept in mind that all results and conclusions 
based on the present mathematical treatment are 
strictly applicable only for machines that. are in a 
hovering or near hovering state. It is shown in the 
Appendix, however, that the theory can be extended 
without difficulty to include cases where the craft is in 
an initial condition of steady translation. An ap- 
proximate upper limit on the machine speed, below 
which the present results remain valid, is equal to one- 
tenth of the rotor tip speed. In conventional ma- 
chines, this limit would be approximately 40 m.p.h. 

The mathematical analysis demonstrates that cycli- 
cally varying the pitch of the rotor blades is a powerful 
and effective means of controlling both the machine’s 
horizontal translational velocity components and its 
roll and pitch orientation in space. It is also concluded 
that conventionally arranged helicopters, of the type 
described in the introduction, are characteristically 
dynamically unstable. Although dynamic instability 
is indicated, it is shown that the instability is un- 
important from a practical operational standpoint. 
By properly proportioning the dimensions and masses 
of the machine’s components, the period of the in- 
stability can be arranged to be of the order of 1/2 min. 
or longer. Proper ‘design will also make the rate of 
amplification of the unstable oscillation extremely 
small, 

When the period of the oscillation is long with respect 
to the reaction time of the pilot and the amplification 
is small, the unstable characteristic will not be noticed 
by the operator. Normal reactions will cause the 
pilot automatically to correct the attitude of the dis- 
turbed machine in a small fraction of a period of 
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oscillation. The type of corrections necessary is 
analogous to that required to avoid phugoid-type 
oscillations in an airplane subjected to random dis- 
turbances. Only if the pilot deliberately holds the 
controls fixed for several minutes and permits the 
oscillation to build up will the instability be noted. 

The results indicate that the instability arises 
because of the fact that the vector describing the re- 
sultant aerodynamic force on the rotor is not per 
pendicular to the plane described by the tips of the 
rotor blades. The nonperpendicularity is caused by 
the presence of a drag force that acts parallel to the 
rotor tip plane and opposes the rotor motion. It is 
found that a condition of zero amplification of the 
oscillation is attained if the drag force is eliminated 
or if other means are taken to insure that the vectorial 
representation of the resultant rotor force remains 
perpendicular to the plane of the blade tips. A con- 
crete manner of overcoming the inherent dynamic 
instability of single (or dual) rotor machines is thus 
suggested. In this connection it should be noted that 
refinement of the prevalent poor aerodynamic design 
of the rotor hub mechanism will improve the stability 
characteristics as well as the performance. 

Calculations of the response to an abrupt control 
displacement were made assuming the machine initially 
statically balanced in the hovering condition. When a 
sudden change in cyclic pitch is made on a hovering 
machine, the analysis indicates that there are two 
principal effects. 

The first is a change in the trim condition from one 
of hovering to steady translation. The new trim 
condition also requires that the rotor cone and, to a 
lesser extent, the fuselage be tilted in the direction of 
motion. Eqs. (35) show that the change in trim for 
a given amount of imposed cyclic pitch increases with 
the distance e, of the hinges from the rotor center. 
Hence, the sensitivity of the control system improves 
as the hinge distance e, is made larger. 

The second effect arises as a result of the change in 
trim condition. The character of this part of the 
response is determined by the nature of the roots of 
the stability determinant Eqs. (36) and the initial 
conditions. These roots describe various modes of , 
oscillation of the machine. Each mode may be of a 
damped or divergent character depending on the con- 
struction of the machine. For the machine whose 
properties are tabulated later in this paper, the roots 
of Eqs. (36) are 


—0.166, —0.52 = 1.867 
—0.42 + 0.201, 4.42 K 10-4 = 0.01187 
The first three sets of roots describe two rapidly 

converging oscillations and one relaxation motion. 
The last pair of roots describe a dynamic instability 
with a period of 21 sec. The time required for the 
unstable oscillation to double its amplitude is 63 
sec. 
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The response of the machine to an imposed 1.5° 
cyclic pitch 6, (decreasing the pitch of blades at the 
rear of the machine and increasing it for the forward 
blades) is shown graphically in Fig. 1. The conditions 
under which the machine is in trim with this cyclic 
pitch are computed from Eqs. (35) as: forward tip 
a, of rotor cone = Q, sidewards cone tip a2 to starboard 
= 1'/,°, forward velocity U of machine = 0, starboard 
velocity V = 84 m.p.h., angle of pitch a, of fuselage = 
0, and angle of roll a, of fuselage = 0. In addition to 
the notation already specified, the following definitions 
apply to Fig. 1: ¢ = time in seconds from instant of 
displacing controls, Y = azimuth angle of blade rotation 
measured from the straight rearward position, uy = 
ratio of starboard speed V to rotor peripheral tip speed. 
For time previous to t = y = 0, the machine is in trim 
in the hovering state. For the details of the calcula- 
tions for Fig. 1 see ‘‘Method of Solution and a Typical 
Numerical Calculation’”’ later in this paper. 








TIME SCALE SECONDS 


Fic. 1. Response of helicopter described in text to abrupt cyclic 
pitch change, #;=11/2°. 


It will:be noted that the velocity obtained from 
Eqs. (35) is unreasonably large. This condition arises 
because the drag of the machine is assumed to be 
linearly proportional to the velocity for purposes of 
mathematical simplification. A drag coefficient is 
chosen which is approximately correct in the speed 


range where the equations are valid (u, S 0.10) but 
which is too small at higher speeds. The calculations 
are carried out‘only for the low-speed region, since 
only the first few seconds of the response are usually 
of interest. The results presented are, therefore, 
unaffected by this simplification. The fuselage trim 
condition of zero angle of roll likewise arises from, an 
assumption made for analytic convenience—namely, 
that the fuselage drag force acts at the rotor hub. The 
calculations for Fig. 1 have been extended somewhat 
beyond their range of validity in order to more clearly 
illustrate the response trends. It is clear from the 
various plots that the long period oscillation has a pro- 
nounced effect on the motion. This oscillation is the 
controlling factor in determining the angular orienta- 
tion of the machine and results in a rapid roll to star- 
board. The smooth increase of starboard velocity is 
of interest. The divergent character of the long period 
oscillation cannot be detected on the curves because 
of the small rate of amplification and the short length 
of time considered. 

The coning angle a) of the rotor blades is found to 
remain unchanged throughout the motion. This is a 
result of the assumption that the rotor thrust is always 
equal to the weight of the machine. The angular com- 
ponents of the tilt of the rotor cone a; and az are seen 
to increase fairly steadily in the first part of the motion. 

Fig. 1 shows that the angular velocity of the fuselage 
does not exceed 0.3 rad. per sec. during the first several 
seconds of motion. The angular acceleration in roll 
has its maximum value of approximately 1.0 rad. per 
sec.? during the first few instants following the 
control displacement. The starboard acceleration 
builds up to a maximum of 38 ft. per sec.” at the end 
of the first 6 sec. It is of particular interest to note 
that an imposed cyclic pitch of only 1'/2° is sufficient 
to cause these relatively high values of accelera- 
tion. 

It is suggested that the significance of the results of 
this work can be greatly increased by a program of 
systematic calculation of the responses for machines 
of various size and mass proportions and for various 
conditions of initial steady translation of the craft. 
The most efficient means for accomplishing this would 
seem to be through the use of a differential analy- 
zer. 

In a later part of the paper, a comparison is made 
between the results of the present work and that of 
Hohenemser.‘ Both solutions indicate that the machine 
in this section is dynamically unstable. Hohenemser’s 
results, however, predict a more serious instability 
than does the present treatment. Whereas a period 
of 21 sec. is predicted by the present work, calcula- 
tions based on Hohenemser’s solution indicate a period 
of 10.6 sec. According to the present work, 63 sec. 
are required for the unstable oscillation to double its 
magnitude; Hohenemser predicts the same effect in 
only 11.6 sec. 
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BLADE DYNAMICS AND AERODYNAMICS 


To determine the motion of the blades, it is necessary 
to equate their inertial forces to the aerodynamic blade 
loads. The subsequent development utilizes the fol- 
lowing notations: 


U = longitudinal velocity at time ¢ of fuselage 
center of gravity (positive forward) 
V = lateral velocity at time ¢ of fuselage center of 


gravity (positive to starboard) 
a, = angle of fuselage pitch at time ¢, rad. (positive 
nose upwards) 
a, = angle of fuselage roll at time /, rad. (positive 
for bank to starboard) 
yY = azimuth angle of blade rotation at time ¢, 
rad. (measured from downwind position 
of blade, positive for counter-clockwise 
rotation looking down on rotor) 
dy/dt = angular velocity of rotor, rad. per sec. 
blade flapping angle at time f, rad. (measured 
relative to plane perpendicular to rotor 


@ 
I 


axis, positive upwards) 


If the angular velocity 2 of the rotor remains con- 
stant, then y = Qt. The pitching and rolling angular 
velocities of the machine and the angular velocity of 
blade flapping are then, respectively, 


da,/dt = Q(da,/dy) = Qa, ) (1) 
da,/dt = Q4,, dB/dt = 26 f 


where each dot represents a differentiation with respect 
to the blade azimuth angle y. Similarly, the angular 
accelerations become 


d?a,/dt? = 07(d?a,/dy?) = Qa, | (1’) 
d?a,/dt? = 24,, d°B/dt?? = 28 f 


It is to be noted that the rolling and pitching motions 
are referred to axes fixed in space; the flapping of the 
blades is measured from a plane that is fixed relative 
to the machine. 

The kinematics of a particular blade, considering 
both the machine and blade to be displaced from their 
initial positions, is conveniently studied with the aid 
of the five coordinate systems described in Table 1. 
The frame (#, J, 2) is fixed in Space; the others are not. 
The coordinate Z is along the longitudinal axis of the 
craft at the start of motion and is positive in the 
forward direction. The coordinate 7 is positive to the 
starboard; the third coordinate 2 of the right-handed 
frame is positive vertically downwards. The other 
systems are obtained by reorienting the (Z, 9, 2) frame 
in the manner described in Table 1. The (#, J, 2) 
system is first tipped backward about the y axis by an 
amount a,; a starboard bank of amount a, is next 
imposed. What was originally the- vertical z axis is 
now coincident with the direction of the rotor shaft. 
A further rotation of the frame by an amount (90 — y) 
about this last-mentioned axis and by —8 in the 
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TABLE 1 


Coordinate Axes Used in Discussion 





Frame Obtained by Remarks 

(2, 9, 2) See discussion of axial Frame fixed in space 
directions in text 

(x’, y’, 3’) Obtained from (Z, 7, Z) Frame rotating about 
by rotation + a, 4 with velocity 
about 7 da,/dt 

G@”, 9") Obtained from (x’, y’, Frame rotating about 
z’) by rotation + a, x’ with velocity 
about x’ da,r/dt relative to 


, , , 
(x’, y’, 2’) 
(x’’’, y’’’, s’’") Obtained from (x’’, y’’, Frame rotating about 


z’’) by rotatiog + z’’ with velocity 
(90 — wy) about 2’’ — Q relative to 
(x’", y', 3°") 
(x, ¥, 3) Obtained from (x’’’, Frame rotating about 
y’’’, 2'"") by rotation x’’’ with velocity 
— £6 about x’”’ —d8/dt relative to 


ig’? gf" gi?) 





TABLE 2 
Components of the Absolute Velocity of a Blade Section at the 
Radial! Distance r from the Rotor Center 








Relative to 


Source Amount Direction Axes 
Longitudinal flight U x ) (%, 9, 2) fixed 
Transverse flight V x \ in space 
Pitching of craft Qa,p(l + Br) —x’ (<’,. 9, #) 

Qapr cos of (x’, 9’, 8) 
Rolling of craft Qa, (1 + Br) yg” a 7", 8") 
Qa,r sin y 3"! (s".9"8"") 
Rotor rotation Qr x (x, ¥, 3) 
Flapping of blade* org —Z (x, y, 3) 
=a “ee, 


| 
| 


Induced down-wash w 





l = distance from machine center of gravity to rotor hub 

* The effect of having the flapping hinge at a small distance 
e» from the center of the rotor is neglected both here and in the 
terms of Table 3 which likewise involve blade flapping. The 
neglect is permissible when the length e is small compared with 
the rotor radius R, as is always the case in actual machines. 


flapping sense results in the orientation notated (x, 
y, z) in Table 1. The y axis of the (x, y, 2) frame 
points outward along the length of the (flapped) blade; 
the x axis is in the tangential direction—i.e., normal 
to the blade length and parallel to the plane of zero 
flapping. The z axis is downward and normal to the 
other two. 

The velocity of a blade section at a distance 7 from 


sever: 


ponents. These components are listed in Table 2, 


together with a specification of their directions. It is 
to be noted that the five coordinate systems of Table 1 
are used to advantage for the latter purpose. For 
simplicity, it is assumed in Table 2 that the axis of the 
rotor shaft passes through the center of gravity of the 
machine; the notation / is introduced for the distance 
between the machine center of gravity and the rotor 
hub. The down-wash velocity induced at the blade 
section is written as w. 
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It remains to resolve the variously directed velocities 
into components along the coordinates of a single axial 
frame and to sum up the directionally related contribu- 
tions. In accomplishing this, some terms are obtained 
which contain products of the angular displacements 
Q», a, 8 and/or. their time derivatives. Since it is 
desirable that the theory remain linear throughout, 
these terms are not taken into account. It is assumed 
that a,, a,, 8 and their time derivatives are of suffi- 
ciently small magnitude to permit neglect of their 
products in comparison with the quantities themselves. 
Furthermore, if the later work is to be kept linear, it is 
necessary to assume that the machine velocities U 
and V, and the down-wash velocity w are small com- 
pared with the tip speed QR of the blades (R being the 
rotor radius). The ratios U/QR, V/QR, and w/QR 
are then of the same order of magnitude as the angular 
displacements a,, a;, 6 (i.e., first order), and second 
order products involving them can be neglected. 

Because of these restrictions, it must be concluded 
that all results of the present development are limited 
in their application to the analysis of flight responses 
that do not involve large disturbances of the craft from 
an initial hovering condition. 

To facilitate the calculation of the aerodynamic 
blade loads, the absolute velocities of the blade sections 
are desired in the directions of the x and z axes. At the 
radial distance 7 from the rotor center these velocities 
are, to the first order, 


v, = Or + Usiny + Vecosy + Qa, cos y — | 
Q, sin wy) (2) 
v= —w- QrB + Or(a, cos Y + a, sin y) ( 


iS) 


The velocity v, is normal to the blade length and 
parallel to the plane of zero flapping; v, is downwards, 
normal to both v, and the blade length. The expression 
for the velocity v, is not given. Since v, is directed 
along the blade length, its small effect on the magnitude 
of the blade loading is neglected. Eqs. (2) are for the 
blade velocities relative to the earth and, hence, the air 
stream; their opposites are for thé air stream relative 
to the blades» 

The components which make up the absolute ac- 
celeration of a blade section are given in Table 3. 
Their directions are again specified in terms of the five 
axial systems of Table 1. In addition to terms of the 
usual type, several Coriolis accelerations appear. 

They arise as a result of the motion of the blades 
relative to the fuselage—i.e., due to the blade rotation 
2 and flapping 28. These supplementary accelerations 
are brought into play whenever a particle translates 
relative to a set of axes that are themselves rotating in 
space. [Let (&, n, £) be a right-handed frame. If a 
particle has the velocity v in the 7 direction, measured 
relative to a system that is rotating about the & axis 
with an angular velocity w, then the Coriolis accelera- 
tion of the particle is 2vu# in the ¢ direction. See 
Timoshenko and Young.’] 
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TABLE 3 


Components of the Absolute Acceleration of a Blade Section at 
the Radial Distance r from the Rotor Center 





Source Magnitude Direction 
Longitudinal flight dU /dt 
Transverse flight dV/dt BY 
Rotor rotation 2°r —y"’ 
Blade flapping 2rB —3 
Craft pitching 2°4a,(l + Br) —x’ 

Q?a, 7 cos y s' 
2?a,?(l + Br) 3’ 
2% cpa +x’ 
Craft rolling 07a,(1 + Br) yy” 
2%a, r sin y ¥¢ 
2?a,?(1 + Br) 3” 
Qa,? r sin —y"’ 
Coriolis Accelerations 
+coupled——___-—> ‘ 
Angular Linear 
Velocity Velocity Magnitude Direction 
Qa, cos ¥ Qr 20°a, r cos gy" 
Qa, sin ¥ Qr 20%a,r sin y —3/"' 
Qa, OrB 20°r Ba, y 
Nap org 20°r Be, —x 
Qa, sin ¥ ores 20°ra,BB sin —s"’ 
* Q&,y cos ¥ QrBB 20?ra,BB cos ¥ —2/"' 
—x 


2 Ores 2227 88 


It is convenient to continue to use the directions of 
the (x, y, z) axes for reference. Again omitting all 
terms that are of second order importance, the absolute 
accelerations of the blade sections at 7 are found from 


Table 3 to be, respectively, 


a, = XL J — Ma,) siny + § "V+ 194,) ) cos 
a, = XV + Ma,) sin y — Or — AU — 
INa,) cos p (3) 
a, = —0%7(B + B— a,cosy — a,siny + 
2a, sin y — 2a, cos yp) 


where QU = dU/dt and QV = dV/dt are the longi- 
tudinal and transverse accelerations, respectively, of 
the machine center of gravity. Although the work 
here requires a knowledge of the acceleration a, only, 
the other components are given for the convenience of 
fiiture investigators. The accelerations in the x and y 
directions would have. to be known when discussing 
such matters as blade lagging (and leading), the power 
input to the rotor, and the blade stresses during 
maneuvering flight. 

[An alternative method that can be used to obtain 
Eqs. (3) consists of first writing the components of 
the absolute velocity of a blade element in the directions 
(x, y, z) fixed in space. These velocities are then 
differentiated with respect to time, thus giving the 
blade element accelerations in the directions (Z, 7, 2). 
An axial transformation to the (x, y, z) directions re- 
sults in Eqs. (3). This method has the advantage of 
automatically introducing the Coriolis terms. It is 
not necessary that they receive special consideration. 
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Both methods, however, involve nearly the same 
amount of labor.] 

Let M, represent the moment about the flapping 
hinge of the aerodynamic and gravity forces on a rotor 
blade. Then, from dynamical considerations, 


R 
M, = -f (r — &)a,qdr (4) 
eb 


where g is the blade mass per unit of length and e, is 
the distance of the flapping hinge from the center of 
the rotor. Since e, is always small compared with R, 
the error introduced by neglecting the effect of e, on 
the integral of Eq. (4) is negligible. Accordingly, with 
é = 0 this equation becomes 


R 
M, = -f ra,q dr (5) 
0 


Substituting for a, from Eq. (3) and setting J, equal to 
the mass moment of inertia of the blade about its 
flapping hinge, then from Eq. (5) results, 


M, = 271,(8 + 8 — a, cosy — a, siny + 


2a, Sin Y — 2a, COS p) (6) 


The aerodynamic portion of M, is made up of the 
moment of the blade lift forces plus an unimportant 
contribution from the drag force components. The 
lift force on a blade element of length dr and chord c¢ is 


dL = '/opv,2macdr (7) 


where p is the mass density of the air, m is the slope of 
the lift versus angle-of-attack curve for the particular 
blade airfoil section employed, a is the blade angle of 
attack relative to the plane of zero lift, and the velocity 
v, is used as a close approximation for the velocity 
Vv,2 + v,2, As has been previously mentioned, the 
effect of the radial velocity v, on the aerodynamic 
loading (causing a ‘“‘yawing’’ flow across the blade) is 
neglected. The value of M, is then, 


BR 
M, = 1/2 Af ezmacr dr —G (8) 
0 


The factor B is introduced in the upper integration 
limit, in the manner of Wheatley,* to account for the 
loss of lift at the blade tip. The notation G is used to 
_ denote the gravity moment of the blade about its flap- 
ping hinge. ; 

The blade angle of attack a is made up of three parts: 
(a) a mean component 6) which does not vary with time; 
(b) the cyclically varying component —(6; cos y + 
6 sin y); and (c) the induced angle y. For the type 
of machine being studied, both the mean component 
6 and the amount of cyclic pitch imposed can be con- 
trolled by the operator of the craft. By writing the 
cyclic component in terms of the two arbitrary con- 
stants 6; and 4, control of the maximum amount of 
blade pitch variation, as well as the azimuth angle of 
blade rotation y at which this maximum occurs, is 


left to the discretion of the operator. Since the induced 
angle is equal to 


g = v,/0; (9) 


the complete expression for the blade angle of attack 
becomes 


a = 0% — cosy — & sin y + (u,/2,) (10) 


It is assumed that the magnitude of a is comparable 
with those of the other first-order quantities that appear 
in the work. 

The integral of Eq. (8) can be evaluated by using 
Eqs. (2) and (10) for the blade velocities and angle of 
attack. The integration is accomplished here only 
for the special case of a blade of constant profile and 
constant chord along its entire length. It is also con- 
venient to assume that the down-wash velocity w does 
not vary along the blade length. 

Eq. (8) then yields, neglecting terms of higher order 
than first, 


1 r B4 . 
My = spmcR‘0? - % — cosy — & sin y — 


: 4 w ae: ‘cae 

B- an ar + «, cosy + 4, sin v) —-G _ (il) 
and the dynamical equation for blade flapping, obtained 
by equating Eqs. (6) and (11) is 


B+ B+ 6B — a,cosy + (2siny — vcosyp)é, — 


a, sin y — (2cosy + vsin y)é, = 


u(0>—6, cos YW — sin y) — (4v/3B)(w/QR) (12) 
‘ — (G /T, 2?) 
where v = pmc(BR)*/8I,. It is to be noted that 


Eq. (12) is a differential equation with variable coeffi- 
cients between 6, a,, and a,. Because of neglect of 
higher order terms, the longitudinal and transverse 
velocities of the center of gravity of the fuselage dis- 
appear from this particular equation. However, they 
enter as variables in equations which are written later, 
thus causing the machine velocity and blade flapping 
to become interdependent. : 

Following the lead of previous investigators, the 
flapping angle 6 is written as 

B = a — a, cosy — a siny (13) 

where ad» represents the coning angle of the blades, a; 
is the tilt of the rotor cone in the downwind direction, 
and dz is the rotor cone tilt to the starboard. Since 
the present work considers both steady and unsteady 
flight responses, the coefficents do, a1, and a2 cannot 
be regarded as constants. Instead, they are presumed 
to be functions of the blade azimuth angle y. (Since 
y = Qt, it is to be noted that a dependence on y is 
equivalent to a dependence on the time ¢.) The precise 
form of the three functions for do, a;, and dz are yet to 
be determined. 
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Substituting Eq. (13) in the left side of Eq. (12), 
terms are obtained on the left which have: (a) sin y 
affixed; (b) cos y affixed; or (c) neither sin y nor cos y 
affixed. The terms on the right being similarly 
classified, equating the corresponding terms from the 
two sides causes Eq. (12) to be automatically satisfied. 

The three equations resulting from this procedure 
are: 


ao + vao -++ aH = vO = (4, ‘3B)(w/QR) —_ (G 'T,2?) (14) 


(dz + va2) = (2a + vd) + (a, = Ver) wa Jap = vd, (15) 
(2a2 + vde) + (a + vé) + 2a, + (ay oa Veep) = vi; (16) 


By adding the equations of motion for the center of 
gravity of the fuselage to these relations, a solution 
for the response and stability problem is obtained. 


DYNAMICS OF THE FUSELAGE 


Eqs. (14), (15), and (16) contain the five variables 
do, G1, G2, a, and a, If the equations of motion for 
the center of gravity of the fuselage are written, the 
additional variables U and V enter. Since the vertical 
and yawing motions of the machine are not taken into 
account, four equations are sufficient to describe the 
fuselage motion. The necessary condition is then 
fulfilled of having the total number of available equa- 
tions equal to the number of variables considered 
(seven). 

The external loads on the fuselage arise from three 
sources: (a) blade forces that are transmitted to the 
rotor hub by means of the flapping hinges; (b) gravi- 
tational forces having a resultant equal to the fuselage 
weight and acting at its center of gravity; and (c) 
aerodynamic drag forces acting on the fuselage and 
tending to restrain its translational and rotational 
motion. The resultant moment and force due to these 
external loads, referred to the fuselage center of gravity, 
must at any instant be equal to the fuselage inertial 
moment and force. 

Using the results derived above, it is possible to 
precisely calculate the hinge forces. The blade weight, 
the air loads on the blade, and the blade accelerations 
must be taken into account. The hinge load is divided 
into components as follows: (a) thrust force—normal 
to the blade tip plane and acting upwards; (b) drag 
foree—parallel to the blade tip plane and normal to 
the blade, tending to oppose the rotor rotation; and 
(c) radial foree—parallel to the blade tip plane and 
acting outwards along the blade projection on this 
plane. The inertial loads of interest are due to the 
acceleration of the blade elements relative to the rotor 
hub. The air loads are calculable from Eq. (7) for the 
lift and a similar expression for the aerodynamic drag 
on a blade element. 

If the exact expressions for the hinge loads are found 
in this manner, the results indicate that the thrust 
component is equal to the difference between the 
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blade lift and blade weight, while the hinge drag force 
is made up of the aerodynamic blade drag and a com- 
ponent of the blade lift. The radial hinge force arises 
because of the centrifugal acceleration 2°r of the blade 
elements relative to the hub and has the steady value 
1/3(W,/g)2?R (W, = blade weight, g = acceleration 
due to gravity). 

Since both the blade lift and drag vary periodically 
with the azimuth angle y, the hinge thrust and drag 
forces also vary with time. In order to obtain’ the 
total thrust of the rotor on the fuselage, the thrust 
force per hinge must be averaged over one complete 
blade revolution and this mean hinge thrust multiplied 
by the number of blades comprising the rotor. For 
small departures of the machine from a hovering state, 
the total rotor thrust remains nearly equal to the 
fuselage weight. It is assumed here that the rotor 
thrust is always exactly equal to the fuselage weight 
W,, thus eliminating any vertical motion of the machine. 

At any instant, the thrust force at a single hinge is 
equal to 


T = Ve pmco*(BR)*{ — O,cosy — sin y — 


3 w@ 


5B OR + a, cos y + a, sin ‘) — W, (17) 


B + 

If the hinges are located a distance e, from the rotor 

axis, the hinge thrust induces a pitching moment of 

amount — 7; e, cos y and a rolling moment — 7;e, sin y, 

both about the fuselage center of gravity. If the 

pitching moment is averaged for one complete rotor 
revolution, its mean value is found to be 


(€,/12)pmcQ?(BR)*(0; — a, — dz — ay) 


and for a rotor with 1 blades, the total pitching moment 
induced by the hinge thrust forces is 


eW,(A — Gi — a2 — G») (18) 
where ¢€ = nepmcQ?(BR)*/12W,. The total rolling 


moment from the same cause is determined in a similar 
manner and is equal to 


eW, (02 — ad + a- ar) (19) 


The work of Glauert! indicates that the drag forces 
at the various hinges combine to produce a resultant 
drag force that opposes translation of the rotor through 
space. The exact magnitude of this force can be 
calculated by the same method as previously outlined 
for the thrust; the drag force at a single hinge is 
averaged for a complete rotor revolution, and this 
mean force is increased according to the number of rotor 
blades. Glauert has shown that the magnitude of the 
total drag force on the rotor is proportional to the 
speed of advance of the rotor. For the present analysis, 
the rotor hub moves forward with a velocity (U — 
IQa,) and travels to the starboard at the rate (V + 
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IQa,). Accordingly, the down-wind and port total 
drag forces on the rotor are taken equal to, respec- 
tively, 


U l V l 
kW. ( — —¢ ) and k,W (~ a i) 
‘\oOR R” 1 \oR* R? 


where k, and k, are rotor drag coefficients and W; is the 
fuselage weight. With uy, = U/QR and wp, = V/OR, 
the total drag forces become 


Si » L, , 
k,W; (x. - R in) and kW my + R i) (20) 


The radial hinge forces are always arranged to have 
a zero force resultant. No unbalance of force on the 
rotor shaft due to radial hinge loads is tolerated. To 
accomplish this aim, it is sometimes necessary (as in 
the case of single blade rotors) to add dynamic balanc- 
ing weights off the rotor axis. The radial forces do, 
however, contribute a moment. about the rotor hub 
when the hinge distance e, is not zero and the rotor 
cone is displaced. At any instant, the down-wind 
and starboard components of the radial force on a 
single hinge are, respectively, 





1 Woo. 


1% 22R cos ¥ and = 2R sin y 


2 8 
The moment arm of these components about the rotor 
hub is 


€)(a, cos Y + a sin y) 


The instantaneous pitching moment about the rotor 
hub is then 


1/o(W,/g)2?Re,(a1 cos y + az sin y) cosy 


and averaged for a complete rotor revolution this 
becomes !/,(W,/g)Q?Re,a;. For a rotor with blades 
the total pitching moment is then 


+ (n/4)(W,/g) (Q?Re,a1) (21) 


Similarly, the total rolling moment due to the radial 
hinge loads is 


+(n/4)(U p/g)(2 2*Repd2) (22) 


The aerodynamic drag force on the fuselage is induced 
by the translational and rotational motion of the 
fuselage. At low speeds, the magnitude and line of 
action of this force are linearly dependent on the 
angular velocity and speed of the fuselage center of 
gravity. Four drag coefficients are required to describe 
the resistance of the fuselage to longitudinal and 
transverse translation and to rolling and pitching. 
Instead of introducing four additional constants into 
the theory, however, the fuselage drag is accounted 
for by slightly increasing the rotor drag coefficients k, 
and k,. This approximation is permissible since the 
effect of the fuselage drag on the results is small, and 
Eqs. (17) possess the proper linear dependence of the 
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drag forces on the translational and rotational fuselage 


velocities. 
The total forward force on the fuselage (in the 
direction of the ¥ axis of Table 1) is then 


Fz = —Wylar + ap + Relus — (1/R)ay]} (23) 
The total force in the starboard (¥) direction is 

F, = Wylas + a, — kylay + W/R)él} (24 
The total pitching moment about a transverse (7) 


gravity axis of the fuselage is 


M; = Wyl{ai + Relur — (1/R) ap] } + «WHA, — 
Gi — dz — Gy) + (n/4)(W,/g)2*Re,ay (25) 


The total rolling moment about a longitudinal (x) 
gravity axis of the fuselage is 


Mz = Wa\az — Ry[uy + (l/R)ar] } + «Wy(O2 — 
G2 + a; — a,) + (n/4)(W,/g)2?Repa2 (26) 
The equations of motion for the fuselage are then 


F; = Wy dU =s Wror! diz - Ws ORjig 
g dt g dt g 


mT Ae Ws op tH = Wer Ri, 
g dt g dt g 


M; = I,(d?a,/dt?) = Ia, | - 
M, = I,(d?a,/dt?) = 1,24, - 


where J, and J, are the mass moments of inertia of the 
fuselage about its longitudinal and transverse gravity 


axes, respectively. 

Substituting the complete expressions for the ex- 
ternal forces and moments in the equations of motion 
leads to the set of relations, 


a= (x. oe x») + (= its + katz) =0 (29) 
R g 
2 
a2 — (+, £ a — a, — (= fly + bys )=0 (30) 
R g 
€ n W, 2 BE +) | € 
1+ -— a) + -a@t+ 
lea -( '4W, eg t/ JE 
I, (: {yi 4 € 
k, — kee = - 0 (31) 
Es wails, el a 
Hol rd rat eo 


4W;, g l 


I? l . eC 
Et a +(§ bli a + ketty = 5 Os (32) 





These equations, plus Eqs. (14), (15), and (16) are 
seven differential equations with the same number of 
variables. Each equation is linear and has constant 
coefficients. Methods for solving for the variables 
under these conditions are well known.” 
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METHOD OF SOLUTION AND A TYPICAL NUMERICAL 
CALCULATION 


Eq. (14) is solved by taking 





a = — 4u had — —_—_ A we" (33) 
3B QR = 
n=1 
where 7, are the roots of the quadratic 
r?+ur+1=0 (34) 


and the A, are arbitrary constants to be fixed by the 
starting conditions of the problem. Letter e is the 
base of natural logarithms. 

Eqs. (15), (16), (29), (30), (31), and (32) are solved 
by taking 





10 
a, = — & + > Be 
n=1 
10 
a2 = 0+ ) C,e** 
n=1 
pe (142 ORS) 4 5. a 
k, 4W; g 
n=l 
r= (35) 
s( n W,2 Fe) . Aw 
= —| 1+—-— — —} + Es” 
o_o en 
n=1 
ay = _n Wo oe oo >> x 
4W,; g 
n=1 
«= +e oe >> Ger 
4W, 


n=l 


where B,, C,, ..., G, are constants and the A, are the 
ten roots of the equation, expressed in determinant 
form. 


Pi(\) —P2(A) P(A) 0 —2. 0 | 
P(A) P,(d) 2n 0 Pir) 0 | 
IPs(X) —e/l Pd) hy 0 0 |=0 
Bt 0 P;(d) Pe(d) 0 0 | 
l/l Ps) 0 0 P(\) —ke | 
0 l 0 0 P3(d) Po(d) | 

(36) 
where 


Pi(A) = 2 + vA; P(A) = 1 — by =) 


Pk) = 24 + v; Pe(A) = — (4, + ky) 
g 








W, 27R e 

Psa) =£x— (14 oo sn 

3(A) j iW, ¢ 7(A) = 
oY € l 
= +($ R 
I, l l 

Par) = 2 2 +(£ + ky Ens Pah wi-k-}% 
) Wl "R a(a) R 
Pay = EX ee 
g 


Methods for solving systems of linear differential 
equations of the type treated here are discussed by 
von Karman and Biot.” They show that only ten 
of the constants B,, C,, ..., G, in Eqs. (35) are arbi- 
trary. Hence, only ten starting conditions need be 
known to fix the values of all constants appearing in 
the summation of Eqs. (35). Two additional starting 
conditions are necessary to enable the values of the 
two unknown constants in Eq. (33) to be detérmined. 
Since the craft is initially in a hovering state, the twelve 


starting conditions are, at? = y = 0, 
( 4v w G y 
ap = | wh — — — x 
3B QR 7,07 


(37) 


do = 0 a, = a,=0 de = a2 = 0 
%=a=0 a =4,=0 we =n, =0 


The particular solution te the system of seven 
differential equations is represented by the constant 
portions (not dependent on y) of Eqs. (33) and (35). 
These terms describe the steady-state response of the 
machine to an abrupt control displacement. They 
are, therefore, indicative of the suitability of cyclically 
varying the pitch of the blades in order to obtain 
control of the craft. This matter is discussed in some 
detail in the ‘‘Results and Conclusions”’ section of the 
paper, where control sensitivity is also investigated. 
Although the present work is concerned only with 
abrupt control displacements, no great difficulty is 
involved in extending the theory to deal with control 
displacements which are arbitrary functions of time. 

The determinant of Eq. (36) is recognized to be the 
stability determinant for the craft. If all roots of 
Eq. (36) represent convergent (decaying) oscillations, 
the machine is stable. Small displacements of the 
craft from the hovering state will be damped out. If, 
however, one or more of the roots describe a divergent 
oscillation, the craft is unstable. Small disturbances 
will be magnified and will eventually cause the machine 
to upset. 

In order to obtain some idea of the practical signifi- 
cance of the results, sample response calculations 
have been made for a typical machine. In order to 
simplify the work, two of the degrees of freedom, 
longitudinal translation and pitching, are not taken 
into account. This is done by setting a, = uw, = 0 in 


* See Glauert.! 
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all of the developed theory. The equations of motion, 
Eqs. (29) and (31), relating to longitudinal translation 
and pitching, are no longer of importance and can 
be neglected. This results in the disappearance of the 
last two columns and rows from the determinant of 
Eq. (36) and considerably reduces the labor involved 
in solving for the roots \,. Instead of ten roots, only 
seven are obtained for the modified solution; the re- 
duction is accounted for by the smaller number of 
starting conditions which are applicable to the problem. 
The degree of freedom described by the longitudinal 
tip a; of the rotor cone is not discarded in order to study 
the effects on a; of small displacements of the machine 
from a hovering state. 

It is clear that a, and yu, can be set equal to zero only 
providing no disturbing forces tending to cause longi- 
tudinal motion are introduced by the cyclic pitch 
control. This condition is fulfilled when the cyclic 
pitch #..= 0. The steady-state responses of a, uz, 
and a, are then zero, and only the oscillatory portions 
of the last two degrees of freedom are neglected. 

The hypothetical machine for which response cal- 
culations have been made has the following charac- 


teristics: 
W; = 2,200 lbs. m = 5.56 per rad. 
W, = 55 Ibs. B = 0.95 
R = 48.75 ft. I, = 230 lbs. ft. sec.? 
¢ = 14m. = 42. 
k, = 0.10 


The rotor is assumed to rotate at Q = 25 rad. per 
sec. (240 r.p.m.), and a cyclic pitch of amount 6; = 1.5° 
is imposed on the rotor blades. 


For this case, the roots of Eq. (36) are found to be 


—0.52 = 1.867 


— 0.166, 
4.42 X 10-4 + 0.01187 (38) 


—0.42 + 0.201, 


The first five roots represent decaying oscillations. 
The pair of complex roots with a positive real part 
describe a divergent oscillation and, hence, indicate 
that the machine is unstable. It is to be noted that 
the period of the unstable oscillation is 


2x/(0.0118 X 25) = 21 sec. 
and the time required for it to double its amplitude is 
0.693/(4.42 X 10-4 X 25) = 63 sec. 


The unstable motion is, therefore, not rapidly 
amplified and has a fairly long period. By suitably 
modifying the design of the machine, the period of the 
instability can be even further lengthened and the 
rate of amplification reduced. 

The response of the machine to the imposed cyclic 
pitch is shown graphically on Fig. 1. The time scale 
is expanded for the first instants of motion in order to 
show how the damped oscillations become ineffectual 
within a fraction of a second. The complete range of 
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the figure, covering several seconds of motion, shows 
the influence of the divergent roots on the responses. 

A detailed discussion of the significance of the 
analytical and calculated results is given under ‘‘Results 
and Conclusions” in this paper. It is mentioned there 
that the instability can be eliminated completely if 
the rotor drag force can be nullified. Thus, if k, is 
set equal to zero in the determinant of Eq. (36), a 
condition of neutral stability results. 


COMPARISON WITH HOHENEMSER’S SOLUTION 


Hohenemser‘ deals with the longitudinal stability 
and response of a hovering machine having two coaxial, 
oppositely rotating, identical rotors. The articulation 
of the rotors and the general constructional features of 
the craft are the same as described in the first part of 
this paper. It is of interest, therefore, to compare 
Hohenemser’s results with those obtained here. 

Because of the counterrotating arrangement, move- 
ment of the dual rotor craft in a particular direction 
does not introduce air loads transverse to the direction 
of motion. Hence, for this special case, longitudinal 
and lateral stability can be studied separately. In 
terms of the degrees of freedom utilized in the present 
development, this implies that the transverse cone tip 
az need not be considered in a discussion of longitudinal 
stability and response. Conversely, a study of lateral 
motion does not require that the longitudinal tip a, 
of the rotor cone be taken into account. 

Since no air loads are introduced transverse to the 
direction of motion, only two equations for the fuselage 
motion are significant. Thus, for investigating longi- 
tudinal stability and response, only the equations of 
motion for longitudinal translation and for pitching 
yield interesting results. 

Hohenemser does not consider the effects of imposed 
cyclic pitch on the response of the machine. In terms 
of the present solution, this is equivalent to neglecting 
the parameters 6; and 62. 

Setting d2 = @ = & = 0, a, = a, = a, = O, and 
6, = 6 = 0 in Eq. (15), this equation becomes 

+(2a: + va1) + 2a, = 0 (39) 


If a, is arbitrarily set equal to zero, a relation between 
a; and a, is obtained in the form 


a, = —(2/v)a, (40) 


Eq. (40) is identical with the relation used by 
Hohenemser to define the rotor cone tip (save for 
different notation and a different positive convention 
for a). It is clear, then, that Hohenemser has chosen 
to neglect the dynamical effects due to motion of the 
rotor cone relative to the fuselage. 

A consequence of the previous assumptions is the 
vanishing of the factor e from the equations of motion, 
Eqs. (29) and (31). With a = a: = 6, = 0, these 
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equations are in agreement with those written by 
Hohenemser. Use of these equations, together with 
Eq. (40), for stability and response calculations give 
results that are identical with those of Hohenem- 
ser. 

A further comparison between the present treatment 
and that of Hohenemser is obtained by comparing the 
roots of the stability determinants, computed from the 
results of the two solutions for similar machines. For 
the craft whose characteristics are tabulated in the 
section on ‘‘Method of Solution and a Typical Nu- 
merical Calculation,’’ Hohenemser’s work gives for 
the roots of the stability determinant, 


—0.119, 0.0024 + 0.02377 (41) 


These consist of a negative real root, representing a 
decaying motion, and a pair of complex conjugates 
with positive real parts, describing a dynamically un- 
stable oscillation. The fact that only three roots are 
obtained, compared with the seven (or more generally, 
ten) that result from the present treatment, is due to 
the smaller number of degrees of freedom which 
Hohenemser has taken into account. 

Considering the magnitudes of the unstable oscilla- 
tions predicted by the two solutions, comparison of 
roots (38) and (41) shows that the present solution 
indicates the machine to be less unstable than does that 
of Hohenemser. The period of the instability from 
roots (41) is 10.6 sec., compared with a period of 21 
sec. for the present treatment (see previous section). 
The amplification factor predicted by Hohenemser’s 
work is much larger than that resulting from roots 
(38); whereas the present solution requires 63 sec. 


for the unstable oscillation to double its magnitude, 
Hohenemser’s results predict the same effect in only 
11.6 sec. 
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Appendix 


It has been pointed out by H. Reissner* that the 
solution given here need not be restricted to the case 
of hovering or near hovering machines. The stability 
under any condition of steady state motion, such as 
uniform translation, can be studied if minor revisions 
in the present theory are made. 

If the case of steady translation is studied, terms are 
introduced into the equations which are composed of 
products of the translational velocity components, 
such as the forward speed U, and other variables. 
When the variable velocity U is not of small magnitude 
compared with the tip speed QR of the blades, these 
products are not of second order, and the terms cannot 
be considered to be of unimportant magnitude when 
formulating the pertinent equations. This results in 
the appearance of differential equations with variable 
coefficients in the theory. The exact solution of these 
differential equations is of extreme mathematical 
complication. 





* Professor of Aeronautical Engineering, Polytechnic Institute 
of Brooklyn. 


However, it is to be recalled that a study of stability 
requires merely that the behavior of the machine be 
investigated when it is undergoing small departures 
from an initial steady state condition. If the response 
calculations are likewise limited to small departures 
from an initial steady state condition, a solution to 
the stability and response problem for nonhovering 
machines can be obtained without difficulty. 

Consider the forward velocity U to be written as the 
sum of a relatively large, constant component U, and 
a component U,, describing a small disturbance from 
the initial steady state condition. Then U = U, + 
U, and products such as U? and 8U (which enter, for 
example, in the calculation of the aerodynamic blade 
forces) become U,? + 2U,Uz; + U,? and BU, + BU4g, 
respectively. Neglect of the second order terms U,? 
and 8U, makes these equal to U,? + 2U,U, and BU,, 
respectively. It is to be noted that these last expres- 
sions do not contain products of variables. 

If this type of reafoning is incorporated into the 


development given in this paper, it is found that the 
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differential equations governing the stability and 
response of nonhovering machines are of exactly the 
same form as Eqs. (14), (15), (16), (29), (30), (31), 
and (32). Only the values of the constant coefficients 
are changed, through the addition of terms involving 
steady state velocity components, such as the constant 
velocity U,. If these additional terms are caused to 
vanish, the equations describing the stability and re- 
sponse near the hovering state are obtained identically. 
(It is to be noted that the magnitudes of the rotor drag 
coefficients k, and k, must be varied according to the 
initial steady state condition chosen for investigation. 
Average values must be chosen which are applicable 
for drag calculations at and near the initial steady state 
velocities.) 

Since the form of the differential equations do not 
ehange, the form of the solutions for the seven variables 
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in the case of nonhovering machines remain likewise 
unchanged. 

The form of the solutions are similar to 
of Eqs. (33) and (35); the values of the roots 
r, and i, are obtained from algebraic equations of 
exactly the same form as Eqs. (34) and (36). Although 
the values of the constant coefficients change, no in 
creased complications are introduced in the methods of 
solution. The starting conditions are altered slight], 
from those of Eqs. (37) and are obtainable from th« 
solutions of Glauert! and others. 

It is evident that the extension of the work to 
include the case of nonhovering helicopters is of great 
practical interest and it is hoped that the stability and 
response characteristics under such conditions will 
become known as the result of a future program of 
calculation. 


those 





Letter to the Editor 


Dear Sir: 

The paper by Paul E. Sandorff on ‘‘Notes on Columns’ 
(JOURNAL OF THE AERONAUTICAL SCIENCES, Vol. 11, No. 1, p. 1, 
January, 1944) contains certain statements which lead to the 
following comments: 

(1) It may be presumed, in relation with the second paragraph 
of ‘Critical Loads of Elastically Restrained Columns,”’ that the 
paper deals only with failure by lateral buckling, exclusive of 
torsional instability. 

2) The case considered after Eq. (23), which corresponds to 
the hypothesis a2 = 0, Mi’ = M2, Mz = Ms, solution of which is 
given by Eqs. (24) and (25), is a condition of multiple-bay 
column, with spans alternatively defined by the quantities Z,, D, 
and Le, Dz and not a condition of two-bay column as indicated by 
the author. For the latter case, extending the author’s assump- 
tion a2 = 0 to the end restraints (a3 = a3 = 0), the solution of the 
problem is given by the following equation: 


- : t2u.) + : t2 0 
—| — —cot2u —— — cot 2u2 |] = 
D; Qu; P 2u2 , 


For both problems of two- and three-bay columns, complete 
charts are given by Ratzersdorfer.! 

(3) Interpretation of Eq. (31) is to be corrected. That equa- 
tion gives the failure of the whole continuous column, and if the 
operations leading to the critical load in bay (n, m + 1) are re- 
peated for other bays, the same critical load is found. That load 
corresponds to the value zero for the determinant constituted by 
the successive equations of the type (14) to (17). Reference (1), 
page 284, can be consulted for clarification of that point. 


, 


(4) It is desirable to complete Figs. 5 and 6 for negative values 
of a’, since at a support the sign of a’ can be negative as well as 
positive. 

(5) The reference 14 of the formula for the active width is in- 
correct, since that formula has been given by S. Timoshenko? at 
an earlier date, and the writer has extended that result, valid only 
for infinitely wide flanges, to flanges of finite width.* 

(6) There is a confusion between the end fixity, which refers 
to a span, and the end-restraint, which refers to a support. In 
the table on page 9, coefficients c; and c, are indicated. They are 
without significance with such notation, since end restraints only 
may have indexes referring to the support and not to the span 
They must be replaced by a unique coefficient c defined as ‘‘test 
end fixity for a single bay.” 

(7) It is to be noted that with a two-bay column specimen, the 
error is reduced to one-half in comparison with a one-bay speci- 
men. Moreover, combining the results of a one-bay test and a 
two-bay test, the end restraints can be actually determined, 
together with the actual values of the end fixity. 


REFERENCES 
1 Ratzersdorfer, J., Die Knickfestigkeit von Staben und Stal 
werken Wien, p. 280, 1936. 
2 Timoshenko, S., Theory of Elasticity, p. 161. 
3 Beskin (Beschkine), L., Determination of the Effective Width of 
the Compression Flanges of T-Beams, International Association 
for Bridge and Structural Engineering, Publications, Vol. 5, p 
65, Zurich, 1938. 
LEON BESKIN 
Structures Engineer 
Consolidated Vultee Aircraft Corporation 
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Buckling Loads of Beams or Plates on 
Continuous Supports 


EDWARD SAIBEL* 
Carnegie Institute of Technology 


SUMMARY 


A method is developed for finding the buckling loads of beams 
or plates over continuous rigid or elastic supports. These loads 
are found as the roots of characteristic equations that are de- 
veloped in terms of the known characteristic modes of buckling 
and corresponding characteristic buckling loads of the beam or 
plate without the rigid or elastic supports. The method is an ap- 
plication of the direct method of the Calculus of Variations and 
consists of minimizing the potential energy of the system subject 
to the constraints that are the inner supports, rigid or elastic. 

The object of this paper is to develop a method whereby the 
buckling loads of beams or plates, having simply supported, fixed, 
or free boundaries, and subject to inner constraints in the form of 
intermediate rigid or elastic supports, may readily be calculated. 
These buckling loads are the roots of the characteristic equations 
that arise from the condition that the potential energy of the 
system shall be a minimum subject to the constraints. By de- 
veloping the buckled shape of the system as a Generalized 
Fourier Series in terms of the characteristic (or eigen) functions 
of the unrestrained system, in many cases known or easily found, 
it is possible to express the potential energy in a simple and com- 
pact form from which there is no difficulty in deriving the charac- 
teristic equation. Few terms of these equations need be used to 
obtain reasonably accurate results in most problems. The beam 
has been previously solved,! but the present treatment will be 
found to have advantages in some cases over the existing method. 
This is particularly evident if the beam is uniform. In the case 
of the plate results believed to be new are found. 


BEAM WITH RIGID INTERMEDIATE SUPPORTS 


= THE BEAM of flexural rigidity B(x), not neces- 
sarily uniform, be restrained from deflecting at 
any number of intermediate points. The ends may be 
simply supported, fixed, or free. The load on the beam 
is axial, and the problem is to determine the smallest 
value of this load (P) which will produce buckling. 
The change V in potential energy, in passing from the 
straight to the buckled state of equilibrium, may be 
expressed! 


1— Vs (1) 
where 
1 = V2 Sq’ B(x) (d°y/dx*)*dx 
and 
= (P/2) fy (dy/dx)*dx 


Applying the principle of minimum potential energy— 
that is, setting 6V equal to zero—leads to 
Presented at the Structures Session, Twelfth Annual Meeting, 
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t 2 2 1 
v= f Boe ay) dx — pf dy d(5y) dx = 0 (2) 
0 dx? dx? 0 dx dx 


where dy is any admissible variation of y consistent 
with conditions at the ends of the beam. B(x) is not 
varied. Corresponding to — characteristic mode of 
buckling, ¢,(x) where k = 1, 2,...., there is a charac- 
teristic value P;, which is the buckling load for that 
particular mode. In Eq. (2), y may be set equal to 
¢(x), in which case P is equal to P;. Since ¢,(x) is an 
admissible variation, it may be selected to be dy and 


Eq. (2) becomes 

‘ : —_* *] : 

[3 On POA) 5 P, f dou(x) dO) 9, 9 
A dx? dx? 0 dx dx 

(3) 


On the other hand, y may be set equal to ¢,(x) and dy 
taken as ¢,, in which case Eq. (2) becomes 


ff 20 ) dx Pf dbs Ide a. — 9 (4) 
0 0 


dx dx 
Subtracting Eq. (4) from Eq. (3) leads to 
(Pr — Pj) Si! (ddx/dx) (do,/dx)dx = 0 (5) 
and if k ¥ j, 





Bs, (dq;/dx) (dd; ‘dx)dx = 0 (6) 
From Eq. (4) it follows that for k + j, 
S;! B(x) (d*¢,/dx?) (d°o,/dx*)dx = 0 (7) 


If y is measured from a point of inflection of the elastic 
curve,” the differential equation of the beam in buckled 
states ¢, and ¢;, respectively, may be expressed 


B(x) (d?o,/dx*) + Pidk = 7 


B(x)(d%,/dx*) + Po, =0 (8) 


Substituting Eqs. (8) into Eq. (7) leads to the principle 
of orthogonality of the characteristic modes—namely, 
So! ¢ibdx/B(x) = fork # j (9) 
Let the characteristic functions be normalized by mak- 
ing 
Sc ox2dx/B = 1, k =1,2,..... (10) 
Then 
JS; B(d*o,/dx?)*dx = P,2 (11) 


From Eq. (3), by setting 7 = k, it follows that 
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Si (déx/dx)*dx = P, (12) 


When the beam is buckled by a load P into any shape 
consistent with the end conditions, this shape may be 
approximated to any desired degree by means of the 
Generalized Fourier Series® 


n 


y(x) = p> And, (x) 


=1 


(13) 


where the ¢’s are the characteristic functions or pure 
modes of buckling of the beam under the prescribed 
conditions at the ends. The substitution of Eq. (13) 
into Eq. (1) and the use of the orthogonal and normal 
properties of the ¢’s leads to 


n n 


r=5) 2 p29 2 
ice a,?P; y a,7P, 


k=1 k=1 


(14) 


Inner rigid supports or restraints may be taken care of 


as follows: Suppose that, in addition to the end re- 


straints, the beam is supported at x = 5 and x = ¢, 
then 

Lardi(d) = 0 
and 

Dadx(c) = 0 


These conditions may be introduced into the expression 
for the total potential energy, Eq. (14), by means of 
the undetermined multipliers 8 and y as follows: 


, 1 . 9 2 i : 9 
J = . a,?P,? = my a,?P —_ B axd;(b) — 


y Dardx(c) (15) 


The necessary conditions that V be a minimum are 


OV/da, = 0, Sn a (16) 
and 
OV - 
a =() JEee) = '( 


leading to 


ov |... : 
=() { {Sao = 0 
From Eq. (16), 

ay = [Bobx(b) + vox(c)]/Pr(Px — P) 


This, substituted into Eqs. (17), results in a pair of 
linear homogeneous equations in 8 and y: 


AB+ By =0l (18) 
BB+ Cy =O0§ 
where 
A = 9'¢x7(b)/Pi(Px — P) | 
B= (19) 
c 


dor(b)ox(0)/Pi(P. — P) 7? 
> 9%2(c)/Pi(Pt — P) f 
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The vanishing of the determinant of the coefficients 6 
and y in Eqs. (18), necessary for a nontrivial solution 
gives the characteristic equation 


me Bll Dre 
ul Py(P; _e P) 

(dD) oe(C) PP _ si 
Pe A a 


Pi(P a + 
The lowest root of Eq. (20) is the lowest buckling load 
of the constrained system. In most cases it is necessary 
to consider only the first few terms to get this load ac 
curately enough for practical purposes. The extension 
to any number of intermediate rigid supports is evident. 





BEAM WITH ELASTIC INTERMEDIATE SUPPORTS 


The procedure may be illustrated without loss ir 
generality by again assuming two supports at x = f 
and x = c, both of which are elastic. Let a and az 
be the respective forces per unit displacement required 
to deflect the supports. As before, the buckled form 
of the beam may be represented in terms of the char- 


acteristic functions of the unrestrained beam—that is 
n 
y(x) = YS axdy(x) 
k=l 
The strain energy stored in these elastic supports is 


(a;/2)y?(b) and (a2/2)y?(c). The total potential 
energy now takes the form 


V sia : a,7P;? -= > a,*P, + 
= oxor(d) |' + | ards(e) | (21 


Applying the necessary conditions to make V a mini 
mum, 


OV/d0a = 0, Bem GE Dede 
results in 
a,[P3? + arg:?(b) + api2(c) — PiP] + 
de[a191(d)d2(d) + ao (C)d2(C) ] : Ore = 0 
a, [axb1(b)b2(b) + argi(c)de(c)] +a2[P2? + (22 
ah27(d) + atoh2?(c) pe PP] + evecece = 0 


The vanishing of the determinant of the coefficients of 
the a’s, the necessary condition for a nontrivial solution, 
is the characteristic equation. The lowest root of this 
equation is the smallest buckling load of the restrained 
system. 

The élastically restrained beam, having both ends 
simply supported, has been treated before by the mini- 
mum energy principle! The above treatment, how- 
ever, is also valid for free or fixed ends. In all cases the 
¢’s and the corresponding P’s are known so that the 
determination of the characteristic equation is a simple 
matter. As a general rule it will suffice to consider only 
the determinant of the second order, ‘which consists of 
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the four terms in the upper left-hand corner, to obtain 
reasonable accuracy. 


PLATE WITH RIGID INTERMEDIATE SUPPORTS 


Consider a thin uniform plate with any combination 
of simply supported, built-in, or free edges. In addi- 
tion, let the plate be restrained from deflecting along 
any number of lines parallel to either the X or the Y 
axis, where X and Y are the usual coordinate axes in 
the plane of the unbuckled plate. The plate is acted 
on by a uniform compressive force V, per unit length 
in the X direction. The problem is to determine the 
smallest value of NV, at which instability occurs. 

The change V in potential energy, in passing from 
the straight to the buckled state of equilibrium, may be 
expressed! by 


V=V,— Vo (23) 


where 
| 2w O7w 
ome v) — 
Ox? dy? 


Y, = aff } (V2w)? — 2(1 
(== )"| ae dy 
Oxy f 
Vz = (w./2) f ff 2w/ax)%ex dy 


D = Eh®/12(1 — v?) 


h being the thickness of the plate; H, the modulus of 
elasticity; and V* = (0?/0x*) + (0?/Ody?). 

It will be convenient to introduce the quadratic func- 
tionals defined as follows:* * 


H(u,v) = J fur dx dy 
Ma, a « ff(@z+ ov 4 ou o°) aedy 
Ox Ox Oy Oy 
I(u,v) = J [| viv ~@-9 x 





Ou dy du d% 0'u Ov 
not ens —— am oo @ — —— } |dxdy 
Ox? Oy? ~—ss Oy? Ox? oxdy Oxdy 
In this notation, the potential energy may be expressed 
v=2 Ww, vw —- “=H (=, =) (24) 
2 2 Ox ; 
and 
5V = DI(w, sw) — N,H (=, a2} 
Ox Ox 


The necessary condition that V be a minimum is that 
5V be zero or 


I(w, sw) — XH (= 2) —— oOo 
Ox Ox 





where \ = N,/D. Since éw is any admissible variation 
in w consistent with the boundary conditions, it may be 
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set equal to ¢,, the characteristic shape of the plate in 
the jth mode of buckling. At the same time, w may be 
set equal to ¢,, for which AX = dy. Eq. (25) becomes 


Od, O¢; , 
I(dx, 63) — Ay H(é ey = 0 2 
Pk ) a e* ( i) 


On the other hand, dw may be set equal to ¢, and w 
taken as ¢,, in which case Eq. (25) becomes 


maid er) = 0 (27) 


. — »,H 
I(¢, x) 4 (3, Dx 


Since J(u, v) = I(v, u) and H(u, v) = H(v, u), sub- 
tracting Eq. (27) from Eq. (26) leads to 


(Ax — Ay) FT[(Og,/ Ox), (OG;/Ox)] = O 
For Ay # A, it follows that 
SS (O¢x/2x)(0¢,/Ox)dx dy = 0 (28) 
Consequently, for A, # A, 
I (dx, $j) = 0 (29) 


Furthermore, let the characteristic functions be nor- 
malized—that is, make 


SS (2¢,/2x)%dx dy = 1 
From Eq. (27) it is evident that 
I(r» bx) = Ax (30) 
When the plate is buckled into any shape consistent 
with the boundary conditions, this shape may be ap- 


proximated to any desired degree by means of the 
Generalized Fourier Series. 


-> Landa y) 
j=lk 
where the ¢’s are the characteristic functions express- 
ing the various modes of buckling under the prescribed 
boundary conditions. By virtue of Eqs. (28), (29), 
and (30), 
V = 2 Vann — (A/2)0 Van? 


Restraints are introduced as before through undeter- 
mined multipliers. For example, if the plate is re- 
strained from deflecting along the line x = c, then 


= DV dandnlc, ¥) (31) 


With £6 as the undetermined multiplier, the expression 
to be minimized takes the form 


pany ae 
BY dandy x(c, ¥) (32) 


From the conditions 0V/0a, = Oand j,k = 1,2,.... 
n, it is found that 


On = Box(c, ¥)/An — r) 
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Substituting this value into 0V/08 = 0, which is equiv- 
alent to Eq. (31), there results 


DV didnr(c, y)/(An — A) = 0 (33) 


Since this double sum must vanish for all values of y 
over the plate, m characteristic equations will be found. 
From these equations it will not be difficult in most 
cases to select the one from which the lowest root may 
be determined. .This, of course, gives the smallest 
buckling load of the plate subject to the restraints. 
If more than one restraint is operative, say along the 
lines x = ¢, and x = &, 


yD 
By dVeandyl(cr, ¥) — YU Vandulce, ¥) 


Minimizing V leads to a pair of homogeneous linear 
equations in 8 and y from which the m characteristic 
equations may be found. The case of constraints 
along lines parallel to the Y axis is handled in the same 
manner. 

No theoretical difficulties are introduced when the 
method is extended to the buckling of the constrained 
plate by compressive forces in both the X and Y di- 
rections or by shear forces along the edges. It is only 
necessary to make the appropriate changes in V2. 
For example, under equal compressive forces NV in both 
X and Y¥ directions,! 


V2 = Xf f(y + (2) jecay = MH, w) 
2 Ox oy 2 


and with \ = N/D, 6V2 = DAF(w, dw). 
As before, for w = ¢, and dw = ¢; 


5V2 _ ADF (di, ;) (34) 


ws 


and for w = ¢, and dw = gy 

5V2 = ADF (oy, ox) (35) 
Now 6V; is the same in both cases, so when Eq. (35) is 
subtracted from Eq. (34), the orthogonality of the nor- 
mal modes is again established—that is, 


€ ra) Od; O 
F (dx, $3) = f f( = at + Pr 1) as dy =0 


Oy Oy 
kAj 


and as before I(¢,, ¢;) = 0. Normalizing, this time by 
making 
SS ((2¢x/Ox)? + (2¢%/2y)*}dx dy = 1 

it follows that I(¢;, ¢,) = Ax, and the procedure is as 
before. In the case of buckling due to shear forces 
N,, along the edges and in the plane of the plate, it is 
easily shown that 

SS ((O¢x/Ox)(OG;/Oy) + (O¢4/Ox)(O4,/ Oy) Jdx dy=0 

. j x k 


Normalizing brings about 
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2S S (Obx/Ox)(Od,/dy)dx dy = 


and again I(¢,, dy) = Az. 

An example that illustrates the method and at the 
same time is free of extraneous complications is fur- 
nished by the rectangular plate of sides a and 6 simply 
supported on all edges. Let it be subjected to a uniform 
compressive force N, per unit length acting in the di- 
rection of the side a and in the plane of the plate. Tak- 
ing the origin of the coordinate system at a corner of 
the plate, it is known that? 


on = (2/jr)v/ (a/b) sin (jrx/a) sin (kay/b) 
with the corresponding buckling load 
An = (x*a*/7?)[(7?/a*) + (h?/b?)}? 


The factor multiplying sin (jrx/a) sin (kry/b) in the 
expression for ¢, has been introduced to make 
S S (O¢p/2x)%dx dy equal to unity. Let the plate bi 
restrained from deflecting along the line x = c. Eq. 
(33) becomes 


























at (1/1) sin? (xc/a) | (1/2?) sin? (2rc/a) 4 7 
7 Fs ED a CE 
12 \a? sb? 92 b? J 
+ sit ae (1/1*) sin? (c/ ‘a) 1/2?) sin? (2rc/a 
b | ra?/1 2 = 22 22\2 
L 1? (+2) — (2+ *) oe 


Since this must vanish for all values of y in the range 
0 < y < b, each of the expressions in the brackets must 
individually vanish. This leads to m characteristic 
equations. The first one corresponds to buckling with 
one half wave in the Y direction, the second to two half 
waves in the Y direction, etc. For a given ratio a/b 
it is not difficult to select the equation from which the 
lowest buckling load may be found. 

If the restraint is along the line y = d, the character 
istic equation is found to be 


- 9 AX sin? (xd/) sin?2(2ad b) 
— = 
a 


7 + | 
2 ee r rent) | 
1? \a*_ —séO? 12 \a? J 





. 9 25x sin? °(rd/b) _sin? (21d/b)- 
+ sin “@ ra? ‘Ga =) ra (2 =) 
é (ae ah ee a" 
2? \a? T 5? 2? \a? b? 
ee ee . ae = 0 


And again each of the expressions in brackets must be 
set equal to zero, from which there results m character- 
istic equations. 
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PLATE WITH INTERMEDIATE ELASTIC SUPPORTS 


An approximate solution to the problem of the buck- 
ling of a plate reinforced by ribs may be obtained by 
considering the ribs as elastic restraints on the plate 
and including in the expression for the potential energy 
of the system the strain energy stored in the ribs in the 
buckled state. The procedure has been treated else- 
where for rectangular plates that are simply supported 
on all edges.! However, the methods described above 
enable the treatment to be extended to plates having 
any edge conditions for which the characteristic buck- 
ling modes and corresponding characteristic buckling 
loads for the plate without stiffening ribs are known or 
can be found. 

For example, in the case of a plate reinforced by a 
single rib of uniform flexural rigidity B and subjected 
to a uniform compressive force N, per unit length on 
the plate and P, on the rib in the X direction, the po- 
tential energy takes the form 


: > oy : 7 > a : ¥ Baz * 
J = 3 Oj? Dd jx —_ ry 5K" + 2 f 
0°w(x, } ee | Pe af 
———= | dx — -_— 
| Ox? , 2 Jo ox aad 


when the shape of the plate in the buckled state has 
been represented by 


w= Ye andyn(x, y) 
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and the rib is along the line y = d. It is easily seen 
that V is a function of the a’s and minimizing V leads 
to a set of linear homogeneous equations in the a's, the 
determinant of which set equal to zero (for a nontrivial 
solution) gives the characteristic equation. 


CONCLUSION 


It is clear that in those cases for which the charac- 
teristic functions and corresponding characteristic 
buckling loads of a beam or plate are known it is a rela- 
tively simple matter to establish the equation from 
which the buckling load for the beam or plate subject 
to additional rigid or elastic restraints may be found. 
The solution of the equation in the case of several re- 
straints may become quite involved arithmetically, 
but at least it is a straightforward procedure. It should 
be noted that even in those cases for which approxima- 
tions to the characteristic functions must be used the 
method is applicable though the accuracy in such cases 
would be difficult to estimate. However, since it is 
much easier to find functions that satisfy only boundary 
conditions around the edges and to introduce the inter- 
mediate supports as constraints of the system than it is 
to find functions that satisfy both the conditions at the 
edges of the plate and the intermediate conditions, the 
above procedure would appear to have some advantages 
over the customary Rayleigh-Ritz method, even when 
the characteristic functions are unknown. 
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to the charges made for “‘author’s corrections.” 





Manuscripts: Papers must be written in English, in original 
typewriting on one side only of white paper sheets, consecutively 
numbered, and be double or triple spaced with wide margins. 
Manuscripts should be prepared with great care so that they 
will be typographically accurate. Paragraphing should be given 
special attention. Papers should be written in the third person, 
reference to the writer being made as “‘the author.” Avoid the 
use of the words “I,” “we,” and “you.” Blueprint copies of 
papers are unacceptable as it is impossible to mark directions to 
the printer on them. ing, changing, or adding to papers 
after they are in type is costly. It is, therefore, imperative that 
papers submitted be in final form. Typographical errors may 
be corrected on proofs, but if authors wish to add material, they 
may. do so at their own expense. In mailing, drawings may be 
rolled, but manuscripts should be sent flat. Send by first class 
mail (register if you wish for your own protection) to the Editorial 
Office, Institute of the Aeronautical Sciences, 1505 RCA Bldg. 
West, 30 Rockefeller Plaza, New York 20,N.Y. Allmanuscripts 
will be examined by the Editorial Committee and by the Editor. 
Authors will be advised as promptly as possible whether the 
paper is acceptable for publication, 


Trttzs: The title of the paper should be brief. The name and 
initials of the author should be written as he prefers. The use 
of the full name of an author is advocated because of the fre- 
quent duplication of initials and surnames which sometimes 
makes it difficult to establish the identity of the author. This is 
particularly important for large annual indexing and abstracting 
services. All titles and degrees or honors are omitted. The name 
of the organization with which the author is associated should be 
placed after his name on a separate line. The date on which the 
paper is received will be inserted by the Editor. : 


SuMMARIES OR ABSTRACTS: An abstract to be printed at the 
beginning should accompany each article. It should be ade- 
quate as an index and as a summary. It should contain a state- 
ment of major conclusions reached, since summaries in many 
cases constitute the only source of information used in compiling 
scientific reference indexes. Abstracts printed in other journals, 

ially foreign, in most cases, consist of summaries from 
printed papers, The summary should explain as adequately as 
possible the major conclusions to a nonspecialist in the subject. 
The summary should contain from 100 to 300 words, depending 
on the length of the paper. 


SusHeapiIncs: Subheadings should be inserted by the au- 
thor at frequent intervals. The work of editorial preparation 
will be simplified by the author providing many subheadings. 
Owing to the breaking of columns and the insertion of illustra- 
tions, some of the subheadings may have to be omitted. 


SHORTENING OF Papers: Some papers, at the end, fill in only a 


4 portion of a page. This leaves much wasted blank space as 
| succeeding articles are started at the top of a page. 
- should indicate by notation on the left-hand side of the page 


Authors 


what matter may be omitted when “runovers” occur. This 


~ request is important as the Journal cannot afford in the future, 


- or illustrations of little technical interest and not showing ad- 


: "as it has in its earlier issues, to have blank half pages or more at 
| the end of papers. 


Matter Usuatty Deietep: Acknowledgments of assistance 
of paper, except by collaborators. Photographs 


vances in general practice. Too detailed tabular matter (gen- 
eral results of such tables may be included in the text). Lengthy 
descriptions of materials or processes or of preliminary experi- 


» ments or theories that preceded final results; salient features 
|. only are of interest. 


REFERENCES AND FooTNOTES: References should appear as 


_ footnotes only, numbered! consecutively, grouped together at the 


£ 


of the manuscript. The arrangement should be as follows: 
1,p Springer, Berlin, 1934. (For magazines)— 


23; Julius 


s of books)—' Durand, W. F., Aerodynamic Theory, 1st Edition, 


1Englund, C. R., Crawford, A. B., and Mumford, W. W., Some 
Results of a Study of Ulira-Short-Wave Transmission Phenomenon, 
Proc. I. R. E., Vol. 20, No. 12, pp. 481 and 482, March, 1933. 
Please give author, title, edition, volume, page, publisher and 
date of publication as indicated. Omission of one required fact 
causes much extra editorial work and possible inaccuracies, All 
references are grouped at the end of the article. 


ILLUSTRATIONS: Illustrations should accompany manuscripts 
and each should always be referred to in the text, preferably by 
number. Drawings or graphs should not be larger than 12 X 16 
inches, and must be made with jet black India Ink on white 
paper or tracing cloth, the latter being preferred. Do not use 
typewriter for lettering. The smallest lettering on 8 X 10 inch 
figures should be no less than 1/, inch high. Cross-section paper 
(white with black lines) may be used, but should not have more 
than 4 lines per inch. If finer ruled paper is used, the major 
division lines should be drawn in with black ink, omitting the 
finer divisions. In the case of finely ruled paper, only blue- 
lined paper can be accepted. Tracing paper and blueprints are 
not acceptable. Lettering and all markings must be large enough 
to be readable after reduction. Mail rolled or flat, never fold. 
Drawings that cannot be reproduced (including pencil draw- 
ings) will be returned to the author for redrawing, thus delaying 
publication of the paper. Photographs should be very distinct 
and show clear black and white contrasts. They must be on 
glossy white paper. Avoid round and oval photographs. 


CAPTIONS AND LEGENDS: Legends or captions must accom- 
pany each drawing or photograph submitted. If written on the 
drawing or photograph, they should be placed below and well out- 
side the part to be reproduced. It is better to place them on 
separate sheets of paper pasted to the back of the drawings or 
photographs. Each table should have a caption such as Table 
1, Table 2, Table 3, etc. Captions should be complete in them- 
selves so as to make the data intelligible to the reader without 
reference to the text. A duplicate list of captions for figures 
should be included as the last page of the manuscript. Use ‘‘Fig. 
1” (not Figure 1), Figs. 3 and 4, etc., in both the text and the 
numbering of illustrations. In the text, “‘Eq. (1),” or ‘Eqs. (1) 
and (2)” are preferable to “Equation (1).” In captions and 
legends, except for ‘‘Fig.” and “‘Eq.” and table headings, write 
all words in full; do not abbreviate. Avoid placing explanatory 
written matter in the drawings; it should be in the text, 


MaTHEematTicaL Work: Only the simplest formulas should 
be typewritten; all others should be carefully written in pen 
and ink, the writing to be large enough so that ample room 
is provided to mark mathematical matter for the printer. A con- 
siderable space for marking should be allowed above and below all 
equations. All complicated equations should be repeated on 
separate sheets with plenty of space left for marking. The solidus 
should be used for simple fractions appearing within the text. 
Make all expressions clear to the typesetter. Greek letters used 
in formulas should be clearly designated by name on the margin 
of the manuscript. All symbols should be clearly written and 
carefully checked. The difference between capital and lower- 
case letters should be clearly distinguished and care taken to avoid 
confusion between zero (0) and the letter (0), between the numeral 
(one) and the letter (ell) and the prime (’), between alpha and a, 
kappa and k, u and mu, v and nu, n and eta. All subscripts and 
exponents should be clearly marked and dots and bars over letters 
or mathematical expressions should be avoided. Avoid compli- 
cated exponents and subscripts. When it is necessary to repeat a 
complicated expression, it should be represented by some con- 


venient symbol. 


NOMENCLATURE AND ABBREVIATIONS: The National Advisory 
Committee for Aeronautics Nomenclature should be used in pref- 
erence to any others. Standard abbreviations should be used, 
and it should be noted that most abbreviations are lower case, 
such as m.p.h., b.m.e.p., ibp., b-hp., hp., ... ete. 











INSTITUTE of she AERONAUTICAL SCIENCES 
1932-1944 


Since its incorpo 


ration in October, 1932, as a scientific membership society to advance the art and science of acro- 


nautics, the Institute of the Aeronautical Sciences, in over ten years of service to aviation, has become the representative 
technical society for the aviation industry and profession, It is the only organization in the United States which brings 
together all of the sciences and branches of engineering and technology which are applied to aeronautics. 


Activities 

In this year, coincident with the great increase in acro- 
nautical production and research in the nation’s war 
effort, the Institute is expanding its membership and activi- 
ties in keeping with the greater demands made upon its 
services. Beginning with aeronautical students, the Insti- 
tute has increased the number and activities of Student 
Branches. Members of the Institute in aeronautical cen- 
ters are organized in local Sections which hold their own 
meetings. More of these Sections are being formed this 
year and additional services provided for members. The 
Annual Meeting and other national meetings provide 
forums where specialists in all the aeronautical sciences 
may present and receive reports on progress made in their 
particular fields and learn of developments in other fields 
that have a bearing on their own work. Several annual 
awards and honors are conferred by the Institute to recog- 
nize and encourage outstanding achievement in the aero- 
nautical sciences. 

Publications 


eee presented at meetings or submitted to the Edi- 
torial Board are published in the Journat or THE AERO- 
NauTicaAL Sciences or the ABRoNnauTicaL ENGINEERING 
Review. The Journat prints in each issue several full 
length scientific papers on new research and developments 
in various fields applied to aviation. The Review keeps 
members and subscribers up to date on aeronautical news 
and literature through reviews of new books and periodical 
articles, government publications and trade literature and 
mm papers on applied engineering and aircraft pro- 
uction, 

The Agronavtica, Enoingerinc Cataoc, published 
yearly, is a guide to sources and specifications of materials, 
parts, and accessories used in the design and production of 
aircraft, aircraft engines, and parts. 


Research Facilities 


Through the Acronautical Archives of the Institute, 
members have for their use the most complete aeronautical 
library and reference research facilities maintained by any 
technical society. At Institute headquarters in New York, 
the W. A. M. Burden Reference Library of books, reports 
and periodicals, the Aeronautical Index of subject files, 
pag 28 files and bibliography, and the historical and 
art collections in the ives are available for study. 
The Pacific Aeronautical Library at 6715 Hollywood 
Boulevard, Los Angeles, maintains a reference collection 
and reading room for members and loans books to company 
libraries in the area. Through The Paul Kollsman Library, 
acronautical books are lent by mail without charge to 
members anywhere in the continental United States. In 
addition to a very complete collection of standard acro- 
nautical reference works, the Kollsman Library has avail- 
able for loan new aviation books as they are reviewed in 
the AgronauticaL Enomveerine Review. 


Membership 


In addition to membership in professional societies 
representing their particular ficlds, specialists applying 
their knowledge and experience to acronautics find mem- 
bership in the Institute of great value in the contacts made 
with others engaged in aeronautical work and in the broad 
coverage of all aeronautical problems furnished through its 
meetings and publications. All applications for member- 
ship are carefully reviewed by the Admissions Committee, 
which recommends the grade of membership for which the 
applicant is found eligible. There are advanced grades of 
membership—aAssociate Fellow, Fellow, Honorary Fellow 
—to which members may be elected as their experience 
warrants. Thus, a member receives due recognition— 
more valuable because it is given by his colleagues—for his 
contributions to the progress of aeronautics. New appli- 
cants may be elected initially by the Admissions Committee 
to the grade of MEMBER if they are engineering graduates 
with at least three years of experience or have had over 
five years’ experience in research, engineering, or other 
special work applied to aviation; to the grade of Industrial 
Member if they have acquired a recognized standing in an 
administrative capacity in the aviation industry; to the 
grade of Technical Member if they are recent engineering 
school graduates or are engaged in technical acronautical 
work. For those interested or engaged in aeronautics or 
fields related to aeronautics who wish to participate in 
the activities of the Institute, the grade of Affiliate is 
provided. Student Members are admitted by application 
through Student Branches organized at their schools. 
Aeronautical companies, as well as individuals, are affili- 
ated with, and participate in, the support of the Institute 
through Corporate Membership. 


Dues 


“ An entrance fee of $5.00 is required of all new members 
who apply for admission to a grade of membership to be 
specified by the Admissions Committee (Corporate Mem- 
bers, Student Members, and those who apply specifically 
for the grade. of Affiliate being excepted). 

Annual membership dues for the various grades of mem- 
bership are as follows: Fellows—$15; Associate Fel- 
lows—$11; MEMBERS—$9.00; Industrial Members— 
$9.00; Technical Members—$5.00; Affiliates—$5.00. 

The regular subscription price for the JourNAL OF THE 
AERONAUTICAL Sciences and the AERONAUTICAL ENGINEER- 
inG Review is $7.00 and $3.00 per year, respectively. 
Members may subscribe to the Journax or the Review or 
both at one-half the regular subscription rates. 

Those who are engaged in aeronautical work or who 
have an interest in any technical phase of aviation will find 
the services of the Institute to be a necessary aid in keeping 
abreast of developments in these times of such rapid prog- 
ress. An application form and further information about 
membership can be obtained from an Institute member or 
by writing to the Secretary. 


INSTITUTE OF THE AERONAUTICAL SCIENCES 
1505 RCA BUILDING WEST 
30 ROCKEFELLER PLAZA 
NEW YORK 20, N. Y. 
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